SIAM J. CONTROL OPTIM. (© 2013 Society for Industrial and Applied Mathematics
Vol. 51, No. 6, pp. 4363-4386

RISK-SENSITIVE CONTROL FOR THE PARALLEL SERVER
MODEL*

RAMI ATART, ANINDYA GOSWAMIf{, AND ADAM SHWARTZ'

Abstract. A Markovian queueing model is considered in which servers of various types work in
parallel to process jobs from a number of classes at rates p;; that depend on the class, ¢, and the type,
j. The problem of dynamic resource allocation so as to minimize a risk-sensitive criterion is studied
in a law-of-large-numbers scaling. Letting X;(¢) denote the number of class-i jobs in the system at
time ¢, the cost is given by Eexp{n[fOT R(X(t))dt + g(X(T))]}, where T > 0, h and g are given
functions satisfying regularity and growth conditions, and X = X" = n=1X(n-). It is well known
in an analogous context of controlled diffusion, and has been shown for some classes of stochastic
networks, that the limit behavior, as n — oo, is governed by a differential game (DG) in which the
state dynamics is given by a fluid equation for the formal limit ¢ of X, while the cost consists of
fOT h(p(t))dt + g(¢(T)) and an additional term that originates from the underlying large-deviation
rate function. We prove that a DG of this type indeed governs the asymptotic behavior, that the
game has value, and that the value can be characterized by the corresponding Hamilton—Jacobi—
Isaacs equation. The framework allows for both fixed and a growing number of servers N — oo,
provided N = o(n).
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1. Introduction. In the parallel server model (PSM), servers of various types
process jobs from a number of classes, where each job requires service exactly once.
Each class can be served at least by one of the types of servers, but not necessarily by
all. A natural problem is to find a dynamic resource allocation policy to minimize a
cost of interest. The model has been studied extensively in recent years due to its rele-
vance in telephone call centers and in computer data systems. A sample of references
treating this problem in fluid and diffusion regimes and via dynamic programming
techniques is [2], [6], [8], [9], [10], [11], [12], [13], [19], [20], [21], and [26] (see [1] for a
more comprehensive list).

The operation of queueing systems so as to avoid large exceedances of queue length
and waiting time, such as for buffer overflow considerations or quality of service assur-
ance, is of prime importance in practice. A natural way to address these considerations
is to associate with the model a risk-sensitive cost criterion, that heavily penalizes
such large exceedances. It is well known for controlled diffusion models [15], [18] and
has been shown for classes of stochastic networks [3], [4], [5], [14] that considering a
law-of-large-numbers scaling with this type of criterion brings into play large devia-
tions phenomena, due to the fact that the most significant contribution to the cost
originates from atypically large perturbations of the underlying state process. The
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dynamic control problem asymptotics, which is difficult to obtain directly, can then
be analyzed by a differential game (DG) associated with a perturbed fluid model. As
a result, the asymptotic regime is different from the fluid or diffusion regimes. While
asymptotically optimal control for stochastic networks has been extensively studied
for queueing network models under fluid and diffusion regimes, analogous problems in
the large deviation regime have been addressed for a very limited number of models,
and to the best of our knowledge include only the papers [4] and [25] (see below).
The goal of this paper is to enrich the variety of models addressed by this approach,
by considering the PSM with a risk-sensitive criterion. Our results show that a DG
of the type alluded to above indeed governs the asymptotic behavior, that the game
has value, and that the value can be characterized by the corresponding dynamic
programming equation of Hamilton—Jacobi-Isaacs (HJI) type.

The model is treated in a Markovian setting, assuming that jobs of class ¢ arrive
with a certain rate \;, and that the total processing capacity for class-i jobs by type-j
servers is given by ;5. Denoting by X;(t) the number of class-i jobs in the system at
time ¢, the cost is given by

where T' > 0 is fixed, h and g are given functions, and X = X" = n=!X(n-). Consid-

ering such a cost for large values of n puts emphasis on large values of fOT h(X(t))dt+
g(X(T)). Qualitatively it is clear that the cost specified above is closely related to the
risk-sensitive cost for excessive waiting time. In a model with customer abandonment
from the queue, it is related to the cost that accounts for a large abandonment count.
While this provides further motivation to study the problem, in this paper we do not
make precise statements regarding these alternative measures of performance.

A related work is [25], analyzing a large class of non-Markovian single-server
models with multiple input flows in a large deviation regime. A specific policy called
largest weighted delay first scheduling is analyzed and proved to be asymptotically
optimal for the problem of minimizing the decay rate of excessive wait probabilities.

A paper closer to the present work is [4], that studies a class of controlled stochas-
tic networks of reentrant line structure, under a risk-sensitive cost associated with
escape time (such as the time until the buffer limit is reached), establishing relations
to the corresponding DG and HJI equation. A sequel [5] establishes explicit solutions
in the case of a network of queues in tandem. While the network model is different,
our approach is closely related to and builds on the framework of [4]. Besides the
difference in the model, there are however several important aspects in which the
treatments differ at the technical level. First, the fixed time horizon form of (1.1)
is different from one based on exit time. Second, the unboundedness of g makes the
treatment of both the DG and the HJI equation more subtle. Third, the assumptions
made in [4] prohibit routing control, where a job could be handled by more than one
server. In particular, a feature that makes the boundary analysis convenient in [4] is
the spatial homogeneity of the controlled generator in the “interior” of the domain
(i.e., when X; > 0 for all 7), with boundary corrections given via a fixed, continuous
Skorokhod map. This is not valid for the PSM. Indeed, already in the case of a single
class with two servers, there is a difference between the set of possible jump intensi-
ties when there are two or more jobs in the system (the jump rate from z to z — 1
could be as large as pu1 + p2) and when there is only one (the jump rate to zero is at
most p1 V pe2). Although the Skorokhod map plays an important role in the present
treatment, its use is less straightforward.

T — —
(1.1) Eexp {n [/0 h(X (t))dt + g(X(T))
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In a work in progress [7] we continue this line of research by considering examples
where one can explicitly solve the game and show that a priority policy that mimics
the DG solution is asymptotically optimal.

The organization of this paper is as follows. Section 2 introduces the model
and states the first set of main results, that characterize the asymptotics in terms of
the DG and HJI equation. Section 3 introduces tools required to prove these results.
Section 4 addresses the stochastic control problem—DG relation, while section 5 proves
the DG-PDE relation.

2. Model and main results. The model is parameterized by n € N. It consists
of I customer classes and J service stations, where station j € J := {1,2,...,J}
contains N;(n) > 1 identical servers. While I and J are fixed, N; = N;(n) may vary
with n. Denoting N(n) = >_, N;(n), it is assumed that

(2.1) lim ()

n—oo N

=0.

Note that having N;(n) = N; fixed (independent of n) is a legitimate special case.
Arrivals into the system occur according to independent Poisson processes, de-
noted by F;, i € T :={1,2,..., I}, with respective parameters \;(n), where

(22) )\1(71) = \in, 1€l

and \; > 0 are fixed. The servers are exponential, where a class-i customer can be
served at rate p;;(n) > 0 by a server from station j. Having p;;(n) = 0 is possible,
and means that a server from station j is unable to serve a class-i customer. It is
assumed that the total processing capacity of class-i customers by station j, namely,
N;(n)ui;(n) satisfies

(2.3) Nj(m)pij(n) = pyyn, i€, je T,

where p;; > 0 are fixed. Thus both the arrival rates and the per-station total service
capacity scale like n. .

