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Abstract

A well-known technique in estimating probabilities of rare events in general and in
information theory in particular (used, e.g., in the sphere—packing bound), is that of finding
a reference probability measure under which the event of interest has probability of order
one and estimating the probability in question by means of the Kullback-Leibler divergence.
A method has recently been proposed in [2], that can be viewed as an extension of this idea
in which the probability under the reference measure may itself be decaying exponentially,
and the Rényi divergence is used instead. The purpose of this paper is to demonstrate
the usefulness of this approach in various information—theoretic settings. For the problem
of channel coding, we provide a general methodology for obtaining matched, mismatched
and robust error exponent bounds, as well as new results in a variety of particular channel
models. Other applications we address include rate-distortion coding and the problem of
guessing.

Index Terms: change-of-measure, error exponent, mismatch, Rényi divergence.

1 Introduction

A key approach to obtaining lower bounds on probabilities of rare events is based on the idea
of a change of measure. In this approach, the underlying probability measure is replaced by
a reference probability measure under which the probability of the event in question does not
decay exponentially, and the exponent of the bound is given by the Kullback—Leibler (KL)
divergence between the two probability measures. One then optimizes the estimate over all
reference measures having the property alluded to above. This idea is standard for deriving
lower bounds in large deviations theory (see, e.g., [5, p. 32]), where it is sometimes referred to
as tilting. In the context of information theory it has been used in applications including (i)
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the derivation of the sphere—packing bound for discrete memoryless channels (DMC’s), using
Csiszar and Koérner’s method [4, Theorem 5.3]; (ii) Marton’s converse theorem on the source
coding exponent [13]. In the former, the resulting exponential error bound is tight at least in
some range of high coding rates. In the latter, it is virtually always tight (for finite-alphabet
memoryless sources), as there exists a matching upper bound.

In [2], Atar, Chowdhary and Dupuis presented what may be viewed as an extension of this
approach to situations where the probability of the event of interest may also decay exponen-
tially under the reference measure. The estimate is then given in terms of the corresponding
Rényi divergence. At the heart of the approach lies the logarithmic probability comparison
bounds (LPCB) that compare the probability of an event under two measures at a logarithmic
scale in terms of the respective Rényi divergence. Specifically, if P and () are probability
measures on a measurable space and A is an event on it then

1
a—1

InP(4) < - Q) + Da(P|Q) (1

for a > 1, where D,, denotes Rényi divergence of order « (see definition and details in Section
2). This bound is tight in the sense that, given P and A, one can find @) for which it holds
as equality. Thus if {P,} and {Q,} are sequences of probability measures and we denote by
Ep = —limsup,,_,.on '1In P, (A) the exponential decay rate of the probability under P, and
by Eg that under Q,,, then with D, (P||Q) = limsup,,_,o. n~ ' Da(P,||Qy), one obtains

Bp> “ iy~ (0 )Du(PIQ),  a>1 @)

This gives a lower bound on the decay rate E'p under a sequence of measures of interest in terms
of that under reference measures, Eg. By switching the roles of {P,} and {Q,} one obtains
an analogous upper bound. One natural use of (2) is when @ is a model for which we have
information on the decay rate (exactly or as a bound), whereas P is harder to analyze. In this
case, a key step is to provide a useful estimate of the divergence term D, (P| Q). Another way
to view (2) is as what is often called a robust bound, where one attempts to obtain performance
bounds on a whole family of true models P, and () serves in defining this family. For example,
the family of true models might consist of all P for which the divergence from ) does not
exceed a certain bound, in the sense that D, (P||Q) < €(a), some €(-). Then it is immediate
from (2) that for all P in the family,

Ep > QT_lEQ — (o — De(a). (3)

While the latter has been the main motivation in [2], both viewpoints will be addressed in this
paper. Some benefits of the approach include: (i) the ability to compare, not only probabilities
of a given event, but also expectations of a given function under the two (sequences of ) measures
(this relies on a more general inequality than (1); see Section 2), (ii) the presence of the free
parameter «, that can be optimized over in order to tighten the bound, and (iii) the possibility
to derive both upper and lower bounds by the same method.

The objective of this paper is to present an approach based on the LPCB and to demonstrate
its usefulness for problems in Information Theory, as a tool for deriving upper and lower bounds
in a variety of applications, including both source coding and channel coding scenarios. Because



it compares two probability measures, the bound is especially natural to apply in situations
of mismatch between the true underlying model and the one to which the coding—decoding
schemes are tailored. Also, as will be seen in the sequel, in most of these applications, the
setting is sufficiently general that no alternative bounds are available to the best knowledge of
the authors, such as, for example, coding for channels with additive interference of unlimited
memory and mismatch. In some of these scenarios, the exponential bounds obtained are tight
in the sense that they are attained at least for some instance of the problem.
Our main contributions are summarized as follows.

e Highlighting the relevance of the approach to information theory;

e Developing general upper and lower bounds on channel coding error exponents for the
matched, mismatched and robust settings;

e Using the approach to derive new bounds on error exponents for a host of particular
channel models including Gaussian channels with long memory interference, the inter-
symbol interference channel, the fading channel, and the binary erasure channel,

e Obtaining new bounds for source coding and the problem of guessing.

The outline of the remaining part of this paper is as follows. In Section 2, we present the
LPCB. In Section 3, we explain its use in estimating probabilities of rare events. We also
present a corollary regarding small perturbations between reference and true models. Section
4 is devoted to the channel coding framework. Finally, Section 5 provides further application
examples.

Notation. A vector (deterministic or random) of the form (x1,x9,...,x,) will be written
as z". When the dimension n is understood from the context, the vector will sometimes be
written as the corresponding bold font letter, &. The probability law of a random variable
X under a probability measure P is denoted by Pyx, and the conditional law of Y given X
under P by Py|x(-|-). When there is no room for ambiguity, these subscripts will be omitted.
Expectation with respect to a probability measure P will be denoted by Ep{-}. Again, the
subscript will be omitted if the underlying probability distribution is clear from the context.
The entropy of a distribution @ will be denoted by H(Q).

