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Abstract

We consider a multi-class queueing system with multiple homogeneous servers and
customer abandonment. For each customer class i, the holding cost per unit time, the
service rate and the abandonment rate are denoted by c¢;, u; and 6;, respectively. We
prove that under a many-server fluid scaling and overload conditions, a routing policy that
assigns priority to classes according to their index ¢;u;/0;, is asymptotically optimal for
minimizing the overall long run average holding cost. An additional penalty on customer
abandonment is easily incorporated into this model and leads to a similar index rule.

1 Introduction

The usefulness of the well known cu rule for service scheduling stems from its simplicity and
its robustness. This scheduling policy and its generalizations have been proved to be optimal
(in a precise [12], [6] or an asymptotic sense [19], [25], [26]) for delay and queue-length costs, in
a variety of settings. Although these settings are quite general, they do not include ones where
customers may abandon (or renege) while waiting to be served. Abandonment phenomena
has been widely discussed in the recent literature, as it is a significant modeling aspect in
applications, and particularly in call centers (for recent developments on these applications
and related models see [1] and [13]). In this paper, we introduce a routing rule for models
which include abandonment, to which we refer as the cu/6 rule. Like the cu rule, the cp/6 rule
is simple on one hand, and performs well on the other hand. In particular, we prove that it
asymptotically minimizes the long run average holding cost under a many-server fluid regime.
A preliminary version of these results was recently reported in [3].

The model considered here consists of I customer classes and a server pool with n homo-
geneous servers. Customers of class ¢ arrive according to a Poisson process with rate \;, for
i €Z:={1,...,1}. Customers that cannot be served immediately upon arrival are kept in
an infinite-capacity queue dedicated to their class. A customer that is held in queue may lose
her patience and abandon the system. Customer patience is modeled by an exponentially dis-
tributed random variable with mean 1/6;, depending on the customer class i. Once admitted



to service, a class-i customer is served with exponentially distributed time duration of mean
1/p;. A stochastic queueing control problem arises by considering a long-run average holding
cost, in which the holding cost per unit time for a class-i customer is a given constant ¢;, and
the control involves dynamic routing of jobs of different classes to the server pool. We study
this problem in a many-server fluid regime. We note that this regime is meaningful (relative
to our long-term average criterion) only under overload conditions, namely when the incoming
service requirement strictly exceeds the service capacity, as otherwise all queues will be empty
in steady state under any non-idling service scheme. Customer abandonment allows to stabilize
the queue size even in the overloaded case.

The formal scaling limit of the problem leads to a simple linear program (LP), whose
solution is shown to be a lower bound on the many-server limiting cost of the stochastic
queueing problem, under any policy. The main result of this paper is that a simple priority
policy that assigns strict priority to classes according to the order of their indices c;u;/0; is
asymptotically optimal, in the sense that it attains the asymptotic lower bound. We first
establish this result for the preemptive-service case (Section 5), and then extend the proof in
Section 6 to the non-preemptive case, where service to customer who are already in service
cannot be interrupted. We note that it is not a-priory obvious here that the preemptive and
non-preemptive policy should behave similarly, as scaling is taken in such a way that the service
times are not accelerated.

The cost structure described above focuses on penalizing the queue size (via the holding
cost parameters ¢;), and does not directly account for customer abandonment. It turns out that
penalizing customer abandonments is easily incorporated into our basic model. Specifically,
assume that a penalty ~; is incurred whenever a class-i customer abandons the queue. Then
(as we argue in Remark 2.1 below) the modified optimization problem becomes equivalent to
the original one, once the cost coefficient ¢; is modified to (¢; + 6;7;). As a consequence, the
modified problem admits an optimal index rule with indices (¢; +6;y;) i /6;. 1t is worthwhile to
note that when the abandonment rates 8; do not depend on 7 while the abandonment penalties
~; are proportional to the cost parameters ¢;, then the modified index effectively reduces to
the index c¢;u; of the standard cu rule. When abandonments are the major concern, setting
the holding cost parameters ¢; to zero interestingly leads to the effective index ~; ;.

We proceed to survey some related literature. It appears that the cu rule was first suggested
by Smith [24] and Cox and Smith [12], in a deterministic and, respectively, stochastic setting.
The latter treated a multiclass M/G/1 system, showing optimality of the policy with respect to
holding cost. Many extensions were established since then, including [5, 6, 14, 17, 20, 27]. For
more details see, e.g., the discussion in [25]. A generalized version of the cu rule was introduced
by Van-Meighem [25] for the case of nonlinear, convex holding costs. The proposed rule was
shown to be asymptotically optimal in diffusion scaling under heavy traffic conditions. This
work was extended by Mandelbaum and Stolyar [19] to more a general network topology.

Approximation results for many-server systems under fluid regime were obtained by Man-
delbaum, Massey and Reiman [18] in a variety of network settings that include time-varying
parameters (this work also treated diffusion approximations). More recent development on fluid
regime approximations include Whitt [28], that treats the so called efficiency-driven regime,
and Whitt [30], that suggests a fluid-scale model for the G/G/N queue with abandonment.



Perry and Whitt [21] develop fluid approximations for threshold-based control policies de-
signed to respond to unexpected overloads. Kaspi and Ramanan [16], Reed [22], and Kang
and Ramanan [15] obtain general fluid approximation results for G/G/N queues.

Among recent contributions to controlled queueing models in fluid regime, we mention
the works by Bassamboo, Harrison and Zeevi [7, 8], where a two-scale parameter regime is
introduced and a linear program based approach to dynamic routing is developed. In fact,
the linear program that is in the basis of the present paper’s development can be obtained
as a special case of the one identified in the above papers. However, the approach of these
references is not based on explicit solution of the linear program nor does it lead to a fixed
priority rule, two central ingredients of our contribution.

The rest of this paper is organized as follows. In Section 2 we introduce the queueing model
and asymptotic framework, and formally derive a fluid steady state model. In Section 4 the
solution to a linear program associated with the fluid model is shown to be a lower bound
on the limit performance for the queueing model. Section 5 shows that the lower bound is
achieved by the preemptive policy. Section 6 proves an analogous result for the non-preemptive
policy, under appropriate assumptions. Some concluding remarks appear in the final Section
7.