Denote the number of class-i customers in the system at time ¢ by = and write
E" = (E]"")iez,1>0 for the process taking values in Zi. A normalized version is

2.4 X =n"lEn, t>0,
( t t

which is a process taking values in G" := n’lZfr. Denote G = Ri and G° the interior
of G.

Control processes will be associated with service allocation. We first describe the
action space. An allocation matriz is any member of

(2.5) U:= {ueRiX‘]:Zuijﬁl,jej}.

i€l

If w € U and Nj(n)u;; is an integer for all 4, j, this quantity represents the number of
servers from station j allocated to serve class-i customers. For simplicity, the product
Nj(n)u;; is not required to be integer, and thus (1) if there are multiple customer
classes, a server may work on more than one job simultaneously, and (2) a server may
devote less than its full capacity even if there is only one customer class. Note that in
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our formulation, a given processor never serves two or more customers from the same
class. We have a remark about a different formulation later in Remark 4.1.

The precise formulation of control is based on the martingale approach. To de-
scribe it, introduce the controlled generator acting on the space of functions G — R.
It is given, for each n € N and u € U, by

(2.6)
L f(x) = nh; ( (a:+ —ez> - f@:))
€L
+ ) npijug (f <9€ - %ez) - f(x)> lyieerry,  ©€Gh,
(i.)ETXT

where {e;} denote the standard basis of R?. Let a probability space (£2, F,P) be given,
supporting the processes defined below. Given n and an initial condition (¢, z) € R4 X
G", a control system starting from (t,z) is a triplet S™ = (U™, X", (Fs)s>¢), Where
U™ and X™ are processes defined on [t, 00), taking values in U and G™, respectively,
and having right continuous with finite left limits (RCLL) sample paths, F, C F,
s >t forms a filtration to which these processes are adapted, and

o P(X=1x)=1;

e one has P-a.s.,

(2.7) SN, m)U(s) < EPt=nXt foralls >t i€ L;
jeTJ

e for each bounded f : G™ — R, the process
(28) o - [ e s>,
t

is a martingale w.r.t. (Fs)s>¢.
U™ is said to be a control and X" the associated controlled Markov process. Given n
and (¢,x) € Ry x G™, denote by Syt the corresponding class of control systems.
To present the risk-sensitive control problem, let h and g be globally Lipschitz
functions from Ri to R, monotone nondecreasing with respect to the usual partial
order on ]Rfr. Further, assume that the function h is bounded. Fix T > 0. The cost
associated with a member § = (U™, X", (FI)) of Spt.« (where t € [0,T1]) is given by

]. n n
(2.9) C"(tx,8) = ~ log E[enlf A(X2)dstg(X7)]]

The value function is given by

(2.10) V*(t,z) = inf C"(t,z,9), te[0,T], z € G".

esn,t,m

The first main result relates the limit of V", as n — oo, to a PDE of HJI
type. To state it we need some notation. Set mg = ((Ai)iez, (1ij)iez jeg). Then
mg is a member of M := ]Rﬂr X ]RiXJ. We write generic members of M as m =
((Mi)iez, (tij)iez,jes). While A and p denote the actual arrival and service param-
eters for the system, a possibly different member m of M will be interpreted as a
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perturbed set of parameters. For v € U and m € M, let

(2.11) v(u,m) = Z Nie; — Zuz‘jﬂijei,
(2.12) Z)\ l( ) Zu”u” (“7),

where

xloger —x+1, x>0,
400, x <0,
with the convention 0log0 = 0 and I(£/0) = oo for € > 0. Let

(213) H(p) = lnfU sup [<pv U(uv m)> - p(u,m)], pE R’
uelU mem

Let I: 0G — 27 be defined by
I(z)={i€Z:z =0}

The HJI equation, considered with boundary and terminal conditions, is as follows
(denoting V; as the derivative of V' w.r.t. ¢, and DV the gradient of V w.r.t. z):

Wi+ HDV)+h=0 in [0,T) x G°,
(2.14) (DV (t,x),e;) =0, x € 0G,1i € I(x),
V(T,z) =9g(z), ze€d.

The precise definition of a solution to (2.14) is given in section 3.
THEOREM 2.1. Givent € [0,T] and G™ 5 2" — z € G,
nILH;OV (t,2") =V(t,x),
where V is the unique viscosity solution of (2.14).
While the above result characterizes the limit behavior of V" in terms of the

HJI equation, we will have an additional characterization of it as the value of a DG
(Theorem 3.3).

3. Preliminaries. We introduce the main tools on which the proof of Theo-
rem 2.1 relies: (1) two alternative queueing models, used to bound the performance
of the original model; (2) viscosity solutions of equation (2.14); (3) a differential game.
At the end of this section we provide the proof of Theorem 2.1, that uses these tools,
and present Theorem 3.3 regarding the relation to the DG.

3.1. Two alternative models. The constraint (2.7) is difficult to work with
directly. We introduce two models that are more convenient, not having such a
constraint. They will be used to treat the original model.

Model (a). Recall the definition of the class Sy ¢ . We let Sn iz be defined the
same way, except that the constraint (2.7) is removed and call the resulting model
Model (a). In the original model, the total processing rate for a given class ¢, namely,
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> iUy, can get as large as 3 npj, provided Z% > N(n) (see (2.6) and (2.7)).
Indeed, this is achieved by selecting U;; = 1 for all j, which corresponds to a situation
where class i occupies all servers in every station of the system. When =™ is less than
N (n), the maximum possible total processing rate for class i decreases in the original
model, while in Model (a) it remains at the same level. A physical interpretation of
Model (a) could be that multiple servers can simultaneously work on a single job,
having their processing rates sum up.

As is clear from the very definition of the two models, Syt C S,(Lat)z

Model (b). S,szw is defined by replacing (2.7) by the requirement that, for each
1 €L,

(3.1) Z™1 < N(n) implies Z Ui = 0.
JjeT

The physical meaning of the resulting model, called Model (b), is that one simply
ceases to serve class-i customers whenever they are too few. Based on (2.5), it is clear
that (3.1) implies (2.7). As a result, S,(Lbzz CSnta-

The two models automatically provide bounds on the original model. That is, for
neNandte[0,T],z€ G,

(3.2) Q"(t,x):= inf C"(t,z,5)<V"(t,z) <R"(t,xz):= inf C"(¢t,z,9).
sest . sest), .
Models (a) and (b) are quite similar: the controlled transition rates are of the
same form Zj nitiju; in direction —e;, for arbitrary v € U, as long as the jump is
permissible. Further, denote

N
N
n
Let 7, € R! denote the vector (vp,...,v,). Set
(3.3) G ={ex+v,:2e€G"}, GFf=G"\G:.

Note that under Model (b), if X™ starts in G}, it will never leave this set. Indeed, if
X™(t) is in G}, but X7*(t) = i, for some i then Z™%(t) = N(n); hence by (3.1) U/i(t) =
0 for all j. By the form of the generator (2.6), all terms with f(z —n~lte;) — f(),
which correspond to a downward jump, vanish. This means that where X" is in
that position it will not make a downward transition, and will remain in G7,. This is
analogous to the fact that under Model (a) X™ never leaves G".

The following useful estimates on these models are proved in section 4. Through-
out, || - || denotes the Euclidean norm.