2 Rényi divergence and the LPCB

Let a measurable space (S,F) be given, and denote by P the set of all probability measures
on it. For @ > 1 and P,Q € P, the Rényi divergence of degree o of Q from P is defined by

L 1n/(@>adp ifQ <P,

Do(Q|P) = § ala —1) dp (4)
400 otherwise,
!Some authors use the factor ﬁ rather than ﬁ By choosing the latter we follow the notation used in

[12).



where ) < P denotes absolute continuity of @@ with respect to P, and % denotes the Radon-

Nikodym derivative. For a = 1 one extends this definition by letting D7 = D be the KL

divergence, namely e
D@Q|IP) = [ (ngp)ae wo<r )

+00 otherwise.

For @ and P fixed, a — aD,(Q]|P) is nondecreasing as a map from [1, 00) to [0, co]. Moreover,
if @ := sup{a : Do(Q|P) < oo} and & > 1 then D,(Q|/P) is finite and continuous on [1,@).
For extension to @ € R and many other useful properties of the divergence, see [9], [12], [18]
and [19].

The well-known convex duality between exponential integrals and KL divergence [6] states
that for any bounded measurable function g : S — R, and every @ € P,

ln/eng — sup [/gdP—D(PHQ)]. (6)

pPepP

It has recently been shown (in [2]; earlier related calculations appeared in [7]) that

1
—ln/eo‘ng = sup {
a

ln/e(o‘_l)gdP — DQ(PHQ)}, a>1. (7)
PeP

a—1

Formally, one can recover (6) from (7) by taking the limit & — 1 and using D; in place of the
limit of D, as o — 1. Now, as a consequence of (7) one obtains for & > 1 and P,@ € P the

bound
1

o —

- ln / el D9gp < éln / e*9dQ + Do (P)|Q). (8)

Given an event A € F, one can take g to assume the values 0 and —M on A and its complement,
respectively, and on taking the limit M — oo, deduce from the above that

1
a—1

nP(A) < - InQ(A) + Da(P]Q), (9)

provided P(A) > 0 and Q(A) > 0 (see [2] for the details). Inequalities (8) and (9) are
referred to in [2] as the risk-sensitive functionals comparison bound and logarithmic probability
comparison bound, respectively. It is important to mention that both inequalities are tight
in the sense that given @ and g, there exists a (unique) measure, namely dP = e*9dQ/Z,
Z = [e™dQ, for which (8) holds with equality. And given @ [resp., P| and A for which
Q(A) > 0 [resp., P(A) > 0], there exists a (unique) measure, namely Q(-|.A) [resp., P(-].A)]
for which (9) holds with equality. Another way of obtaining inequality (9) (but not (8)) is via
the the data processing inequality for the Rényi divergence, as illustrated in Appendix A.l.
A further useful fact is that both also give a lower bound, in addition to an upper bound, by
interchanging the roles of the measures. Thus

1
a—1

élnP(A) > InQ(A) — Da(Q||P). (10)



3 Implications on exponential rate of decay

It is well known that (6) can be used to obtain estimates on probabilities of rare events (see
[6]). By an approach developed in [2], the representation (7) also leads to such estimates, by
appealing to (8) and (9). We now present this approach. Consider first the simple case where
a sequence of real valued random variables X1, X5, ... defined on the given measurable space is
i.i.d. under both probability measures P and (). Denote by P, and @),, the respective probability
laws of the vector X" = (X1,...,X,,). It is a simple fact that the Rényi divergence scales as
Dy (P,||Qrn) = nDy(P1||Q1). Thus for n € N and any event A,, measurable on the sigma-field
generated by (X1,...,X,), that is, for some Borel subset B,, of R", A, = {X™ € B,,}, one has

1
limsup — In P(A4,,) <

n—oo N

% timsup - InQ(An) + aDa(Pi][Q1). (11)
- n—oo N

This gives a comparison of the exponential rates involving only the Rényi divergence between
the two marginals. In greater generality, when X, are not necessarily i.i.d. under the measures
P and @, with P, and @, still denoting the respective probability laws of (Xi,...,X,),
for n € N, let G,, and A,, be a bounded, measurable function and an event, that are both
measurable on the sigma-field generated by that vector. Then again, from (8) and (9),

1 1
S (a=1)Gn(X")) <« aGr(X™)y .+
@1 In Eple |1 < o InEgle ]+ nDC‘f(PTLHQn)v (12)

I P(An) € Q) + + Da(Pa]|Q0). (13)

(a—1)n an

Denote

E.(P) = —limsup~ I P(A,),  E*(P) = —liminf~In P(A,), for PP, (14)

n—soco N n—oo n
and ) )
Da(PQ) = limsup ~Do(Pal|Q)  for (P.Q) € P2 (15)
o L 5P > 1E.(Q) - Du(PQ). (16)
a—1 e

Combining this with the bound obtained by interchanging P and @, one obtains the two-sided
bound on the exponential decay rate under P in terms of that under Q:

1 B.(Q) ~ (0~ 1)Da(P|Q) < Eu(P) < B*(P) < —

o a_lE*(Q)+OéDa(QHP)- (17)

Note that upper and a lower bounds analogous to (17) can be deduced from (12) for limits of
the left-hand side of (12). In the sequel, when the limits exist, we write E*(-) and E.(-) as
E(-). We will usually take P to be the model of interest, or the ‘true’ model, and @ will be
the reference model.

It is instructive to note that inequalities (12) and (13), that are valid for each n, provide
some information that is lost when passing to the limit, as for example in the i.i.d. case alluded
to above, where the divergence term n=' D, (P,||Qn) = Da(P1]|Q1) is given explicitly. This



viewpoint of the approach has been further developed in [2]. However, in this paper, we will
use the bounds exclusively in their limit forms, given by (17).