Notation. We write Ry for [0,00). For z € R! let ||z = Y, .7 |2i|. For f: Ry — R let
|fI7 = supg<i<r |f(t)|, and for f: Ry — R/, £ = supg<t<r | f(£)]. We use the convention
that a sum Z{ equal zero when j < 7. The symbol 14 denotes the indicator function of a
given set A.

2 Model and asymptotic framework

2.1 Queueing model

The model is defined on a probability space (2, F, P). Expectation with respect to IP is denoted
by E. The queueing system consists of a pool of n servers with identical capabilities that cater
to customers of I classes. We refer to this as the nth system, emphasizing the dependence on
the number of servers. For ¢ € Z := {1,...,I}, denote by X(¢) the total headcount of class i
customers in the nth system. Denote by Q7 (t) the queue length of class-i customers, and by
Z'(t) the number of servers that serve customers of class-i at time t. Clearly, for every ¢t > 0,

Sz < n (1)
i€
XP() - ZME) = Qi) =0, i€l (2)

The arrival processes are denoted by A7 and are assumed to be Poisson processes with rates
A, i€ Z. We use DI'(t) and R}'(t) to denote the number of class-i service completions and
number of class-i abandonments, by time ¢, respectively. These processes are assumed to be
given by

p =By ( [ zois). B =R [ Qres), (3)



for some Poisson processes 5?’ and ﬁf with rates pf > 0 and 67 > 0, respectively. The 31
processes A, D7, R}, and the initial condition X"(0) = (X7(0),..., X7} (0)), refereed to as
the stochastic primitives, are further assumed to be mutually independent (for each n). The

above processes are related via the following equation

Xi'(t) = X;(0) + A} (t) — Di*(t) — R (t), 1€Z,t>0. (4)

For simplicity, it will be assumed that all customers that are initially present in the system
either start their service at time zero or are queued, and determining how many customers of
each class start to be served at time zero is left for the routing policy. Namely, given X"(0),
the policy will decide the values of Q™(0) and Z™(0) (subject, of course, to (1) and (2) holding
at t =0).

It is well-understood that if the routing decisions are made in a causal manner based on the
observed histories of the processes involved, namely D™, R™, X", Q", Z™, then the construction
of the departure and abandonment processes via (3) assures that the customers’ service and
patience times are independent, exponential random variables (as a simple consequence of [10,
Theorem 16, p. 41]). A special case is that of Markovian policies, under which (probabilistic)
decisions are made depending on the current state, (X", Q™). However, for the treatment of
this paper, it will not be necessary to require any non-anticipating property of the class of
policies we consider (although the exponential structure of service and abandonment will be
lost when the policy does not satisfy a nonanticipating property). It will be simpler to use an
elaborate definition of the term ‘policy’, that will only rely on the equations presented thus far
and the assumptions regarding the primitive processes. More precisely, any process

ﬂ,n — (D?"L’RTL’XTL’Q?I’ZH) (5)

will be referred to as a policy for the nth system, provided that equations (1)—(4) hold, and
that the stochastic primitives satisfy our probabilistic assumptions mentioned above. The five
processes on the r.h.s. of (5) are further assumed to posses right-continuous sample paths.
Given n, the collection of all policies 7" for the nth system will be denoted by II". Note that
policies need not satisfy any work conservation (i.e., non-idling server) condition.

For each i € Z, let ¢; > 0 denote the holding cost per unit time for class-i customers. Thus,
the instantaneous holding cost at time time is given by

Q1) = Q).

i€l

For a policy ™ consider the normalized average holding cost function

Cor(n™) = ;TE[/OTC Q0] (6)

where Q™ and 7" are related via (5). Let the corresponding value be defined by
Vor = ngelgn Crpr(m"). (7)

We consider a sequence of queueing systems as above, indexed by the number of servers n > 1.
The parameters are assumed to satisfy the following.



Figure 1: A model with three customer classes

Assumption 2.1. There exist positive constants \;, i; and 0;, 1 € I, such that, as n — oo,

n
2

n

Note that the system may be overloaded in the sense that the workload exceeds the service
capacity. However, since the abandonment rates are non zero stability holds automatically.
The following will be assumed regarding the initial state.

Assumption 2.2. The random variables n=*X"™(0) are uniformly bounded by a constant M.

Remark 2.1. Suppose that, in addition to the holding cost ¢ - Q™, we incur a penalty of size
~; for each class-i customer that abandons the queue (i.e., reneges) before being admitted to
service. To see how the cost function (6) is affected, observe that the expected reneging rate
of class-i customers at time ¢ is §;E(QP (t), with associated penalty v;6;E(Q7(t)). Therefore,
we obtain the modified cost function

Cnr(n") = anE[/OT (Z Q7 (t) + Z%‘@'Q?(ﬂ) dt]

i
1 T
- K| /O zi:(cz i) Q1)
It is evident that this cost function reduces to the one in (6) once the cost parameters ¢; are

replaced by the modified values ¢; = ¢; + v;0;. Thus, all ensuing results hold for the extended
cost model with reneging penalties after replacing each ¢; by ¢;.

2.2 Scaled processes

We introduce some notation. The fluid scaled processes are defined as

1 ~ 1 - 1
X" — 7Xn7 Qn — 7Qn7 AL 7Zn’
n n n

5
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Note that by equations (1)—(2), (4), these processes satisfy the following

Sz < 1 (9)
1€T
Qi) = Xi'(t)-Zi(t) (10)

Xi(t) = X70)+Aj(t) — Ri(t) — D (). (11)

In the remainder of this subsection we provide some approximations for the scaled processes
that will be useful later on in the paper. Given T and § € (0, 1), define the event E" = E},
by

E" =FEyNELYNER, (12)
where
_ A
E} = {max sup ‘A?(t) -t < (5},
v telo,T) n
D} (nt
E} = {max sup Dint) _ pit| < 5},
v t€0,T) n
and

R (nt
Ep = {max sup ’ﬂ —0;'t
v t€[0,KT) n

<5}.

Above, K = K(T) = £c,T 4+ M + 1, where ¢, = sup,, % < 00, and M < oo denotes a bound
on n~ 1| X™(0)]].