LEMMA 3.1. There exists a constant ¢y such that, for all n, t € [0,T],

|Qn(t7 CC) - Qn(tﬂ !
|R™(t,x) — R™(t,2’

collx — 2], z, 2’ € G",

collx — 2], z, 2’ € G},

" (t,x + Up) + Coln, ze G,

" (t, ) + co(ty — ), xe G, ty € (tT].
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3.2. Viscosity solutions. Solutions to (2.14) are defined in the viscosity sense.
DEFINITION 3.2. Let V : [0,T] x G — R be continuous in the first variable, uni-
formly over [0, T] x G, and satisfy a global Lipschitz condition in the second, namely,

sup{|lz —y| "V (t,z) = V(t,y)| : t €[0,T],2 #y € G} < .

Then V is said to be a sub (super) solution of (2.14) if V(T,-) = g, and, whenever
6 € C™ and V —0 has a local mazimum (minimum) at (t,z) € [0,T) X G, the following
hold:

[0+(t,x) + H(DO(t,x)) + h(x)] V irg%i()<D9(t,$), e;) >0,

(1012, ) + H(DO(t,2) + b)) A min (D(1,2),e:) < 0).

A function is said to be a solution if it is both a subsolution and a supersolution.
PROPOSITION 3.1. Let u be a subsolution and v be a supersolution. Then u < v.
Note that this result, proved in section 5, gives uniqueness of solutions.

3.3. A differential game. Fix T'> 0. Given t € [0,7T'), denote by D([t, T]; R¥)
the space of RCLL functions mapping [t, T] to R*. The one-dimensional Skorokhod
map I = Flt’T from D([t, T] : R) to itself is given by

(3.8) I [W)(s) = ¥(s) — inf (r) AO, s €t T

re(t,s]
Let I' = I'T mapping D([t, 7] : RY) to itself be given by
(39) F[w]z = Fl [wz] for ¢ S I.

I is often called the Skorokhod map on G with normal constraint. 1t is clear from the
definition that, for v, ¢ € D([t, T]; RY),

(3.10) sup [[I'[y)] = I'[¢][| < 2sup [|¢ — ]|
[¢,T] [t,T]

Let
U= {u:[0,T] = U;u is measurable},
M = {m : [0,T] — M;m is measurable, [ o m is locally integrable}.

We describe a deterministic two-player zero-sum differential game where one player
attempts to minimize a cost ¢ (yet to be defined) by selecting a member of U, corre-
sponding to service allocation, and the other one chooses a member of M, interpreted
as perturbed arrival and service rates, to maximize c¢. To this end, consider the
dynamics of the game,

(3.11) U(s) =z +/t o(u(r),m(r))dr, se[t,T),
o = I'[y].

Let the cost be defined by

T
(3.12) et u,m) = / [h((s)) — plu(s), m(s))ds + g(e(T),
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where ¢ = (-;t,z,u, m) is given by (3.11). Note that neither the dynamics nor the
cost are affected by the value of the controls v and m on [0, ).

To define the game in the sense of Elliott and Kalton [16], we consider the notion
of strategies. To this end, we endow U and M with the metric d(vy,vs) = fQT [lv (t) —
va(t)||dt, and with the corresponding Borel o-fields. A mapping o : M — U is called
a strategy for the minimizing player if it is measurable and if for every m,m € M and
s €[0,T7,

m(r) = m(r) for a.e. r € [0, s] implies

alm](r) = a[m|(r) for a.e. r € [0, s].

In a similar way a strategy for the mazimizing player is defined by a mapping f3 : U—
M. The set of all strategies for the minimizing (respectively, maximizing) player will
be denoted by A (respectively, B). The upper value for the game is defined as

VT (t,x) = sup inf c(t,z,u, Blu)),
BeBuelU

and the lower value as

V7 (t,z) = inf sup c(t,x,alm],m).
acA meM
The game is said to have value if the value functions V* and V'~ coincide. The game
is related to the stochastic control problem on the one hand, and to the PDE on the
other hand, by the following two results.
PROPOSITION 3.2. Fiz x € G and t € [0,T]. Then

(3.13) limsup R"(t,2") < V™ (t,x) if  Gro2" >,
n—00

and

(3.14) lim inf Q" (¢, 2") > Vitz) if  G'3a" -

PROPOSITION 3.3. Both V't and V'~ are solutions of (2.14).
Propositions 3.2 and 3.3 are proved in sections 4 and 5, respectively.

3.4. Proof of main results.

Proof of Theorem 2.1. First, note that Propositions 3.1 and 3.3 imply that the
game has value, and that the value function V := V* = V'~ uniquely solves the PDE
(2.14). Next, fix t € [0,7] and 2 € G. To prove the theorem, it suffices to consider
only sequences of the form G}, 3 2" — x and G¥ > ™ — z. In the former case, the
combination of (3.2) and Proposition 3.2 shows

Hm V" (¢, z") = V (¢, ),

as required. Consider now the case G > #™ — z. By (3.2) and (3.14), we still have
a lower bound of the form V'(¢,2z). While (3.13) does not directly apply as an upper
bound, its combination with (3.2) and (3.6), noting that vy, := 2" + 7, € G} and
v, — 0, gives

limsup V"(¢, 2"™) < limsup R"(t,y,) < V (¢, x).

This completes the proof of the theorem. O
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As a consequence, we obtain an alternative characterization of the asymptotic
behavior of V.

THEOREM 3.3. For G" 3 2" — z € G and t € [0,T], lim, 00 V"(t,2™) =
V(t,z), where V is the value of the DG.

4. The stochastic control problem and the differential game. In this
section we prove Lemma 3.1 and Proposition 3.2.

We begin with a result showing that the DG’s value functions do not vary upon
truncating the space M. For b > 0, denote

Mb:{m:(j\laﬂlj) EM}%SZL/ZU §b77’617]€j}7
and let M, be defined as M, with M replaced by M,. Let also By, be defined similarly
to B, with M replaced by M. Thus a strategy f € B, maps U into M. Finally,
analogously to V* and V~, set

VOT(t,x) = sup inf c(t,z,u, Blu]),
BeB, ueU

VU= (t,x) = inf sup c(t,z,a[m],m).
aEAmEMb

LEMMA 4.1. For sufficiently large b
(4.1) VOE®t z) = VE®, ) for all (t,z) € [0,T] x G.

Proof. Without loss of generality we set ¢ = 0. We only prove V®+(0,2) =
V*(0,x) (for b sufficiently large), because the proof regarding V= is similar. Recall
that By denotes the set of strategies of perturbed rates whose components are all
bounded above by the constant b. Denote by By, By x C B the sets of strategies
of perturbed rates whose service and, respectively, arrival components are always
bounded above by b. Thus By = By, ;. [ ) Bp,a-

Corresponding to a given m € M, we construct a specific truncation 7, where
only the service rates are truncated in the following way: fi;; := s A b for all ¢, 7,
whereas \; = A;. Given m € M and u € U, denote by ¢ and ¢ the state dynamics for
(m,u) and, respectively, (1, u). Using vector relation v(u(t), m(t)) < v(u(t),m(t)) for
all t € [0,77], we have £4)(t) < £4)(t) (in the usual partial order on RY). It follows
directly from the definition of I (3.8) that if ¢y and ¢, are two one-dimensional
trajectories that agree at 0 and satisfy ¥y (t) — ¥1(s) > ¥y (t) — ¥y (s) for all 0 < s <
t < T, then I'[t1] > I [¢1] on [0,T)]. Using this monotonicity property, o(t) < 3(t).
Note that for b sufficiently large,

plult),m(t) > plu(t), m(t),  te[0.T].