To relate (17) to the standard change of measure technique, consider the upper bound on
E*(P) (which corresponds to a lower bound on probabilities) in the case where the probabilities
of the event of interest are order 1 at the logarithmic scale, namely E*(Q) = 0. Then one can
take v — 1. Since the divergence term converges (formally) to that given in terms of the KL
divergence, the standard change of measure method recovers.

The bounds (17) are useful when for a given model of interest P, one can find a reference
model ) for which the exponents are known or can be bounded, and at the same time, one
can efficiently estimate the divergence term. This is demonstrated in this article several times.
Whereas the case alluded to above, in which both P and @) have i.i.d. structure, is most
instructive, we will apply the bounds (17) in scenarios that go far beyond that. In fact, the
bound we develop are more effective in situations where the model of interest P has long
memory properties (such as, in the setting of channel coding, models that have interference,
fading or erasure with long range correlations).

Second moment bounds

A useful framework is when the true model consists of a small perturbation of the reference
model. Here we analyze a simple case where the alphabet is finite, and obtain a bound involving
the second moment of the perturbation size. While the proof of the result is simple, it is an
archetype of the argument used several times in the sequel for more complicated models in
which the noise is dominant. These include the very noisy channel (see p. 155, eq. (3.4.23)
of [21]) P(ylz) = Q(y)[1 + €(z,y)] and, in the same spirit, the weak interference channel
Pyele" 1y 1) = Quelze)[1 + e(a”, y)]-

Let a vector X" take values in X", where X is a finite set, and assume that the vector is
i.i.d. under both the measures P and ). Denote by P, and @),, the respective probability laws
of the vector. Denoting p = P; and ¢ = @1, assume that p(xz) = q(z)[1 + e(x)] for all x € X,
where ) q(x)e(x) = 0. Assume that the support of both P and @ is the entire alphabet
X, provided that ||e]| := max, |¢(z)| is small. Let A,, be any sequence of events of the form
A, ={X"™ € B,}, where B, is a Borel subset of R” and use the notation (14) for E*(P) and

E*(Q).

Proposition 3.1 Denote €2 =3,y q(z)e?(x). Then

BY(P) < [ VET@Q +1\[5 | +olllel?. (18)



Proof: One has

Da(qllp) = mln Zw: qa(w)pl‘a(w)] (19)

- =g ;q(a:)u - e(w)]l‘“] (20)

< amph _gq@)m(l—a)e(m%a(a—1>62<x>]+c<a>ueu3 (21)

for a suitable constant c(a), wl;ere we used Taylor’s expansion of z — (1 + 2)~®. Using
In(1+2) < z, for z > 0,

Dafallp) < g;q@ez(m) + (o) el (22)

= lZ )P, (23)

2

for a suitable constant é¢(«). Now, by the assumed i.i.d. structure, Dy (Qn||P,) = nDy(q||p).
Thus by (17), for every a > 1,

E(P) < -2

% B(Q) +aDa(QIP) < 2B (Q) +a[z@ ea)el]. ()

The function o — a(a —1)"tu + av, a € (1,00), u,v > 0 attains minimum at o* = \/u/v+ 1
and the minimum is given by (y/u + v/v)2. Therefore

—\ 2 —\ 2
E(P) < E*(Q)+@ +a*é(a”) el = E*<Q>+\/§ +O(le). (25)

|

Remark 3.1 A more general setting is discussed in a recent paper [20] (specifically eq. (50)
therein) where for a parametric family {Py, 6 € ©}, one has
Do (Py||Py)  J(6)
1 =
) (6" —0)? 2’

(26)

where J(0) is the Fisher information. In this case, the bound (18) is valid with 1/ % replaced

by \/T@)/2 -0 — ).

4 Applications to channel coding

This section addresses the use of the lower and upper bounds (17) in the context of channel
coding. We begin by considering, in Subsection 4.1, a general framework where we describe
the relevance of the bounds in three contexts: (1) Bounds on performance for a given channel



in terms of a reference channel; (2) Bounds for mismatched decoding; (3) Robust bounds. In
Subsections 4.2-4.5, we consider several specific channel models of interest, where our meth-
ods yield new bounds. These include interference with long range dependence, discrete and
continuous time Gaussian (and non-Gaussian) channels with fading, and the binary channel
with erasure.

4.1 Generalities
Setting and main estimates

In channel coding, messages are encoded, transmitted over a noisy channel and decoded. The
precise setting that we shall use is as follows. A message m from a set of M = ™ messages,
M ={0,1,..., M — 1}, is encoded into a codeword @, = (Tm,1,...,Zmn) of length n, whose
coordinates all take on values in a space X', that for the purposes of this paper may be either
finite or a Euclidean space R” (some k > 1). Here, R > 0 is the coding rate in nats per channel
use. We let C, = {xg,x1,...,x)—1} denote the codebook. When a codeword x,, € C, is
transmitted over a channel, a channel output y = (y1,...,y,) € V" is produced, where again
Y is either a given finite set or R’ (some ¢ > 1). The decoder observes the vector y and

produces an estimate m € M using a metric decoder, i.e.,
= argmin,, c v(dn (Tm, y) (27)

where ties are broken by an arbitrary deterministic rule, and d,,(x,y) is an additive decoding
metric function, that is, it takes the form

=1

where d : X x Y — [0,00) is a given Borel measurable function. To describe the model
probabilistically (both the channel transmission and the coding-decoding process), we consider
now the input and output of the channel as random variables, and write them as X and Y. Our
analysis allows for the codebook to be either deterministic or random, settings which we refer
to as deterministic and random coding, respectively. The message and the estimated message,
m and m, are also random now. The collection of these random variables (for all values of
n), as well as the codebooks (in the case of random coding) are defined on a probability space
(2, F,P). In the case of random coding, C, is a random variable with values in (X™)™. The
distribution of the other random elements, namely m, X, Y and m, is specified conditionally
on C,. Further probabilistic assumptions of the model are as follows:

(i) m is uniformly distributed over M. Consequently (assuming throughout that all codewords
are distinct),

1
(z) = P(X ==) = { 0 elsewhere, (29)
for deterministic coding, and
A L zec,
(@) = P(X = z|Cn) = { é‘/[ elsewhere (30)



in the case of random coding.
(ii) The model for the channel is described by the conditional distribution of Y given X. This
conditional distribution is denoted by

P(ylz) £ P{Y = y|X = ). (31)

If we denote by &, = {m # m} the error event then the error probability is given by P(&,). In
the case of random coding, this can be written as P(&,) = Ep[P(&,|Cy)], which is interpreted
as the mean probability of error when averaged over codes. We will say that a decoding metric
is matched to a given channel if, under this metric, m is precisely the maximum likelihood
estimator of m given Y. The decoding metric d,, is not assumed to be matched to the channel
(as is the case, for example, when P(y|x) takes the product form ], p(y;|x;) and d(z,y) is
proportional to —Inp(y|x)). We will sometimes assume (without essential loss of generality)
that the given code C,, = {xg,@1,...,xp—1} is a constant composition code (CCC), that is,
all codewords have the same empirical distribution, which converges to a given probability
distribution p = {u(x), x € X} as n — oc.

A reference channelis another probability measure, @, on ({2, F), which models a (possibly)
different channel. In this work, we will always assume that, under @, the distribution of the
codes (in the case of random coding) as well as the probability of each codeword, is the same
as under P; specifically, (29) and (30) are valid with P replaced by Q.

For deterministic coding, let P, and @),, denote the joint distribution of the two n-vectors
(X,Y) under P and @, respectively. It will be assumed that, given n, the correspondence
between m and X is one-to-one. As a result, the error event is measurable with respect to the
o-field generated by (X,Y). In the case of random coding, it is not natural to assume that the
correspondence alluded to above is always one-to-one. In this case we use the same notation,
P, and @, to denote the respective distributions of the quadruple (C,,m,X,Y’). The error
event is then measurable with respect to the o-field of this quadruple. Thus by (13), we have
for every n and every « > 1, the lower bound

o

1
n I P(En) = n(a—1)

In Q(gn) - %Da(Qn”Pn)7 (32)

and the upper bound
a—1 a—1

nQ(&,) +

%ln P(E,) < Do (Pul|Qn)- (33)

Adapting the notation (14) to the present setting, we write

no

E.(R,P,d) = —limsuplln P(&,), E*(R,P,d) = —liminfllnp(é'n), (34)
n—oo N n—oo n
where P € P is any channel model, and we emphasize the dependence on the rate R and on
the metric d (however, in the sequel, we sometimes suppress the dependence on R and d when
there is no room for confusion). The notation D, from (15) will be used here with P, and Q,,
again denoting the respective joint distribution of the n-vectors (X,Y’). We thus obtain from
(17), for every o > 1, the bounds

L B.(R.Q.d) — (o ~ 1)Du(P||Q) < E.(R, P.d)

(07

< EB* P.d) <
< B'(R,Pd) € ——

E*(R,Q,d) + aDa(Q||P). (35)




Remark 4.2 In [15, Theorem 26], the so called metaconverse theorem provides a general lower
bound on the probability of error under channel P in terms of the one under channel Q. The
main idea in the proof of that theorem is to relate these two error probabilities to those of
a certain binary hypothesis testing problem for discriminating between P and Q). Therefore
the aforementioned data processing theorem for the Rényi divergence (see Appendiz A.1, eq.
(A.8)) applied to this binary hypothesis testing problem, may serve as an alternative route to
obtain a result equivalent to lower and upper bounds (32) and (33). However, to the best of
our knowledge, this direction has not been pursued before.

Three interpretations of the bounds

We identify three ways in which the above bounds can be used. In all cases, we think of P as
the true channel model and @) as a reference.

(i) Bounds on performance of the true channel in terms of a reference channel.

One can obtain lower [upper| bounds on error exponents for true channel models by means
of a lower [resp., upper] bound for a reference model. Suppose that d and a reference channel
@ are given, where d is matched to Q. More generally, suppose that a parametric family {Qg}
is given such that a given, fixed metric d is matched to each member of the family. Assume
further that one knows a lower bound, Ef (R, Qg,d) on the error exponent E(R,Qy,d). Then
for a metric dp that is matched to P, we obtain from (35),

E.(R.P.dp) > E.(R. P.d) > supsup [ BL(R.Qo.d) ~ (0 - )Da(PIQ)].  (36)

Similarly, an upper bound is possible for given P and d, when for reference channels () one
knows an upper bound Ey(R,Q,d) on E(R,Q,d) (when d is not necessarily matched to Q)
and then

E*(R, P,d) < inf inf [%EU(R, Q.d) + aDa(Qg||P)] . (37)

(ii) Bounds on performance of mismatched decoding.

When d is matched to a reference channel @), or a parametric family thereof, the second
inequality in (36) serves as an upper bound on the mismatched error exponent (of using d with
the true channel P) in terms of matched error exponent bounds (of using d with the reference
channels Qg to which it is matched). A similar statement is valid for the upper bound (37). To
recapitulate, the above inequalities give bounds on the error exponents under the true channel,
operating with a decoder that is matched to another channel in terms of error exponents of
the latter.

(iii) Robust bounds.