Lemma 2.1. Let T > 0 and § € (0,1) be given. Fix a sequence of policies ™ € 11", n € N.
Then on the event E™, one has, for every n,

¢ t
Dpo -t [ Zr@as|v|ri -0 [ Qo <6 ieTiepT)  (3)
0 0
and, with K = K(T') as above,
T —
/ Q' (s)ds < KT, iel. (14)
0
Moreover, P(E™) — 1 as n — oo.

Proof. Fix i € Z. By (3) and the definition of E7, one has |DI'(t) — f(f ZM(s)ds| < 4, for
every t such that fg ZM(s)ds < T. By (9), this property is valid for every ¢t < T, and therefore
the assertion regarding the processes D" follows.

Similarly, by (3) and the definition of E%, one has |R(t) — 67 fg Q1(s)ds| < 6, for every t
such that f(f Q7 (s)ds < KT. Hence to prove the statement regarding R", it suffices to show
that on E™ we have (14). Now, by (10), (11), and the positivity of D', R and Z!, we have



QP (t) < X™(0) + A™(t). Thus by assumption 2.2 and E7%, we have on E™ that, for all t < T,
QrMt) < M+ %t + J. Integrating from 0 to 7" we obtain (14), hence follows (13).

Finally, the convergence P(E"}) — 1 as n — oo is a standard consequence of the fact that,
for each 7, AT = n_lA?, where A7 is a Poisson process of rate A} and lim, n_l)\? € (0,00)

(see [11], chapter 5.6). For a similar reason, P(E N E}) — 1. Consequently, P(E™) — 1. O

3 The Fluid Model

In this section we consider a steady-state fluid model and corresponding linear program (LP)
that are suggested by the scaled stochastic model of the previous section. We provide the
simple solution of this fluid LP, and then show how it suggests (rather than implies) the cu/0
index rule that is the topic of this paper.

Consider quantities x, ¢ and z, that formally represent the long-run average of the scaled
processes for large values of n. These quantities are related by x = g + z, while ¢ and z must
satisfy

Ai = pizi + 05qi

Ziyqi > 0 (15)
Dier i < 1.
This leads one to consider the problem
minimize ¢ - g over all pairs (g, z) satisfying (15). (16)

Denote by (¢*, z*) a solution to this LP, let * = ¢* 4+ 2*, and let V* denote the minimal
value. To present the solution, it will be convenient to relabel the classes so that
C1i1 CIpr
> > . 17
91 - - 0 T ( )
It follows from the first equation in (15) that

> = Saly b

i

Thus the LP is equivalent to the problem:

Ci Ll s
maximize Z Callp’s subject to 0 < z; < Sl Z’Zi <1. (18)
, i
K]

0 i

i

The solution to the latter is obviously to assign maximum values (namely \;/u;) to z;’s that
correspond to the larger class indices, until the constraint ), z; < 1 is saturated. More
precisely, the following is a solution,

o — ()‘17_”,&0—1,1_2}0 1: ﬁ,o,_”’(]),

241 Hig—1 j=1 Hj (19)
= (00 Bt sy

) s Yy 91'0 ) ‘9@'0+17 ) 9[ 3

7



where

1,
iozmax{ie[l,...,l+1]: —]<1}. (20)

In case when iy = I 4 1, the interpretation of (19) is

Z:(iizj) q*:<0,...,0). (21)

Finally, V* = ¢ - ¢*. Note that the solution need not be unique, as is the case, for example,
when two of the indices have the same value for ¢;, p;, 6; and A;.

The value of ig is related to whether the system is overloaded or not. There are three
possibilities:

1. Underloaded system: .z < 1. Here igp = I + 1, and ¢ = 0 for all i (all queues are
empty at steady state).

2. Critically loaded system: ) . z* = 1. Here iy = I, but still ¢f = 0 for all ¢ (which can be
attributed to the stabilizing effect of abandonments).

3. Overloaded system: » . z" > 1. Here 1 < iy < I, with z; = A\;j/p; and ¢ = 0 for all
© < 19, while z; = 0 and ¢ > 0 for 7 > 4.

Clearly the first two cases are degenerate, in the sense that all queues are empty in any
optimal solution. Our main interest will be in overloaded system case, where the service
capacity is insufficient to handle all the service requirements, and non-trivial queues build up
in fluid scale.

Let us see how the optimal fluid solution may be translated back to the original queueing
system. A straightforward approach could be to assign a fixed number of servers to each
service class according to the optimal fluid server share z: that is, assign n; = nz; of the total
n servers to class ¢. This server scheduling scheme suffers from several shortcoming, among
them non-sharing of servers across different service classes, and the need to precisely assess the
arrival rate \; is order to compute z;.

A more flexible approach, which is the one taken in this paper, relies on a priority rule that
assigns strict priority to customers with smaller index ¢ (which corresponds larger c;p;/6;). In
the fluid limit, this would tend to indirectly realize the optimal LP solution, by fully satisfying
the service requirements of the higher service classes (up to ig), while effectively starving the
lower service classes beyond 7.

We turn now to establish that this heuristic argument indeed leads to priority policies that
are optimal in an appropriate asymptotic sense.

4 A lower bound on performance

In this section we state and prove Proposition 4.1, which establishes a lower bound on the
optimal performance. As in the previous section, we assume here and in the following that



the service classes are numbered in decreasing orders of ¢;u;/6;, so that (17) holds. Recall the
event E" = Ef ., from (12).

Lemma 4.1. There exist constants ¢y and ng such that for every 6 € (0,1), T > 1, n > ng
and 7" € II", the following holds on Ef :

IX™M(T)] < co.

Proof. Let 6 € (0,1) and T' > 0 be given. Denote £" = >_. X. Recall that [|£(0)| < M, by
Assumption 2.2. By (11),

& ( )+ Z An(t) — DMt) — RM(t)), t>0.
Denote throughout 5\? = A\!'/n. Using Lemma 2.1, we have on E" = Egr
€0 =0+ 3 [z Qs e

where |1 (t)] < mg := M + 31, t € [0,T], and we used § < 1. Let 6 = $min;ez 6; > 0, and let
no be such that ' > 6y for all n > ng, i € Z. Let m = ), sup,, AT < co. Then for n > ny,

D N =z - 07 Q) < m— HOZQ”<m Oo(" — 1),

using (9) and (10) in the last inequality. Hence, with m’ = m+6y, letting 4™ denote the unique
solution to

=0+ [ - e
we have
(é” —7") < =6(§" —7") and (" —=~")(0) =0.
We conclude that §” < ~™ on [0,T], on the event E™. The solution 4" is given by

t t
,Yn(t) — nn(t) _ 90/0 nn(s)ef%(tfs)ds +m't — 90/0 mlsefao(tfs)ds
< 20" +m'bp for all t € [0,T].