Given 3 € B, let 8 € By, denote the corresponding modification of 8. Since h
and g are nondecreasing functions, by the above analysis we obtain ¢(0,z, u, Bu]) <
¢(0, z, u, f[u]). Thus

sup inf¢(0,z,u,B[u]) < sup inf c(O,x,u,B[u])
BEBy A U BEBy A U
= sup  infe(0,z,u, Bu]) = VOO0, x).
BEByx N By, U
Hence, to show VT = Vb7 it is sufficient to prove that

(4.2) V*(0,2) < sup infe(0,z,u, Bul).
BEBy,x U
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Select b larger, if necessary, so that b > b* := max;<s Xiel > 0, where L =
C’p(TC’h +Cy). This assures pj(u,m)|5,—p. > L for all i, where we denote pj(u, m) =

2 p(u,m) = log(A;/\o).

We use the same notation, m, to spemfy a different modification of m, where now
only the arrival rates are truncated as in X := A\ Ab. We continue to use w and ¢ for
the corresponding state dynamics. Given u and m,

T
<G / lo(t) — Bt + Cyllo(T) — H(T)|

T — ~
(43) <1y [ w0 - Sar

%

By convexity of m +— p(u,m), we have for all ¢

plu(t), m(t)) — p(u ) > Zpl £)(Ni(t) = Xi(1)).

Note that A;(£) — A;(t) is nonnegative, and when it is positive one has A;(t) = b > b*.
Hence, due to the assigned value of b*, the ith term in (4.4) is bounded below by
L(X\i(t) — Xi(t)). Integrating and using (4.3) gives ¢(0,x,u, B[u]) < ¢(0,z,u, Blu)).
Hence

VT(0,z) = sup inf ¢(0, z, u, B[u]) < sup inf ¢(0, z, u, B[u])
peB U geB U

= sup inf¢(0,x,u, Blul).
BeEBy A U

This gives (4.2) and completes the proof. O
Next we prove Lemma 3.1. The proof uses a controlled generator similar to (2.6),
for a process that need not be constrained to G™ but lives in n~'Z, namely,

;m ( (a:+ —ez> - f(a:))
+ 0> npiug (f <x - %e) - f@:)) . zed",

(3,)€IxT

(4.4)

for f :n1Z' - R.

Proof of Lemma 3.1. We first prove (3.4). Fix (¢, z,2'). Fixalso S = (U™, X", (FI))
€S, (a) . One can augment the probability space and construct a process Y, a filtra-
tion .7-'" containing F7, such that P(Y;” = x) = 1, X™ = I'lY"], and for each bounded
I n_lZI — R,

Fvr) - / O fy s>,
t

is a martingale w.r.t. (F5). Here and below, with an abuse of notation, we keep the
symbol P for the measure on the larger probability space, E for the corresponding



RISK-SENSITIVE CONTROL FOR PARALLEL SERVER MODEL 4373

expectation, and (X™,U™) for the processes constructed on the new probability space
(which have the same law as (X",U™) under the original space). The expression in
(2.8) continues to be a martingale on the larger filtration (F,). Such a construction,
that uses additional exponential clocks for jumps of Y™ that occur when X" is on the
boundary, is standard (see, e.g., the proof of Lemma 6 of [4] for a related argument),
and we omit the details.

Next let us construct on the new filtration a controlled process X' starting from
a’, simply by setting X'™ = I'[z/ —2+Y™]. Then one directly verifies by the properties
of Y™ and the Skorokhod map, that S = (X, U™, (F*)) € S (@) | Now, using (3.10),

n,t,x’"

supsep,7) [ X" (s) = X™(s)|| < 2|z — 2’|, and therefore by (2.9),
C"(t,x,S)—C"(t,2' S')

= 1ogE[ nlf h(X D ds (X)) 10g]E[enUfh(X;">ds+g<X/T">]]
< - 1ogE[ nlfl h(X" ds+q(X'T")+COIIw x II]] 1ogE[ n[fT h(X!™)ds+g(XE ]
< cOIIx —a'l],

where the global Lipschitz property of h and g is used on the second line. Taking the
infimum over S € Snt)z shows Q" (t,z) < Q"(t,z') + col|lx — 2’|, and the result (3.4)
follows.

Toward proving (3.5), the following simple relation between Q™ and R™ will be
useful. For any given pair (h, §), write Q"(, x, §, h) for the value function Q" of (3.2)
where, in the cost function C™ (2.9), one replaces h and g by h and §, respectively.

Then
(4.5) R™"(t,x + Un) = Q" (t, x5 g(- + ), h(- + 7)), te[0,7], x € G

To obtain this 1dent1ty, we will argue by correspondences between members of Sn ta
and members of Sn t.otm,- Lo this end, we first make the following observation.
Recall that the way Model (a) is defined does not put any constraint on the process
U™ (taking values in U), whereas under Model (b), (3.1) must be satisfied. Now, the
form of the generator £L™* (2.6) is such that whenever x; = 0 for some i, the Value of
u;j, j € J is immaterial. Hence given any control system (U”, X", (Fy)) € Sn b

may assume without loss of generality, that, for each i € Z and a.e. s, >, U, ( ) = O

it X"(s) = 0. With this at hand, given a control system S = (U™, X", (Fs)) € Snat)z

starting from (¢,z), (U™, X™ + Un, (Fs)) is a control system satisfying (3.1), and
therefore S € S,(Zl?z@ 45, holds. As a result, using the correspondence Z" = X" + i,

1 . o
Q"(t,x;9(- 4 Un), h(- + 7)) = inf = log E[enli h(XI+7n)dstg(X7+7)]]
(U X (Foesii, T
> inf logE[ nlfi (23 ds+a(Z3))]
(U, 27 (F)ESY) i, T
= R"(t,x + vp).

On the other hand, given S € s

.t o+, DY the definitions of the two models one has

U™, X", (F,)) € S

n,t,xr’

and the reverse inequality follows. This gives (4.5).
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Equipped with the above identity, the claim (3.5), regarding R™, follows from the
estimate just obtained on Q™.

The proof of (3.6) is similar to that of (3.4), and thus omitted.

Finally, we prove (3.7). Fix x € G, and 0 <t < t; < T. The function R", defined
as the value of a control problem (3.2), satisfies the dynamic programming principle
(see, e.g., section 8 of [27]), namely,

R™(t, ) = inf = log E[e"Ui" AOXDds+ R (61,7
n

where, as in (3.2), the infimum is over S € s Given € > 0, let S and the

n,t,x*
corresponding controlled process X” be such that

n
s

R'(t,z) +¢ > 1 logE[e"[fftl PXEds+R™ (01,X7,)]]
n

Denote by —c; a lower bound on h. Using Jensen’s inequality,
R"(t,x) + ¢ > —ci1(ty — t) + E[R" (t1, X{)].
Hence
R"(t1,x) — R"(t,x) <e+ci(t1 —t) — E[R"(t1, X{°) — R"(t1,2)].