Consider a family F' of true channels. As a performance criterion for the decoder, it is of
interest to study the minimum error exponent within the family, namely

E(R,F,d) := ,?;%E(R’ P,d). (38)
Optimizing over decoders gives
E(R,F):=sup&(R, F,d). (39)
d

10



Thus (R, F') is the best possible guarantee on the performance of all channels within the
family when the communication system operates with a single decoder d (where ‘best’ refers
to the selection of d). We can take advantage of the fact that the aforementioned bounds for
a fixed channel model, P, are independent of P for P € F', in order to obtain information on
E(R, F). To this end, fix a reference channel @), and assume that it is a member of the family
F. Then automatically, £(R, F) < E(R,Q,dg), where dg is matched to Q). As far as a lower
bound is concerned, recall that for P € F', and fixed «,

B(R,Pd) > “—LB(R.Q.4) - (0 ~ 1)Da(P]Q). (40)

Let r(a) = (o — 1) suppep Do (P||Q). Then, for a > 1,

a—1

g(Rv F) > Sng(Ra Qv d) - 7"(0[). (41)
d

Whereas the max-min problem posed by (39) is typically notoriously hard, the optimization

problem that now appears in the bound is easy to handle, since the optimal decoder for @ is

the one matched to it. Thus we have

sup [ B (R, Q. dg) — r(e)] < E(R,F) < B(R,Q,dg) (42)

a>1

The points of view (i)—(iii) presented above will be further explored and demonstrated for
the specific models to be considered.

Implications on general memoryless channels

Here we consider the mismatched channel problem where both P and () are memoryless. For
simplicity, we assume that A and ) are discrete. Given a metric d, it is natural to consider as
a parametric family of reference channels Q = Qg given by

n

Q(yle) = [ [ atwilzs), (43)

1=1

where

P(y) - e~ Hey)
(y/)e—ﬁd(x,y’) ’

q(ylz) = g0, (ylz) = reX,yel, (44)
Zyley /l/}

and 0 > 0 and 9(y) > 0, y € ), are the parameters of the channel. Then the decoding metric

d is matched to each of these channels, namely d is the maximum likelihood (ML) decoding

metric for Qg for each 6 and 9. It is instructive to note that, as  — 0, the channel becomes

“noisier”, i.e., the output becomes proportional to 1(y), independently of the input. Assume

11



a constant composition code. Then, for ) = Qg,, we can calculate the divergence term as

“DuQulP) = i (3 Y M@l N@ e | 65)
xeC, Yeyn
ol SR B | (KU ) (16)
Trely, Yyeymri=1
I D IR H > awlep'  wlw) | |- (47)
n(a—1) xely i=1 |yey

Using the constant composition code assumption, the empirical distributions of all codewords
are equal, hence

nu ()

“Du(QulP) = s | 3 @) [T |3 o' wia) (48)

xel, zeX |yey

o) | Y ¢ (yla)p'(ylz) (49)

yey

=a Y w(@)Dalg(-|2)|p(-|7)). (50)

zeX

Thus the term reduces to one that involves Rényi divergence at the single-letter conditional
marginals. Substituting in (35), we obtain

E(R, P.d) < === B(R,Q.d) +a Y p(x)Dag(2)[p(})). (51)

reX

Now, E(R,Q,d) is an error exponent for matched decoding for the channel @, and is therefore
upper bounded by any upper bound on the reliability function, such as the well-known straight—
line bound Ey (R, Q) (cf. Sections 3.6-3.8 of [21]). Thus, we have

E(R, P,d) < inf inf
w@

[ Ea(R, Qo) + > (@) Dalgo,p(-|2)p(- lﬂf))] : (52)

zeX

Remark 4.3 To put (52) in the context of known results, let I(u, Q) denote the single—letter
mutual information between X and Y, induced by the joint distribution u X Q, that is,

166Q) = Y ue) 3 alyl) In [z 4lo) } (53)

== wex M@)q(ylz’)

In is known [4] that

E(R,P) <su inf  D(Q||P|p). 54
(B.P)<swp it D(QIPl) (549
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Let us show that (52) if fact reduces to (54). Given R, and a random coding distribution i,
consider @ for which I(pn,Q) < R. Then E4(R,Q) = 0, and so eq. (52) is further upper
bounded by
< i . . .

BR.P.0) < inf 0 32 (o) Dalal )l 1) (55)
Now, aDy(q(-|x)||p(:|z)) is a monotonically non—decreasing as a function of c, and taking the
limit o | 1 results in Y p(x)D(q(-|x)||p(-|x)), which recovers (54) by minimizing over @
and maximizing over (.

Iterated use of the LPCB

Recall the general upper bound (33)

a—1 a—1

Q&)+

%ln P(&,) < Do (Po|Qn), (56)

which holds for any pair of channel models P and @ and every o > 1. We can iterate this
estimate so as to compare another model, ]5, to @ by relating it first to P and P to ). This
may be useful in situations when estimating the divergence of P from Q and that of P from
P is easier than estimating the divergence of P from Q. Indeed, expressing relation (56) for Q
and P gives, for any 5 > 1,

no

B_llnp(en)+5_1

n n

LinP(E,) < Ds(Bull ). (5)

Consequently, for any o > 1 and 8 > 1,

%mﬁ@ﬁSE;%%;BmQ@0+@;%gLBQMMWM+

We use this approach in one of the results of Subsection 4.2.

-1

n

Ds(PullPn). (58)

4.2 Interference with long range dependence

In this section we are interested in a channel of the form
Y; :Xt+gt(Xn7Yt_l)+Wta (59)

for a generic sequence of functions g; : R® x Rf=! — R. Here {W;} is an i.i.d. N(0,0?) noise
(although we will also address a more general i.i.d. noise in the sequel). The main assumption is
that the interference functions g; are bounded. However, no assumption is made about g; that
limits the range of correlations of the interference signal. We let P be a probability measure
under which {W;} is as described above, and {X;} and {W,} are mutually independent. This
model will be studied via the reference channel (), under which