Hence y"(t) < 2mqg + m/fp, t € [0,T] on E™. Consequently, || X™(¢)|| = £"(t) admits the same
bound, on the same event. ]

In the following we assume, without loss of generality, that the constants of the previous
lemma satisfy ¢g > M > 1. The following proposition is the main result of this section.

Proposition 4.1. Denote

v = liminf lim inf V,, 7,
T—oo N—00 ’

then
v >V (22)



Proof. Let € > 0 be arbitrary, and fixed. Let ¢y be the constant from the above lemma. Fix
T > cp/e for which
liminf V,, 7 <v +e.
n

Fix also a sequence of policies 7" € II", n € N, under which
liminf Cp, p(7") < v+ 2e.
n
In what follows we shall prove that

liminf Cy, 7(7") > V* — p(e), (23)

for some function p : [0, 00) — [0, 00) that is continuous and vanishing at zero. This, combined
with the previous display and the fact that e is arbitrary, implies v > V*, hence (22).

Let X™ D™ R", etc. denote the processes corresponding to 7™ via (5).

Consider the I-dimensional random vectors ¢" = (¢7,...,q}), 2" = (27, ..., 2}) defined by
1T .
q" = T/o Q"(s)ds, "= T/o Z"(s)ds. (24)
By (11), for every i € Z,
T (XPD) = X7(0)) = ZANT) — £DNT) L RIT)
T T T T

= A —07q) — pi =]+ pl Db+ D5

where

1 _ 1
Pl = fA?(T> =N Py =—=DHT) + i, py = —TR?(T) +07'q;"

T
Fix § € (0,1). Using Lemma 4.1 and the fact T > co/¢, we have on E" = Ef'p

1 — = Co
L = — n —_Xnr < =<
p4,z(T) T (Xz (T) Xz (0)) =7 = €,
and n v
pii(T) > == ©) > >-2 —€,

T
by assumption 2.2. By (12) and Lemma 2.1, on the event E", one has

4
el == Z Ipi:(T)] < T +e<Ae.
k=1

As a result, on the event E™, the quantities (¢", z™) satisfy

N = 07 g) + 2t

1
2 q >0 (25)

ZiGI z <1,

10



where | A7 — 7| < 4e.
The proof of the following lemma is elementary, and thus omitted.

Lemma 4.2. The solution V of the LP (16) is continuous in the parameters (X, u, @) over the
set (0,00)f x (0,00) x (0,00)1.

As a result of (25) and the above lemma, there exists ng = ng(e) such that for all n > ny,
we have on the event E"
c-q">V*—ple),

for some function p : [0,00) — [0, 00) that is continuous and vanishing at zero. Hence
Cpr(m")=Elc-q"] > E[lgnc-q"],

and
liminf Cp, p(7") > (V* — p(€)) liminf P(E™) = V* — p(e),

by Lemma 2.1. This shows (23), and, as argued above, inequality (22) follows. O

5 The preemptive cu/0 policy

We next show that the preemptive cu/6 priority rule asymptotically achieves the lower bound
V* established in the previous section. Thus, let 7 denote the scheduling policy that assigns
preemptive priority to service classes with higher ¢;u;/c;. If there are two or more classes with
the same index, some arbitrary but fixed order is assumed.

Theorem 5.1. Let Assumptions 2.1 and 2.2 hold. Then

liminf liminf V,, 7 = limsup limsup C,, p(7)) = V™. (26)

P
T—oo n—00 T—o00 n—oo

Throughout this section, the hypotheses of Theorem 5.1 are in force, and the processes D",
R", X", etc., correspond to the policy 7. The main tool will be the following.

Lemma 5.1. For every € > 0, there exists T, € (0,00) such that for every T € (T, o0),

sup [ Z"(t) = 2| V[|Q"(t) — ¢"|| < e (27)
te(Te,T)

holds on the event ngT for all n > ng, where both § and ng depend on € and T'.

Proof. A simple analysis of the preemptive priority scheme shows the following relations
between the processes X", Z" and (", namely

ZME) = XPO AL =Y XFO1, (28)

11



Using this in (11) gives

t 7—1
XP(t) = XP(0) + Nt — /0 Xr(s) A[1— 3 XP(s)]*ds
j=1

t 7
y / X2(5) A S X2 (s) — 1] ds + €2 (1), (30)
0 -
7j=1
where
v = (40 - 30— () - [ Z0oas) - (R0 - [ Qrioras).
0 0
Note by Lemma 2.1 that, for given T" and ¢, we have on E§'p
lells <36, ieT. (31)

For z = (z;)ier € [0,00)! let & = (&)ier denote the unique solution to the system of
ordinary differential equations

t 1—1 t 7
&t) = +)\it—ui/ &)A=Y &(s)] ds —ei/ &) N[> &i(s)—1]*ds, t>0,ieT.
0 . 0 -
Jj=1 j=1
(32)
To denote the dependence on the initial condition, write {(z,¢). An argument by induction in
i, provided in the appendix, shows

tli)m £($7t) =", (33)

uniformly for x € [0, M]!. In what follows, write £"(¢) for £(X™(0),t). One has by (30) and
(32),

lg" () = X"l < K"(1) +m/0t " (s) — X"(s) || ds,
where m = 21 max; y; V 6;, and
() = (IA = A"+ [l = p™ )+ K N0 = 0"]1) ¢ + lle™ ()], (34)
whence by Gronwall’s lemma,

lg" = X" < k"7 e™,  t=0. (35)

Let now € > 0 be given. Using (33) let T, be such that ||£"(t) — z*|| < €/2 for all t > T,
and n € N. Next fix T' € (T, 00). We are required to show that (27) holds on Ef . for suitable

12



¢ and all sufficiently large n. Combining Assumption 2.1, (31), (34) and (35), it follows that &
can be chosen (depending on T') so that on Ef.., we have ||£" — X"||%. < €/2, provided that n
is sufficiently large. Therefore on Ej, for n large,

IX"(t) —a*|| <e, tel[T.,T). (36)

Finally, due to (28) and (29), Z™ and Q™ are globally Lipshitz as functions of X™. Hence (27)
follows from (36). O

Proof of Theorem 5.1. In view of Proposition 4.1, it suffices to prove

vp := limsup limsup C,, r(m,) < V™. (37)

T—o0 n—oo

To this end, note first that, given ¢, the random variables || X™||;, n € N are uniformly inte-
grable. Indeed, by (11), using the positivity of X", R™ and D", we have

X7 < M+ [JA™I7,

thus the uniform integrability of | X™ ||} follows from that of || A™||} as a family of scaled Poisson
processes.