The jump intensities of X™ are bounded, uniformly over all control systems S, by can,
where ¢y does not depend on S, n, t1,c. Hence the number of jumps that X™ performs
over [t,t1] is dominated by a Poisson random variable (r.v.) of mean con(t; — t),
whereas the size of each jump is 1/n. Along with the estimate (3.5) (and recalling
that from x € G, the process can only jump to sites in G},), this shows that

1
|]E[Rn(t1,Xg) — R"(tl,a:)“ S COE[”X& — QJH] S COEC2n(t1 — t) = C()Cg(tl — t).
We obtain
R"(t1,2) — R"(t,x) < e+ (c1 + coc2)(t1 — t).

Sending ¢ — 0, the result follows. 0

The value function @, defined in terms of the cost C™ (2.9), clearly satisfies a
certain dynamic programming equation (DPE) of Bellman type on [0,7] x G™. It
will be more convenient, however, to take advantage of the fact that, owing to the
logarithmic transformation appearing in (2.9), @™ also satisfies a DPE of Isaacs type,
corresponding to the value of a game. In this game, an additional player is introduced,
controlling the transition rates. By considering this equation we follow the approach
of [18], see also [17, Chapter VI].

To this end, we introduce the following two controlled generators. They are
similar to (2.6) and (4.4), but now m = (), 1) is also controlled, namely,

L7 f () = iezzn;\i (f <x + %ei) - f(f))

+ D nguy <f (x - %ez) - f($)> Liz—1eierl)y

(1,5)€ETxT
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for f: G™ — R, and

Lot () = nh; ( (x—l——ez) —f(a:))

1€T
+ Z NflijUij <f (x - %ei> - f(ff))
(1,)EIXT

for f:n'Z' - R.
LEMMA 4.2. The function Q™ : [0,T] x G™ — R is continuously differentiable in
t for every x, and satisfies the following Isaacs equation,

(16) {infueU SUPear (L ™QR (8 2) + L Q™M(t,x) + h(z) — p(u,m)) =0,
Q™M(T,x) = g(x).

Proof. We consider the following set of differential equations,

(4.7) 1nf LYWt ) + dtW"(t x) + nh(x)W"(t,z) = 0, W™(T,x) = e,

d

The existence of a solution of the above equation follows from standard iteration
techniques. Let W™ be a solution. Given any € > 0, from (4.7) it follows, there is a
uf(r,z) € U such that

£ d
(4.8) e> LY MDW (e 1) + %W"(r, x) + nh(x)W"(r,z) >0,
where u® : [0,T] x G™ — R can be selected as measurable. Now we consider a control
Se = (a5, X", (FM) € S,(ft),z, where @°(r) = u®(r, X"(r)). Using Itd’s formula we
have that
nft r))ern(S Xn( )) _ Wn(t, {E)

= [ e e 1O X ) e
t _

8 - n d
_ nft h(X"(7))dr [ 2 yi/n X"
|| (w0

4 LW Xn@«))) dr,  s€[t,T],

is an (F7) martingale. By substituting s = T and taking the expectation of the above
and using (2.9) and (4.8) we get

(4.9) (T —t)e > " BT5) _wn(t ) > 0.
Since € > 0 is arbitrary, we have

(4.10) W"(t,z) = inf "¢ #2S) = nQ"(ta)
sesl)

Therefore, Q™ satisfies the terminal condition of (4.6) and also

0 = inf £™%e nQ" (tz)+;

nQ" (tz)+nh( ) (tm)
uelU
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For notational simplicity, write m(x,v) = V1t et s Sif(tx) == f(t,x+ Le;) —

f(t,x), and §;f(t,x) == f(t,x + La(z,—e;)) — f(t,z) for z € G",v € Z'. Using these
operators the above equation can be simplified as

(4.11) 0 = inf <n2)\1‘(66i@n(t’z) _ 1)

uclU
+ nz Wi fhi »(eSiQn(t’m) -1)+ niQ"(t, x) +nh(z) |.
= J ] dt
Now use the Legendre transformation of [ (defined in section 2), namely, the identity

e¥ — 1 =sup(ay — I(x))
>0

to obtain

0= 1nf sup (Z/\(SQ t,x) —l—ZuUuUéQ (t,z)

UGk ij
+ %Q”(f, @)+ h(x) = p(u, (X, ﬂ))>

= inf sup <E”“mQ"(t x)+ — Q"(t x) + h(z) — p(u, m)) O

uelU meM

To state the following lemma, we need some additional notation. Recall the
definition of I' based on the one-dimensional Skorokhod map (3.8). We define a
family of Skorokhod maps I'™, each mapping D([t, T] : RY) to itself, by

I'"[Y); = I [ — vp] + vy, 1 < I.

In fact, I™ is the Skorokhod map on G+ 7, = {x € R! : ; > v,,,i < I}, with normal
constraint. Note that

(4.12) I ) = Pl < Tvm, 9 €D(t,T): R).

For f: G;, — R, denote
Lnumf _nZ)\ ( <$+—€1)—f($))
(4.13) +nz,aijuij <f <33 - %6’1‘) - f(33)) 1 1cecry
ij

z €@, uclU meM.

The proof of the following result is similar to that of Lemmas 7 and 8 of [4], and
is thus omitted.

LEMMA 4.3. Fizn, t €[0,T), and b > 0.

i. Fixx € G™. Let a measurable function u : [t,T] x G" — U and a stmtegy
B € By be given. Then there exists a filtered probability space (2, F,{Fs Yier), P,
and (Fs)-adapted RCLL processes X, Y, m, and u, taking values in G™, ’1Z
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M, and U, respectively, such that Pr-a.s., m = Bla], u(s) = u(s, X(s)), s € [t,T],
X=IY),Xt)=Y({) =z, and

(4.14) f(s,X(s)) — /tS (L"’"(T)’m(r)f(r,X(r)) + %f(r,X(r))) dr
and

@19)  feve) - [ (IO 0) + i) ) ar

t

are (Fs)-martingales for all bounded f having a continuous time derivative.

ii. Fizx € GY. Let a measurable function m : [t,T] x G} — My and a strategy
o € A be given. Then there exists a filtered probability space (£2,F,{Fs}y ), P"),
and (Fs)-adapted RCLL processes X, Y, m, and u, taking values in G%, n='Z!, M,
and U, respectively, such that P"-a.s., u = a[m], m(s) = m(s, X(s)),s € [t,T], X =

I'"Y)],X(t) = Y(t) = z, and the process defined as in (4.14), replacing L by L, as
well as the process defined as in (4.15), are (Fs)-martingales for all bounded f having
a continuous time derivative.

Proof of Proposition 3.2. We first prove the second assertion, namely, (3.14). Fix
to € [0,T), xg, and G™ > 2™ — x¢. It follows from Lemma 4.1 that to show
(4.16) lim inf Q" (to, 2™) > V™ (to, 20),

n—oo

it suffices that for each 8 € By, (where b is sufficiently large),

(4.17) lggi(ngn(to’zn) > ¢(to, xo, B) = irellfjc(to,xo,u,ﬁ[u]).
We fix such § and turn to prove (4.17).

Since U is compact and convex, and the objective function in (4.6) is affine in
u and concave in m, the outer minimum in (4.6) is achieved. We denote by u =
u"(t,x) a minimizer in (4.6). Furthermore, the minimizer v"(¢,x) can be selected as
a measurable function of ¢ and z (see Theorem 2.2 in [22]). Then from (4.6) we have

(118) L7 CDTQN 1 0) + T Q1) + h(r) — plu”(1,2), m) <0,
m € M,t € [to, T],x € G".