Vi = X, + W, (60)

where {W;} are i.i.d. N(0,02/s) (s > 0 being a parameter), independent of {X;}. Thus under
the true channel,

n

1
_ 2\—n/2 -
P(y|x) = (2n0”) exp{ 52

lys — x4 — gt(xnayt_l)]Q} ) (61)
=1

13



while under QQ = Qs,

7T0'2 -n S "
Qylz) = (2 . ) . exp {—@ > (- :Et)2}- (62)
t=1

Theorem 4.1 Denote by Ey(R,Qs) the straight-line (upper) bound on E(R,Qs). Assume
that for every n, and t,

max_|g:(z",y" )| < I3, (63)
xn7yt71

and Y ), I'? < nI'? for constants {I}} and I'. Then, for any sequence of codes and any
decoder,

aFy(R,Qs) aln s

E(R,P) < inf inf {

T a>ls>1-1/a a—1 2(a - 1)
In[1 + a(s —1)] asl™
- T e oy

The proof of this result, that appears in the appendix, uses the following identity in esti-
mating the Rényi divergence. For any real u, v, a and b such that a +b > 0,

Feo ™ ab(u — v)?
[ dvesntoaty - w2 bty - 02y = [T en {-PEEEL )

This identity is used, in addition, in several other proofs in the sequel.
We emphasize that for the model under consideration, the authors are not aware of any
other alternative bound on the error exponents.

Consider now the choice s =1 in (64). In this case, the expression simplifies to

o [aBa(R, Q1) | al®
<
mep) < g {0+ - )

The optimal « is easily found to be

v2FE4(R,
ot =14 TV2ER Q. (67)
r
which yields
A r\?
B(r.P) < Bu(R) £ (VEAR QI+ ) - (68)
V20

The structure of the above bound is reminiscent of the bound from Proposition 3.1. How-
ever, the bound above is valid not only for weak interference. Results of similar structure
appear several times in the sequel.

Note that the above bound has a clear weakness of having a floor of 1'?/20? independent
of the rate R. This is an inherent limitation stemming from the way the we apply the bound.

However, one may apply additional considerations to address this difficulty. Specifically, one

14



can use the idea of the straight-line bound (c.f. Theorem 3.8.1 in [21]?), to improve the bound
using the smallest straight-line function that touches the curve Ey(R), passing through the
point (C,0), where C' is the capacity of the true channel. The latter is upper bounded by
C < 1In[l + (VS +I')?/0?], where S is an upper bound on the average power of X. In what
follows we will denote this improved bound by E(R).

Very noisy channel

We now focus on the case of a very noisy channel, where bounds can be computed explicitly
and insight can be obtained. We thus study the implication of Theorem 4.1, specifically of
(68), to the case where 0% > S+ I'?, where {X;} satisfies > 1, X? < nS a.s., for a given power
limitation S > 0. In this case, the capacity of the reference channel (with s = 1) is about
Cg = S/20% and the capacity of the true channel is (upper bounded by) C' = (v/S + I')?/202.
The error exponent is given by (see p. 157, eq. (3.4.33) of [21])

Co/2—R R < Cgp/4
2
E(R.Q) =1 (VCq-VR) Co/A<R<Cq (69)
0 R>CQ.

Now, accordingly,

[VCo/2=R+T/(v20)]" R < Co/4
Ey(B) = § [\/Og+T/(V2)~VR|" Co/a<R<Cy
I?/(20?) R > Cq
( [VCa/2—R+T/(Vi0)]" R<Co/t
= (\E—\/}—z)z Co/A< R < Co (70)
I?/(20?) R > Cyp.

Note that at least in the intermediate range, between Cg/4 and Cg, the bound is tight
in the sense that there exists an interference signal that achieves it. It corresponds to the
coherent sum of the desired signal and the interference, which is the case when g;(z",y'~!) is
proportional to x;.

The improvement at high rates is provided by the straight—line that passes through the
points (Cg, I'?/20?) and (C,0). The result we thus obtain for the very noisy channel is

[VCal2= R+T/(V20)]" R<Cq/t

2
E(R,P) < Ey(R) 2 <\/C’ - VR) Co/4< R < Cq (71)
Ir'?(C—R
W_Cg) CQ S R < O

2This theorem requires, in principle, the sphere-packing bound for list decoders, and for such a general
channel, we don’t know the sphere—packing bound. Nonetheless, one can still use the theorem when the higher
rate is the capacity since the probability of list error is bounded away from zero, for any codebook of size
M = ™A and list of size e, as can easily be shown by a simple extension of Fano’s inequality for list
decoding. This is done by using the fact that H(X|Y, no list error) < nA (unlike the case of ordinary decoding
where H(X|Y, no error) = 0).
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Remark 4.4 At rate zero (and general SNR), the bound one obtains from the discussion above,
by selecting s = 1, is

20 = ECZ(O’QH%): <\/§+%)2:(\/§z+ﬁ)2. (72)

It turns out that for R = 0 one can solve the full optimization problem (64), including the
minimization over the parameter s. In fact, one can even solve an extended problem, in which
the reference model has one additional free parameter, namely a gain factor ¢: Instead of (62),
one considers Q = Qg of the form [}, Q(y¢|zt), where

S
2mo?

Qi) = (527) " ew { ~ 5ty — 607}, 530, >0 (73)

Howewver, the bound one obtains is exactly (72).

Lower bound on the exponent

We can also derive a lower bound by appealing to (37). In this context, it is more natural to
consider the setting of random coding because existing bounds for reference models are of this
type. Denoting the sequence of random codes by {C,}, the relevant divergence term for using
(37) is

Da(Pn||@n)

1 P(Cp,m,X,Y) )“} (74)

= a1 Pl (Gemxv)

Recalling our assumption that under the true model P and under the reference model @ the
distribution of the codes is equal, we have

1
Da(P - _InE [(
o(Fnl|@n) ala—1) n&Q
Now, the estimate on the divergence term appearing in the proof of Theorem 4.1 can be carried
out for the above in a similar manner, and one obtains the same bound (A.21) regardless of
the code C,,. For simplicity, we can specialize to s = 1, which gives

P(X,Y\Cn,m))a}

QX.Y[C,.m) (75)

BRP) 2 BuRP) 2| Lemqn - ] (70

the solution of which is

r\? 2/ -2
ErL(R,P) = { ( E(R,Q1) — E) E(R,Q1)>1?/20 o

0 elsewhere.