Fix € > 0. Fix T > T, where T; is as in Lemma 5.1. Let § and ng be the corresponding
constants from Lemma 5.1. We have by (6),

n 1 4 AN AT || *
C’I’L,T(ﬂ—p) < TE |:1E3T/0 C- Q (t)dt] +E [I(EgT)cHC' Q HT] .

By the uniform integrability of || X™|%, and (9), the random variables ||Q"||% are uniformly
integrable. Moreover,

T Te T
%E I:IE(?’T/O c-Q"(t)dt] = %ElE:;,T [/O C'Qn(t)dt-i-/e c-Q”(t)dt]

c||K(T:)T,
< PB4 g e

where we used Lemma 2.1 and Lemma 5.1, and assumed n > ng. Sending n — oo and then
T — oo shows
vp <c-q"+|clle=V*+]c|e.

Finally, since € > 0 is arbitrary, inequality (37) follows. O

6 The non-preemptive cu/6 policy

In this section we analyze the non-preemptive cu/6 policy, denoted Tpp- Non-preemptive

policies are necessary in applications where service may not be interrupted; however their
analysis is often more involved. In an asymptotic framework, sometimes one can show that the
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gap between optimal performance under nonpreemptive policies and that under preemptive
policies, vanishes in the limit. This is the case, for example, in the works [2] and [4], which
analyze many-server models in a diffusion regime. See also [23] for comparison of preemptive
and nonpreemptive performance under various asymptotic regimes. The main result of this
section shows that, under suitable assumptions, the performance of 7y, asymptotically achieves
the lower bound V* from Proposition 4.1. Hence in view of the result of Section 5, the optimal
performance under preemptive and nonpreemptive policies is asymptotically the same.

A precise description of the policy 7y, is as follows.

e ¢ = 0. Given the initial condition X™(0), as many customers as possible are admitted at
time zero, from the classes with highest priority.

et > 0. Every time a server becomes free and some customers wait to be served, a
customer from the class with the highest priority is admitted to service. Whenever a
customer arrives to find a free server, it is admitted to service. Finally, service to a
customer may not be stopped before it is completed.

The main result of this section is the following.

Theorem 6.1. Let Assumptions 2.1 and 2.2 hold. Assume, in addition, that n='X"(0) con-
verge in distribution to x*. Then

liminf lim inf V,, 7 = limsup lim sup C,, r(7y,,) = V*. (38)

T—oo n—00 T—00 n— oo

To present the main estimate on which the proof is based, we need some notation. Fix
vectors v and v’ in (0,1)! with the following properties: If ig > 1 then, for all i < 4,

n
(a) v; <v}/16, (b) v <} irﬁf QMGZTZ’ (¢) v <wj,/io, (39)
7
and if ¢g < I then, for all i > ig,
/ / / Hn
e . . . -1 1
(a) v;, =v; <vi/16, (b) v < 1%f o (40)

For any € > 0 let ¢, = ev; and €, = ev], i = 1,...,I, and define N, to be the following

neighborhood of (¢*, z*), namely

Ne=T1](g e aqf +e) < [[(zF = € 25 + €)).

1€l ieZ
Define the event S = ZT by
St = {(Q"(t), Z"(t)) € N, Yt € [0,T1}.

Proposition 6.1. Let the hypotheses of Theorem 6.1 hold. There exists g > 0 such that for
all € € (0,e0) and T > 0, under the policy w}},, one has lim,_ P(SI'p) = 1.

np’
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Let us first show that Theorem 6.1 is an immediate consequence of Proposition 6.1.

Proof of Theorem 6.1. In view of Proposition 4.1, we only need to show

lim sup lim sup Cp, 7(7y,,) < V™.

T—oo n—oo

Since under 7y, on S’y one has c- Q" (t) < c-q*+c-ve forall t € [0,T], the proof is analogous
to that of Theorem 5.1 and we omit the remaining details. O

Proof of Proposition 6.1. Throughout, the processes D", R"™, X", etc., correspond to the
policy . Fixe>0and T >0 (the value of € will later be assumed, without loss of generality,
to be sufficiently small). The main idea of the proof is the following. For n € N let

= inf{t > 0: (Q (), Z"(t)) ¢ N} A (T +1),

and note that, because N, is an open set and Q™, Z™ have right-continuous paths, S® can be
expressed as the event {7" > T'}. In order to estimate from below P(7" > T') we prove, in four
steps, the following claims.

1) For every i < ig,

lim P(Q7 5 nr =€) =0, (41)
n—oo
2) For every i < g, B
lim P(Z7 — 2oy 2 €) = 0. (42)
n—oo
3) For i = iy one has (42) and
lim PG} — gt inn > €i) = 0. (43)
n—oo

4) For every i > ig one has (43) and (42).

The combination of the four statements shows that, with probability tending to one as
n — oo, (Q™(t), Z™(t)) € N for all t € [0, 7" AT]. By right continuity of the sample paths, on
the event {7 < T} one has (Q"(7"), Z"(7")) ¢ N.. This shows that, with probability tending
to one, 7" > T, thus establishing the proposition.

The four steps corresponding to the above four items appear after the following lemma.

Given § > 0, define B} := {||X"(0) — z*|| < 6} and, slightly modifying the notation from
Section 2, let Ef := By N E} N EXL N EL. We fix 6 € (0,¢), whose precise value will be
determined later.

The following is an adaptation of Lemma 2.1.