We invoke Lemma 4.3(i) with u = u™ and the given 5. Denote by E™ expectation
w.r.t. the measure P" from that lemma. Replacing x by X' in (4.18), u"(¢,z) by
a™(t) = u"(t, X"™(t)), and m = m"(t) := pla"](t), we have, P"-a.s.,

£ O OQ (4, X (1)) + Q1 X7 0) + (X (1) — " (1), (1) < 0.

Consider the stopping times 77, := inf{t > t¢ : || X* — zo|| > L} for positive L. Let
B = By, (z0) be the intersection of G™ and the I-dimensional ball of radius L, centered
at zo. Lemma 4.3 cannot be applied with f(¢,z) = Q"(¢,z) because this function
may not be bounded. To apply the lemma we fix a function f that agrees with Q"
on B, is bounded, and continuously differentiable in ¢, which clearly exists due to
the fact that @™ is continuously differentiable and locally bounded. We substitute
s =T A7, and f = Q™ in (4.14). Due to the local structure of the operator £",
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Lt ®m () £ X1 (t)) = Lo @m0 Qn(t, X™(t)) holds for t € [to, T A 1r]. Thus
using inequality in the above display and taking expectation,

E™ QH(T/\ TL,Xn(T/\ TL)) — Qn(to,ﬂin)

TATL B
+ / (WX (1)) — p(@ (r), ™ (r)))dr| <.

Denote by k1, the random variable inside the expectation. The assumed monotonic-
ity of h and g implies that they are bounded below by h(0) and ¢(0), respectively.
It follows by definition of Q™ that it is also bounded below. Since we also have
m"(r) € My, kn,1 is bounded below by a constant not depending on L. Hence, using
Fatou’s lemma, E™ liminf;, kn,r, < 0. Since 8 € By, the processes X™ are dominated
in law by n~! times a Poisson process with a given rate (that depends only on n).
Hence limy, 77, = 00, a.s., and

T
QUT.XMT) - @"(toa") + [ (X)) pla"(0), m”(r)))dr] <o.

to

]ETL

Since Q" (T, z) = g(x) for all z, we obtain

T
(419)  Q"(to,z") = E" l/ (R(X™(r)) = p(@" (r), m" (r)))dr + g(X™(T))

to

From the definition of ¢ we have P*-a.s.,

T
(4.20) / [h(@" (r)) = p(@" (r), m" (r))] dr + (" (T)) = c(to, x0, B),

to
where " = I'(¢") and ¥"™(s) := xg + ftz v(@™(r),m"(r))dr, s € [to,T]. Combining
(4.19) and (4.20),
Qn(t07 x’l’b) 2 c(t07 Zo, ﬁ) — En,

where

— T — —
(4.21) en = E" /t [h(X™(r)) = h(™(r))ldr + |g(X™(T)) — g(¢"(T))|

0
Using the Lipschitz continuity of h, g and the map I" (in the sense of (3.10)), denoting
1 == supg, 7 [ £, we have
en < aB"[|Y" — 4],

where ¢y is a constant not depending on n.

Toward proving that e, converges to zero, write m™(s) = (X?(s),ﬂyj(s)), and
observe by (4.15) with f(s,y) = y;, and (2.11), that

Y“(s) — " = ‘/ts lZAf(T)eZ — Zﬂ?j(r)ﬂz (r)ei dr + 77?(8)

i

_ / (@ (r), B[ () dr + n(s)

to

= 9" (s) = xo + 17 (s),
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where each of the components of nT" is a zero mean martingale. Given ¢, write M™
for the ith component (e;,n7). By the Burkholder-Davis-Gundy inequality,

EM{(IM)} < B {[M", M"]z},

where c¢3 is a universal constant, and [M™, M™] is the quadratic variation process (see
[23, pp. 58 and 175]). Note that M™ has sample paths that are piecewise absolutely
continuous, null at zero. Hence [M"™, M"|r is given by >, AM™(s)? (see, for
example, [23, Theorem 22(ii), p. 59]). Each jump of M" is of size n~!. Hence
E™{(||]M™)|*)?} < con=2E"[N"], where N™ is the number of jumps of 77 (equivalently,
Y™) in the interval. Since m" is bounded, N™ is dominated by a Poisson r.v. of mean
O(n). This shows E"{(||[M™||*)?} < O(n~!). As a consequence, E"||n}||* — 0, and
since ™ — o, €, — 0. This shows (4.17) and completes the proof of the second
assertion of the proposition.

We next prove the first assertion of the proposition. To this end, we fix ¢y and a
sequence G} 3 " — zo. To prove
(4.22) lim sup R" (tg, ") < V™ (to, x0),

n— 00

it suffices to show that, for any « € A,
(4.23) lim sup R"(to, ™) < é(to, zo, ) := sup c(to, o, a[m], m).

n—oo meM
Thus, fixing «, we will prove (4.23).
Using the relation between R™ and Q™ given in (4.5), it follows from (4.6) that
the function R™ : [0,T] x G — R (that is, the restriction of R™ to [0,T] x G%, that
we still denote by R™) is continuously differentiable in ¢ for every x, and satisfies

inf e SUp e (L™ R (¢, 7) + 4 R™(t,2) + h(z) — p(u,m)) = 0,
(4.24) tel0,T), z€Gr,
R"(T,z) =g(z), =€,

Corollary 37.3.2 of [24] states that if C' and D are closed, convex nonempty Euclidean
sets, F' is a continuous, finite concave-convex function on C' x D, and either C' or
D is bounded, then infgep sup.cc F(c,d) = sup.ccinfaep F(c,d). Notice that the
objective function, F'(u,m) = L™ R"(t,x)—p(u, m) is continuous on U x M, convex
in u (in fact, affine), and concave in m. Hence

inf sup F(u,m)= sup inf F(u,m),

welU meMm meM ueU
and we may interchange the order of infimum and supremum in (4.24). As the infimum
of concave functions, the map

m 1gf F(u,m)

is concave, and since it is clearly finite, it is continuous. Moreover, the function in the
above display has compact superlevel sets, since m — p(u, m) has compact sublevel
sets for each u. Hence, the supremum over m is achieved. We denote by m = m™ (¢, x)
a point where this maximum is achieved. Thus

(4.25) L EDRN(E 1) + w7 R”(t z) + h(z) — p(u, m"™(t,z)) > 0,
ueUté€ [ty,T],z € G},



4380 RAMI ATAR, ANINDYA GOSWAMI, AND ADAM SHWART?Z

Toward using Lemma 4.3(ii), let us argue that m™ is bounded. Indeed, by the structure
(4.13) of £ and the estimate (3.5) on R", the first term on the left-hand side of (4.25)
is bounded by C|m™||, where C is a constant and ||m™|| = sup, , [|[m"(¢,z)||. Since
by (3.7) we also have that < R"(¢,z) is uniformly bounded, and h is bounded by
assumption, this gives for every u, ¢, x the inequality

plu,m™(t,x)) < C(1+[[m"|)

for some constant C independent of w,t,z,n. By the form (2.12) of p, noting that
[ is superlinear and selecting u bounded away from zero, it follows that v(||m™||) <
C(1+ |m™||), where v is some function satisfying y(r)/r — oo as r — co. This shows
that m™ are bounded.