One can use the above bound to estimate t2he capacity of the the channel P. It is bounded
below by the rate R at which E(R,Q1) = 2137 For the example of the very noisy channel,
this gives Cp > (V/S — I')?/20%. This bound is attained by the interference signal that is

anti-coherent with the desired signal, i.e., g;(zt, y'~') = —I'z;/V/S.
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Robust bound interpretation

All three interpretations mentioned in Subsection 4.1 are relevant for the results of this section.
Specifically, the bounds of Theorem 4.1 and (77) are valid whether d is matched to P or not.
Next, to demonstrate the robust bounds interpretation in the context of these results, let
@ = @1 denote the reference channel (with s = 1) and for a fixed I', denote by F the
family of true channels P for which g; are all bounded by I'. Then by (42) and the bound
r(a) = (a—1)suppep Do (P||Q) < (a—1)I"?/(20?) that follows from the previous paragraph,
we have

2
< E(R,Q1) — %) < sgp}ijlé%E(R, P,d) < E(R,Q). (78)

Specifically, the performance of a single decoder, namely the one matched to @1, is bounded
by the above two bounds whenever the interference signal is bounded by the constant I'.

Non Gaussian noise

Here we use the idea of iterating the bound, as presented in Subsection 4.1, in order address
non-Gaussian i.i.d. noise. Going back to the general setting of Theorem 4.1, recall from (59)
and (60) that under P and @, respectively, we have the models

Y = X, + g (X" YY) + W, (79)

Y = X, + Wy, (80)

where {W;} and {W,} are iid. N(0,02), independent of {X;}. Consider now an additional
model P described by R
Y= Xi+ gi(X" Y + W, (81)

where {Wt} are i.i.d. but need not be Gaussian. The main point is that estimating the di-
vergence of P from P is simple, whereas the estimates on the divergence of P from @ have
already been established, thus by appealing to (58), one can relate PtoQ by combining the
two estimates.

Denote by §(8) = Dg(L p(Wl)Hﬁp(Wl)) the single-letter Rényi divergence, where for a
measure y and r.v. U, £,(U) denotes the probability law of U under p. Since both {W;} and
{W}} are i.i.d., we can make use of the simple fact that

Ds(Lp(WM)|LP(W™)) = nDg(Lp(W)lILp(W1)) = nd(B). (82)

Moreover, since under both P and P, the noise sequence is independent of the signal {X;} and
the latter has the same law, it follows that

Dg(Lp(X™, W™ Lp(X™, W™)) = nd(B). (83)

Now, denote by P, and P, the respective laws of (X™,Y™) under P and P. Note by (79)
and (81) that (X™,Y") = F,(X"™,W") and (X™,Y") = G,(X™, W™) for suitable deterministic
functions F,, and G,. As a result, the data processing inequality (see [19, Section II]) gives
Dg(Py|Py) < Dg(Lp(X™, W™)||Lp(X"™, W")). Hence

Ds(Byl|Pn) < nd(B). (84)
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Using (84) in (58) gives

moo la—1)(B-1)
B(R,P) 2 =

We use our previous results that estimate D, (P||Q) and optimize over a. With E}, given by
(77), we have
B-1)
B

Y pa(PIQ) — (8- 1)5(8).  (85)

E(R,Q)—%

E(R,P) > EL(R,P)— (B—1)5(8). (86)

An analogous estimate can be established for an upper bound on the exponent, as well as for
all other channel models that we treat in the sequel.

Example 4.1 Consider truncated Gaussian noise distribution for Wh, namely, for a given
constant u, assume fy, (w) = 27 (W) y g (w), where f(w) = (2m)~Y/2¢=*/2 i the standard
normal density, and z = ffu flw)dw. Assume Wy is standard normal. It is easy to see that

In(1/z)

6(8) = Ds(Wr[Wh) = —5—. (87)
Thus using (86) and taking the limit f — oo,
E(R,P) > EL(R,P)+Inz. (88)

Robust bounds for the ISI channel

We next study the Gaussian intersymbol interference (ISI) channel model, denoted by P, given
by

k
Yi=Xi+> hiXe i+ W, (89)
i=1

where {W;} is i.i.d. N(0,0?), independent of {X;}, and h = (hq,..., k)T is given. While the
proposed method yields new results for interference with unlimited correlation length (Theorem
4.1), an analogous treatment of the model (89) turns out not to be useful, as it leads to bounds
that are inferior to existing bounds, for both matched and mismatched decoding. However, as
we now demonstrate, the robust bound interpretation discussed in Subsection 4.1 gives rise to
new results for this model.

Note that the model is a special case of the main model studied in this section. Because of
the special structure of the interference (89) and some further assumptions we make regarding
the correlation structure, the bounds that we are able to provide are much more explicit than
those given by Theorem 4.1.

Aiming at bounds that may depend on the codeword energy and correlation function, but
only on these important parameters, we consider a family thereof, where these are kept fixed.
Namely, we assume that all codewords have energy

Z z? =nS (90)
t=1

18



and a fixed empirical autocorrelation structure

Y mmi=neS. i=1,2,...k (91)

Moreover, the rate is R = 0, and the channel is very noisy, that is, o > v/S. The de-
coder uses the mismatched decoding metric d(x,y) = (z — y)?. Denote ¢ = (c1,...,¢;)” and
C = [c\i—j\]?,jzl and let r; = h”c and ry = hTCh. Then r1 and ry are related to the em-
pirical correlation between signal and interference g; := Zle hix;_; and interference power,
respectively. Specifically,

Z xrgr = nSry, thz =nSr. (92)
t=1 t=1

Note that always 1 > r2.