Lemma 6.1. There exists 6y € (0,1) such that for all 6 € (0,6y), n € N, on the event Bf one
has B )
|Q™(0) — ¢*|| <2I0, and [|Z™(0) — 2*|| < 216.

Consequently, the conclusions (13) and (14) are valid under EY, and P(E}) — 1 as n — oo.
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Proof. The last two claims are immediate consequences of Lemma 2.1 and the assumption
that X™(0) converge to z* in distribution. It remains to prove the first claim of the lemma.

According to the policy, the classes with smallest indices receive highest priority in the
initial job assignment. Let i1 be the largest number i for which Z;Zl )_(]”(0) < 1. Then clearly,
for i < il,

Z7'(0) = X7'(0) € [2] — 6,27 +4], Q}(0)=0.

Notice that, £* = ¢* + z*. By definition of g, Z;‘):_ll x;‘ < 1. Therefore, for § small enough,

Z;O:_ll (27 +0) <1, hence i1 > ip — 1. Using the above display we conclude that

ZM0) € [zF —0,2f +6], QMO)=0¢€[¢f —d,¢f +6], forall i< ip. (44)

If ip = I +1 we are done. Otherwise, Z7(0) = min{l — Z;():_ll Z?(O),X%(O)}, and using

(44) and the fact 2} =1 — D 230:_11 ZJ”(O) € [z — (i — 1)d, 2} + (ip — 1)d] and

j=1 <3 i0 ? o

X’gg (0) € [x;"o — 0, x; + d]. Tt follows that

Ziy(0) € [25, — (i0 — 1)8, 25, + (i0 — 1)d], @5, (0) = X5 (0) — Zji(0) € lgj, — i0d, g, + iod].

10 710 20
Finally, since 220:1 Z7(0) € [1-2(ig—1)d, 1], we have for every i € [ig+1, 1], Z]'(0) < 2(igp—1)d.
Since zf = 0 for such i, the claim regarding Z"(0) follows. Also, since z} = ¢ for such i,
QM(0) € [X1(0) — 2(ip — 1)8, X(0)] C [gF — (2ip — 1), ¢ + 4] O
We now proceed with the proof of Proposition 6.1.

Step 1: We prove that, in case ig > 2, (41) holds for i < iy. The case ig = I + 1 is very
simple and treated separately at the end of this step. For now let us assume 2 < ip < [I.
Denote Q" = 220:_11 QP and €, = min;—y,_;,—1 6. Let " = {|Q"*n p > €,7" < T} and
F" = {|Q"[*u rp > €m}. We shall argue that there exists § > 0 such that

lim P(E§ NF™) =0. (45)
n—oo
Since F* C F", this will show lim, .. P(E§ N F*) = 0, and since by Lemma 6.1 P(E}) — 1,
(41) will follow for ¢ =1,...,i9 — 1.

We will now analyze the event Ef N F™, toward proving (45). The idea of the proof is that
the time when the process crosses €, must be preceded by an interval on which it is strictly
positive (see Figure 2). On such an interval the index policy gives priority to at least one of
the classes from {1,...,i9 — 1} over the others, and thus it is unlikely that the queue in one of
these classes continues to build. Let us then denote

G =inf{t >0:Q"(t) > en} A (T +1), (46)
and B
g, =sup{t <7, : Q"(t) < en/2}. (47)
We assume, without loss of generality, that § is so small that, under B} one has Q"(0) < €,,/4.
Then is it not hard to see that on the event EJ N F" one has 0 < ¢, < 7, < 7" < T.
Consequently, using (46) and (47), one has on this event

Q" (t) > em/2 for all t € [g,,,Tn],
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] Il
T I
T, o,

Figure 2: The random times o, and g,

and Q"(7,) — Q"(¢,,—) > €m/2. With probability one, the size of the (upward) jump that the
un-normalized queue length process 220;11 @7 might have at time g,, is at most one. Assuming
without loss of generality that n > 4/e,,, the size of the jump of Q" is at most ¢,,/4, and as a
result

Q" (@) — Q"(a,) > em /4. (48)
Recall that the cu/0 policy assigns to the classes 1,...,i9 — 1 priority over the other classes.
Since on the event E§ N F™ there is a least one customer of class i < ig at every time within
the interval [o,,,7,], every server that becomes free within this interval is assigned a new job
from one of the classes 1,...,490 — 1. In addition, the work conserving assumption assures that
at o, and @, all servers are occupied, i.e. Zfil ZMoy) = ZZ'I:1 ZMa,) = 1. As a result, on
E{ N F™ one has

I io—1
> (Di(6n) — Dile,) = > _(Zi(an) — Zila,))- (49)
i=ig i=1
Denote
io—1 io—1 io—1 io—1 io—1

=Y Xxp,  z'=>_ 7, ZA ZR D" =)Dy,
i=1 1=1 =1

and s
D} =Y Dy
i=1
On the event EY N F™, using (10) and (11), we obtain
Q" (@) - Q"(cn)
= X"(7n) = X"(2,,) = (Z"(@n) — Z"(c,)
= A7) - A"(5,) ~ (R"(70) - R'(2,) ~ (D"(70) - D"(5,) - (Z'(72) ~ Z'(a,)
= A"(on) — A%(2,) — (R R"(a,)) — (D} (o) — Di(2,)),

where on the last line we used (49).
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In what follows, denote A = A?/n. Since the increment of R" is nonnegative, using (48)
along with the definition of E§ and Lemma 6.1, we have on E§ N F"
€ _ _ _ _
o < A"5,) - A"(g,) - Di(en) + Di(a,)
i0—1 T

S(Un—an)z;&”—/

g

I
ulr Z%(s)ds + 416.
i=1

T

By definition of 77, one has Z'(t) > 2z — ¢, for t € [0,7"). Therefore using Assumption 2.1,
given ¢’ > 0, for all sufficiently large n, the following holds on Ef N F"

io—1 I
D<@ =) | Do 0) = D (= )& — )| + 416, (50)
i=1 i=1
It follows from (19) and the assumption ig < I that
i0—1 I
IETIIE
i=1 i=1

Thus we may assume without loss of generality that ¢’ is sufficiently small so that the expression
in square brackets in (50) is negative. Assuming further, without loss, that 410 < €,,/4,
inequality (50) can not hold. We have thus shown the following. There exists a constant
€0 > 0 such that for every e € (0,¢p) there exists §o = dp(e) > 0, such that if 6 € (0,d9) then
E§ N F™ is empty for all sufficiently large n (the freedom of selecting any ¢ € (0, o), rather
than a particular d(e), is not used in the present argument, but it will be important when the
result of this step is used in the following steps). This shows that (45), and consequently (41),
hold for every € € (0, €).