Consider Lemma 4.3(ii) with m = m™ and the given a. Replace z by X in
(4.25) (note that X™ takes values in G%), m"(t,x) by m™(t) = m"(t, X"(t)), and u

by @" := a[m"](t), to obtain, P"-a.s.,

~  —n = > d =S =

Lra"Omm O R X (t)) + R(, X" (1) + h(X"(t)) — p(a” (1), m" (1)) > 0.
Take expectation in (4.14), substitute s =T, f = R", and use R"(T,x) = g(z) for all
z, to obtain

T
(4.26)  R"(to,a") <E" l/ (R(X"(5)) — p(u"(s), 1" (s)))ds + g(X™(T)) | -

to

Here, we have omitted an argument to go from a truncated version of R™ to R",
analogous to that used in the first part of the proof. By definition of ¢ we have
P"-a.s.,

T
(4.27) / (" (s)) — p(a@(s), m™(s))] ds + g(22) < &(to, 70, ),

to
where " = I'(y") and ¢"(s) := xo + [, v(@"(r),m"(r))dr, s € [to, T]. Thus
Rn(to,ﬁn) < E(f0,$0, a) + z‘;:n,

where £, has the same form as &, of (4.21). The argument that &, — 0 is similar to
that for e,. This establishes (4.23) and completes the proof of assertion (4.22). 0

Remark 4.1. In the present set of admissible controls, the entries in the allocation
matrix could be noninteger. We construct two models (a) and (b) accordingly so that
those two constructions give lower and upper bounds of value, respectively. Now with
a different set of admissible controls, one could follow the same approach by suitably
choosing model (a) and model (b). For example, one might want to restrict to the
case where the entries would be integer, we mean (1) a job cannot be split, (2) a server
cannot split its attention. It turns out that for such integral allocation (IA) constraint,
one may choose models (a) and (b) similar to the present ones along with an additional
constraint of TA. Then it remains to check that Lemma 3.1, Proposition 3.2, and
Lemma 4.2 are still correct. The proof of Lemma 4.2 needs the following additional
observation. Minimization in (4.7) is of an affine function over a compact and convex
set, so the infimum is achieved at the boundary, thus the TA constraint is satisfied
by the minimizer. For Lemma 3.1 and Proposition 3.2 one can mimic the respective
present proofs.
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5. The PDE and the differential game. In this section we establish unique-
ness of solutions to the PDE (2.14) by proving Proposition 3.1, and state and prove
Lemma 5.1 regarding regularity of V* and V~. We also give the proof of Proposi-
tion 3.3, regarding V™ and V'~ being solutions to the PDE.

Proof of Proposition 3.1. In this proof we write H(p,x) for H(p) + h(x). We
will use the continuity of p — H(p), that can be verified directly, using convexity of
H(p,u,m) = (p,v(u,m)) — p(u,m) in u and concavity in m.

For a > 0 let

Ult,z) := u(t,z) — ae™ ‘&%)
=v

V(t,z) :=v(t,z) + ae &%),

where e = Zfil e; € R¥. To prove that u < v we argue by contradiction and assume
that

o:= sup [u(t,z) —v(t,z)] > 0.
[0, T]xG

Hence there exists (7,z) € [0,T] x G and ag > 0 such that for all a € (0, agp),

(5.1) U(r,z) = V(r,2) > -o.

wil N

For £,6 > 0, introduce

1 1
&(5,t,,y) = Uls,2)~V (t,y) ~ g eI~ =5V —e(llal + lyl*) =527 5 1),
Note that |U(s,x)| + |V (t,y)| < ¢+ clz| + c|y|, where ¢ = ¢(u,v,a). Thus & | —c0
as (||z]|* + ||y||?) T oo, and ® admits a maximizer (s¢,t%,2°,y°) over [0,7]? x G2.

Therefore there exist positive numbers € and § such that

2
(5.2) O(s5,t%,2%,y°) > P®(r,7,2,2) > gg—2£||z|\2—25(T—T) >

N

for all @ € (0, ap). In what follows, 0 remains fixed while € is made smaller (eventually,
a will also be taken small). Since ®(s, ¢, 2%, y%) > 0, we have
(5.3)

1 1
U(s,2%)=V(#5,97) > Sl =y P+ 5 (7 =)+l + ly7[*) + 02T -7 —#7).

Since u and v both satisfy the terminal condition, namely, u(T,-) = v(T,-) = g(-) and
U,V , and g are Lipschitz, there are constants k1 and ko such that

(5:4) klla® =yl 4+ ke 2 U(s%, 2%) = V(£5,97).

We argue that the left side is bounded for all positive €. If not true, then there is
a small enough ¢ such that % |2° — 4| > k1lla® — y°|| + k2. But this along with
(5.4) and (5.3) leads to a contradiction. Thus the left side of (5.3) is bounded for all
positive €. Hence from (5.3) we conclude the following estimates:

(5.5)

le*—Fl <O@).  [F-s1<06). [+ <O <%> . <o (%) |
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Next we show that
(5.6) 2% — %[ 4 [t° = 5°] = o(e).
Using ®(s%, ¢, 2%, y°) > O(s°, s°, 2%, 2°), we obtain
1
= (lle® = VI + (8 = 5%)%)
< V(s%,2%) = V(t5,5°) +e([la®]” — [ly°]|%) + o(t° — 5°)
Swy(llz® =y + 17 = s7)) +e(@® + 975,27 —y) + (7 — %),

where wy is the modulus of continuity of V. Therefore (5.6) follows by using the
estimates (5.5) in the above inequality. Next we show that

(5.7) s%,t° < T for all sufficiently small € > 0.
To this end, note by (5.2) that

(5.8) u(s®,2%) —v(t%,y°) >

N[

Now if any of s¢ and ¢° equals T, then |T — s¢| = o(e) and |T — ¢¢| = o(e) hold. Thus
using Lipschitz continuity of g and denoting by w, and w, the modulus of continuity
of u and v, respectively,

lu(s®, 2%) —v(t%, y°)| < [u(s®,2%) — g(a%)| + [v(t°, ¥") — g(¥°)| + [9(z7) — g(¥°)]
S wy(T — %) +wy (T — t°) + Cy||z® —y°|| = 0

by (5.6). This contradicts (5.8). Therefore (5.7) holds.
Let

1 1
0s.2) i= 5 lla = 5712+ 5 (8 = )% + ellall* + 3T — ) + ae ™.

By the definition of (s%,z%), (s,z) — u(s,x) — 0(s, z) has local maximum at (s¢,z°).
Since DO(s%,2%) = 2 (a° — y°) + 2ea® — ae{®%") e we have

(5.9) max (DO(s%,x%),e;) < 0.
i€l(xz®)

Hence by definition of viscosity subsolution
0
0< %0(55,335) + H(DO(s%,z%),z%)

2 c e e & e
:_ﬁ(t —s%)— 0+ H(DO(s",x%),z%).

Similarly, for the following test function
1 1 -
I(ty) = - (;nxa gl (57 4 el + 5T t)) e

the map (t,y) — v(t,y) — ¥(¢t,y) has local minimum at (¢°,y°). By an argument
analogous to the one used for the earlier test function 6, we obtain an inequality like
(5.9) and finally by the definition of viscosity supersolution we obtain

0
02 0, ) + HDOW, o), o)
2
— St — %)+ 3+ HDIEy7), ).
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From the above two inequalities we obtain
(5.10) 20 + H (DY(t°,y°),y%) — H (DO(s%,2%),2°) < 0.
Again using (5.5) and (5.6),

DOt y%) — DO(s", %) |
2

‘ 3

=2
= H—Qa(;zc‘E +3°)+a (e*<e7ws> + e*<e7ys>> eH
< O(Ve) + 21a.