Finally, the case i9 = I + 1 is very easy. By (20)—(21), in this case Zi]:l z¥ < 1 hence
|Z™ — z*|| < €, provided e is sufficiently small. This means that within [0, 7"] there are always
free servers, and by work conservation, no customers in queue. Thus on the event {7 < T'} it

is impossible that Q7' (7,) > 0 for any ¢, and (41) follows.

Step 2: We assume ig € [2,] + 1] and prove (42), for i < i.

Fix i <ig. Let G}, = {ZP}(T" AT) — 2z > ¢;}, and G}~ = {Z} (7" AT) — zf < —€}},
G} =G}, UGY_. We will establish (42) by showing that there exists ¢ such that

ImP(EY N GP) = 0. (51)

Consider first the event E§ NG}, . We use the symbols 7, o
use in step 1. Namely, let € > 0 be given, and let

, in a way similar to their

Gp=inf{t >0:Z"t) —2f > A (T +1), g,=sup{t<g,:Z"'t) -z <¢€/2}.

Without loss of generality, § is assumed to be so small that on Ef one has |Z1(0) — z}| < €, /4.
Then arguing as in step 1, on E§ N GZ . one has

ZMt) > 2f + €2 for all t € [g,,,0x], (52)
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and, assuming n is sufficiently large,
Z20(@a) — Ze,) > €/4. (53)
Sum (10) and (11) and isolate Z(t) to obtain
Z(t) = X{'(0) + A7 (t) — Di'(t) — R (t) — Q7 (#). (54)

We now use the results of step 1. Note by (39)(a) that ¢; < €;/16. As mentioned in the first
step F/* C F™. Then by taking J smaller if necessary, we have that for all sufficiently large n,
EPNF™ is empty, thus also Ef N F". By definition of F*, we have on the complement F;"“ of
F}" that Q}(t) < €/16 for t € [0,7" AT]. As a result, on the event E} N F/"“N G}, we have,
using (54) and the fact that R is nondecreasing,
/
2 <A@ - A(e") - D}(@") + D} (™).

Hence using Lemma 6.1, we have on the same event, for all sufficiently large n,

/ Fn
G < (n N - / JD 2 (s)ds + 45,

=n

Using now (52) and assuming, without loss, that 46 < €;/16, we have on Ef N F;"“ N Gl

€

76 < On = @)\ — 1 (2] +€i/2)).

Since i < ig, we have by (8) and (19) that A\? — u?2 — 0 as n — oco. Since we also have
that pf' converge to a positive constant, we obtain that the above inequality does not hold,
provided that n is sufficiently large. Thus P(E§ NG}',) — 0 as n — oo. By (45), we conclude
that § > 0 can be chosen so that

lim P(E} N GT,) = 0. (55)

The analysis of EfNG;_ is very similar, and therefore we only give a sketch of the argument.
Let

Gp=inf{t >0:Z't) —2f < —€}AN(T+1), a,=sup{t<a,:Z't) -2 >—€/2}.

Arguing as before, using in addition the estimate on R according to Lemma 6.1, shows that
6 can be chosen so that one has on E$n Fl-n’C N Gﬁ_

/

/
@n — o)A — (5 = €i/2) = 0'er) < 15+ 26— ef/4 = L. (56)

16
Using once more the facts lim,(A\? — uzf) = 0 and lim, u? > 0, using (39)(b) by which

€ < 622’%, it follows that the above inequality does not hold, provided that n is sufficiently

large. As in the previous argument, this yields

limP(Ef NGY_) = 0.
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The above display and (55) establish (51), and, by a further application of Lemma 6.1, (42)
follows.

Step 3: Establishing (42) and (43) for i = i is more subtle and requires further splitting of
the events involved. Let

Hp, ={Q{("AT) —q; 2}, Hi_ ={Q}(T"AT) - ¢ < —¢},

and H' = H', UH]' . Then (43) and (42) are established by showing that there exists some
0 > 0 such that
imP(Ey N H!) =0,  lLmP(EfNGE) =0, (57)
n n

respectively.
We begin by analyzing the event E§ N G} | . As follows from the previous step, the event
E$ N (U;ﬁ’:_llGZ_) is empty (for every e € (0,¢€p), sufficiently large n). Hence it suffices to

consider the event J" := EJ N (U;-O:*llG;{f)c NG} . Note by (39)(c) that € < €/ /i, for every
i=1,...,i9 — 1. On this event, for t € [0, 7, AT

Zn) <1- Y. Z0(t) < =, + €,
=1
Thus we have
limP(ES N G?O +)=0. (58)
n bl

mn

Next we analyze E§ N H;p _. Clearly if ¢;, = 0 this event is empty by non-negativity of the
queuelength process. We thus assume ¢; > 0. Similarly to previous steps, define

o, =inf{t >0: Q%(t) — @, < €y N (T +1), ag,=sup{t<g,: QZ)(t) — @iy > —¢€iy/2}.
Along the lines of the previous steps, if § is sufficiently small and n is sufficiently large then

(1) < a, — €io/2 forallt € [g,,,7,], and Q?O (Tn) — Qfo (0,) < —€iy /4. (59)

10

and consider only J" := EynH! N (G}

10,— 1o7+)c‘

By (58) we may ignore Ef N H! _ NG}

10, 10,1+’
Using Lemma 6.1, on E3 N Hi’é _

€ — in 7n n —n 7
_ZO > (Un _Q’n))\’io _/ IU”L'OZio(S)dS _/

gn -n

0 Q7. (s)ds — 66 — 2¢; . (60)

Using (40)(a), without loss of generality we may assume 60 + 2¢;, < €;,/8. Using (59) and the

definition of G} ,,

€ — in n (% n [ %
_Tg > (Un _Q?’L) ()\7,0 - /"Lio(’zio + 6;;0) - e’io(qio - 610/2)) .

By (8) and (19), A} — pi z¥ — 07 g — 0. Since by (40)(b) € < €, inf, 07 /2u? , for large

0 0

enough n the above inequality does not hold. We have thus argued that
limP(E§ N H; _)=0.
n b
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We analyze G} _. Consider first the case g/, > 0. The above argument provides us with the
information that the ig-th queue is not empty till time 7 A T, with high probability (namely,
on the event (H;! )¢). Thus on this event we necessarily have

i0—1

Zy=1-2.74
j=1

on [0,7" AT]. As a result, on E§ N (HJ )N (Ui.oflG’ijr)c,

J=1
ig—1
7N * / * /
21021— E (Z] +€j)22i0_6i07
=1

where we used (39)(c). In view of the information we already have about Hj, and G7 ., j < o,
this shows
imP(EY N G? ) = 0.

0,—
In case g, = 0, at times when the ig-th queue is empty, it is possible that Z{é <1-
Z;‘O:HI Z;?. During such a time period no abandonments occur, and (56) takes the form

6/

(@n — gn) (N — 17 (2 — €/2)) < *%~

Since the Lh.s. is positive for large enough n, the remainder of the argument is similar to that
provided in step 2, and thus we omit the details.

The analysis of E§ N H; | is very similar to the analysis of Ef' N Hj; _. Set

[
Gu = imf{t > 0: Q) — ! > e} AT +1), 0, =sup{t <, : QXY — g} < €/2}.
Intersecting EY N H | with G} results in an empty set, whereas on E§ N HY N (G7, )¢ one has
€ _ <
o < @0 —an) (N — p (25, — €)= 07(d5, + €io/2)) - (61)

Using the convergence 5\% — pg 23 — 03 qi. — 0, and the choice of 620 the above inequality does

not hold, provided that n is sufficiently large. As previously, this shows
liganP’(EgL NHy ) =0.

The claim of this step follows.

Step 4: As a direct consequence of Steps 1-3,

h;gn]P’( sup Z ZMt) > e) =0. (62)

te[0,r AT ;50

This shows that (42) holds for i > 4.
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Similarly to step 3, intersecting H}', and H'_ with (U;‘LIG?)C yields (61) and (60), respec-
tively, where now 2} = 0. Hence for § € (0,0p) and all large n,

UmP(EP NH) =0, i> .
n

This shows (43) for ¢ > ig, thus completing Step 4. This completes the proof of Proposition
6.1. O

7 Conclusion

We have identified a simple fixed priority rule designed to minimize a combination of holding
costs and abandonment penalties in a multi-class many-server queueing system with abandon-
ment. Both the preemptive and non-preemptive versions of this rule were analyzed and shown
to minimize the long-term average cost in an asymptotic sense. The proposed priority rules is
akin to the celebrated cu rule (which was designed for systems without abandonments), but
still differs in several important respects. Let us briefly elaborate on these similarities and
difference.

First, the cu/0 rule reduces to the cp rule when the abandonment parameters (rate and
penalty) are identical for all classes. However, when these parameters differ across classes, the
two indices differ accordingly.

Second, similarly to the cu rule, the cu/6 rule does not depend on the arrival rates of the
different customer classes. This gives the resulting policy a considerable measure of robustness
and simplicity of implementation, as arrival rates are often varying and unpredictable.

Unlike the cu rule, whose exact optimality has been demonstrated for a variety of cost
function including finite horizon and discounted costs, our claim of optimality of the present
cu/0 rule is restricted to the long-term average cost, under a many-server fluid scaling. In fact,
an example outlined in [3] demonstrates that the cu/6 need not be asymptotically optimal for
a finite time horizon version of the cost function.

We close this paper by mentioning some directions of interest for future research. As
observed before, our fluid-scale optimality criterion is meaningful only in overload conditions,
since the queue sizes trivialize otherwise. The efficiency of the cu/6 rule under critical load or
underload conditions is an open issue, which requires more refined tools for its analysis.

Our analysis in this paper was restricted to a model with Poisson arrivals, exponential
service and patience distribution, as well as linear holding costs. It would of course be of
interest to alleviate these assumptions. We conjecture that the cu/6 rule and its asymptotic
optimality will prove insensitive to the input and service distributions, which both non-linear
holding costs and non-exponential patience distribution may lead to dynamic priority rules (in
the style of [25]). These extensions should be at the focus of our future work.
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A Appendix

Proof of property (33) of solutions to (32). Recall that £ is a solution to the equation

d i 1—1 i .
dfi:)\z‘—Mz‘fi/\[l—Z&]Jr—@i&/\[Zgj_1]+’ icT, £0) = (63)
Jj=1 j=1

(where ab A ¢ is understood as a(b A ¢)). A straightforward analysis of the one-dimensional
equation

d

B A A -0CA =), ) =Go (64)
shows that the solution ¢ converges to a limit as ¢ — oo uniformly for (5 € [0, M], irrespective
of the values of the positive constants A, u, 8, C7 and Cs. The limit value is obtained by equating
the r.h.s. of (64) to zero, and is easily seen to be continuous with respect to perturbations in
C1 > 0 and Cy > 0. It is a standard fact from the theory of ordinary differential equations
(comparison theorem [9]) that a solution ¢ to the one-dimensional equation

d

B A WCADI—BCAC-D), ()= G, (65)
(where Dy and Ds are time dependent) and a solution Z to an equation of the same form, with
some (D1, D9) replacing (D1, D9), satisfy ¢ > ¢ on [0,00), provided D; < D; and Dy > Do
on [0,00). As a consequence of this and the continuity property of the limit value alluded to
above, given any € > 0 one can find § > 0 and 7" > 0 such that a solution to (65) is e-close to
a solution to (64) on [T, 00), provided (D1, D) is é-close to (C1,C2) on [0,00).

The component & of (63) satisfies (64) with C1 = Cy = 1, and thus converges. Hence for
large values of ¢, & is nearly a constant. Consequently on [T, 00), T being large, &, satisfies
an equation of the form (64) where C; and Co are nearly constants, and by the foregoing
discussion, on some [T, 00), it must be e-close to a limit value of (64) for a suitable choice of
C1 and C5. Since € is arbitrary this shows & converges. It is easy to see that this argument
can be iterated for i € {3,...,T}. O
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