£ 2 €
(2° — ) — 2e9° + ae~ ¥ e — <5_2($6 —4°) + 2e2° — ae”(&® >e> H

Therefore

(5.11) limsup ||DY(t°,y°) — DO(s°, 27)| < 21a.
e—0

Recall that v and v are Lipschitz in z uniformly over [0,7] x G, and denote the
maximal of their Lipschitz constants by C. Let us argue that

(5.12) [1DO(s*,2%) | < C, IDI(E", y7) || < C.

Because (s,z) — u(s,z) — (s, x) has a local maximum at (s¢,z°), we have for any
r € G,

0(s%,x) — 0(s°,2%) > u(s®,x) —u(s®,2°) > —Cllz — «°||,

and so ||DO(s%,z7)|| < C provided z* is an interior point. If 2* € OG then from the
above display we can still deduce |(e;, DO(s%,2°))| < C for all i ¢ I(z®). For i € I(x°)
we obtain (D(s%, z%),e;) > —C by the same inequality, which along with (5.9) again
gives [(DO(s®,2°),e;)| < C. This shows (5.12) holds for 6, and for ¥ the argument is
similar.

Thus using the uniform continuity of (p,z) — H(p,z) on Bc X G and denoting
the corresponding modulus of continuity by wc, we obtain from (5.6), (5.10), and
(5.11)

(5.13) 20 <wce(21a).

Note that the above holds for all a € (0,a¢) and choice of 6 does not depend on a.
This gives a contradiction for § > 0 fixed and small a > 0, and completes the proof
of the result. d

LEMMA 5.1. The functions V=, V*t : [0,T] x G — R are globally Lipschitz
continuous.

Proof. Fix s,t € [0,T] and z,y € G. In view of (4.1), given a positive constant &
there exist 5 € By such that

VT(s,x) —e < inf ¢(s,z,u, B°[u]).
uelU

For this particular 5, there exists a u® € U such that
c(t,y,u®, B*[uf]) <infe(t,y,u, B%[u]) + ¢
U

< sup infe(t,y, u, Blu]) + ¢
BeB, U

=VT(t,y) +e.
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Therefore

VH(s,z) < c(s,z,us, B°[uf]) +¢, VT(t,y) > c(t,y,u, B°[uf]) —&.
Thus
(5.14) VH(s,z) = VT(t,y) <c(s,z,us,m) — c(t,y,u®,m) + 2¢,

where m® := B¢[uf]. Note by the definition of U and M that u® and m® are defined
over the interval [0, T]. Let ¢. := I'(¢%) for i = 1,2, where

Vi) =a+ /T v(u®(z), m®(z))dz, T € [s,T],

wg(T) =y+ /tT v(u®(z), m*(z))dz, T€et,T).

If s < t, set 2 = y on [s,t]. Otherwise, set ¥} = z on [t,s]. Note that 1} and )2
are Lipschitz continuous due to the upper bound of each component of m¢. Note also
that ||} — ¢2||* := maxpene 7 [0 — 2] < |lz — y|| + C|t — s], for some constant C.
Thus by (3.12) we have

C(Sv Zz, usa mE) - C(tv Y, usa mE)

T
- / (h(}(2))dz — h(@3(2))) d
+ / (h(1(2)) = p(uF(2), m*(2))) d= + g(9X(T)) — g(£*(T))
T
< [ (ror@he) -norwe)d:

+ [ o Tl + max plusmilds +Clle (D) - D]

At

< Cillgl — 2|* + Calt — s,

where Cq and Cy are constants (that may depend on 7T') and we used the Lipschitz
continuity of g, h, and I', and the boundedness of h. Hence the Lipschitz continuity
of V* follows from (5.14) and the above inequality. Analogously, V= can be shown
to be Lipschitz continuous. a

Proof of Proposition 3.3. From (3.12) it is clear that both of V* and V'~ satisfy the
terminal condition in (2.14). Given the Lipschitz property of the value functions, that
is proved in Lemma 5.1, the proof that V™ and V'~ are both sub- and supersolutions
of (2.14) is similar to that of Theorem 6 in [4]. Therefore we only provide here the
proof of one of the four statements. In particular, we show that V1 is a subsolution
of (2.14).

Let 6 be smooth and let (s,y) € [0,7) x G be a local maximum of V* — 6. We
assume without loss of generality that V1 (s,y) = 6(s,y). We need to show

[0:(s,y) + H(DO(s,y)) + h(y)] v irgle(\;g@@(s, y),ei) > 0.

We shall assume the contrary and reach a contradiction. Thus there exists a > 0 such
that

Oi(s,y) + inf £2%[<D9(8’ y),v(u,m)) — p(u,m)] + h(y) < —a

and (DO(s,y),e;) < —a for all 4 € I(y).
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Therefore there exists a ug € U such that for all m
a
015(3, y) + <D9(Sa y),'U(U(),m)> - p(u()a m) + h(y) < _5

For any strategy 8 if @o(t) = ug, for all t > s

0:(s,y) + (DO(s,y), v(ao(t), Bluo] (1)) — p(uo(t), Bluo] (1)) + h(y) < —g-

Consider the trajectory ¢ : [s,T] — G satisfying (3.11) with ¢(s) = y, u = 4o,
and m = f[ag]. From continuity of D@, 0, h, and ¢, there is a § > 0 such that for
tels,s+0]

Ou(t, o(t)) + (DO, ¢(t)), v(tio (1), Bluo](t))) — p(tio(t), Bluo] (1)) + hp(t)) < —%
and (DO(t,p(t)),ei) <0 for all i € I(y).

Indeed we can select a sufficiently small § > 0 so that in addition to the above, there
exist a; > 0 such that for ¢ € [s, s + ]

Sp(t) = ’U(QO(t Z ;€.

1€I(y)

Hence for t € [s, s + 4]

L0(t,(1)) = 01+ (DB(E, (1)), (1)
= 6+ (DB(E (1) (0 (1), Aol () + 3 ax(DOLt, o(1). )

i€I(y)
< p(io(t), Blao](1)) — k(1)) — 7.
Therefore for any 8 € B, and 0 < € < 0,
s+e a

(5.15)  B(s +e, (s +2)) —0(s,) < / (p(ao(t), Bliol (1)) = hl(t)) ) dt — Ze.
Again for a fixed € € [0, 0], there is a 8y € B such that
V*(s,y) = sup inf < p(U(t),ﬁ[U](t)))dHg(s@(ﬂ))

BEB uelU

= sup inf ( — p(u(t), Blu] (t))) dt +V*t(s+e, p(s+ 5)))

BEB uelU

s+e a
< inf ( / (h(go(t)) plu <t>,ﬁo[u]<t>>)dt+v+<s+s,so<s+e>>) +2e
s+e a
616) < [ (el®) — plan(t) Bolaal(®) )t + V(s + (s + ) + e,

where the second equality is due to a standard dynamic programming argument. Now
by substituting 5 = Sy in (5.15) and comparing that with (5.16), we get

Vi(s+e,0(s+e)—0(s+e p(s+e)) > %5 >0=V"(s,y) —0(s,y)

for all € € [0, d], contradicting the fact that (s,y) € [0,7) x G is a local maximum of
— 0. This proves that VT is a subsolution. d
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