Theorem 4.2 Consider a sequence of codes satisfying (90) and (91) for a specific vector c.
Denote by F the family of true models P of the form (89), where h varies over all vectors
having fized r1 and ro. Denote a = ro — r% and b= (1+ 7‘1)2. If a < b then

%(\/5— Va)® < sgp}ijrégE(O,P, d) < (Vb + va)?. (93)

S
402
The proof appears in the appendix.

4.3 Discrete time Gaussian channel with fading

We consider the channel
Y = (14 604) X, + Wy, (94)

where {W,} is an additive noise process and {6} is a fading process. We let P be a probability
measure under which the processes {0}, {W;} and {X;} are mutually independent, and {W,}
is ii.d. N(0,02%). Also, {X;} is assumed to satisfy the constraint |X;| < A for all . As a
reference, consider a channel with no fading. That is, consider a probability measure ) under
which

Y; = X + Wt, (95)

where the law of triplet (X,H,W) under ) is the same as that of (X,0,W) under P. In
particular, under Q, {W;} are i.i.d. N(0,02), and the three processes {X;}, {6} and {W;} are
mutually independent.

We assume that {6;} is a stationary, zero-mean Gaussian process and that r, = E[0p0]
are absolutely summable. Let Yy denote the spectral density of 6, namely

Yo(w) = Z e ke (96)
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Theorem 4.3 Let P and Q stand for the discrete-time Gaussian noise channel with and,
respectively, without fading, described above. Denote ¢ = c(a) = a(a — 1)A%/(202). Then for
any a > 1 such that 2csup,, Yp(w) < 1,

a 1 2m
E(P) < - 1E(Q) - m/o In[1 — 2cXp(w)]dw, (97)
a—1 I
E(P) > - EQ)+ ra ), In[1 — 2cXy(w)]dw. (98)

See the appendix for a proof.

Note that for fixed «, the gap between the upper and lower bound increases with Xy. This
occurs due to the fact that the distance between the model P and the reference model @), as
measured in terms of the divergence, increases by strengthening the fading. When Xy = 0, the
models P and @ agree, and then so do the upper and lower bounds (upon optimizing over «).

While it is difficult to optimize over « in general, in the next paragraph we consider special
cases where the results are more explicit.

AR fading model
Consider the case of {0} given by the autoregressive (AR) model

0; = ab;_1 + bW, (99)
where {W;} are iid. N(0,1), |a| < 1 and {6} is stationary. We have r, = roal*l, ry =

b?/(1 — a?), and
b2

Zo(w) = 1 —2acos(w) + a2’ (100)
Thus f(w) 21 2¢(a) Xg(w) gives
1 — 2acos(w) + a? — 2cb?
= 101
fw) 1—2acos(w) +a® (101)
and so, whenever f is bounded away from zero, which holds iff
(1 —la|)? > 2¢(a)b?, (102)
one has
E(P)< 2 BQ) - —1 / " ln () dw (103)
“a-1 dr(a—1) Jy '

We next further develop (103) based on the residue theorem, by which one has f027r In(1+
re™)dw = 0 whenever |r| < 1 for the complex logarithmic function In(-). Specifically, if we
express [ as

(1 —re @) (1 — rew)

flw) = k(l —ae~®)(1 — aew)’ (104)
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for a real r with |r| < 1, and k > 0, then f027r In f(w)dw = 27 In k. To calculate r and k, write
for z € C,
(1—a2)(1 —az™') —2cb? = k(1 —r2)(1 —rz7h). (105)

The solution to this is k = a/r,

{(a) £ /§(a)? — 4a?
2a '

T2 = (106)

where

E(a) =1 —2¢(a)b® + a>. (107)
Under (102), the discriminant is positive, and therefore r; » and k are real numbers. Also, one
checks that under (102), 71 > 1 hence not to be considered. As for 2, we have |ra| < 1 under
that condition. Thus k = a/re, and we have

« 2w ln k
E(P) < ﬁE(Q) T ) (108)
o 1 a) — /2 () — 4a?
= P @+ g fe) 222( ) . (109)

The limit case b — 0: This is when the fading amplitude goes to zero, we have the bound
converging to a/(a — 1)E(Q), and optimizing over « gives E(Q), that is the best possible
bound under the circumstances.

Using the lower bound gives the following bound, complementing (103), namely

BP) > ““Lre) + % Tl 265 (w)]dw (110)
a Ta o
_ O‘; Lpg) - % m ()~ Vi‘;(a) —da” (111)

for all & > 1 satisfying (102).

Figure 1 depicts the above bound as a function of « for various values of E(Q). Note that
the range of the parameter « is of the form (1, a*), where o is the smallest o which violates
condition (102). The right end of the graphs in Figures 1(a) and 1(b) correspond to a*.

We comment that the bounds are tight in the small fading limit. Namely, as the amplitude
of the fading perturbation goes to zero, the optimal bounds (obtained by choosing « suitably)
converge to F(Q). Indeed, as b — 0, the argument of the logarithmic function converges to 1,
by which that follows.

Note that one can treat the small fading limit in greater generality (beyond the AR process).
Denote Xyax = sup, Yp(w). Fix 0 < § < 1 and assume 2¢¥pax < 6. Denote k = m.
Using the bound In(1 + ) > z — k22 for all z s.t. |z| < § in Theorem 4.3 gives, for every fixed
a > 1,

EP) <2 F ! T igex 521d 112
(P) < Z5EQ+ = [ ReBole) +nta (12)
o« > aA?rg K62 113
Ca—1 @+ 202 +2(a—1)‘ (113)

Optimizing over the parameter « in the range {a > 1} N {2¢(a) ¥max < 0} can now be carried
out easily (in a manner similar to that in Proposition 3.1).
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Figure 1: Plots of the upper bound (109) (blue) and lower bound (111) (red) on E(P) as function of
a. The five graphs correspond to E(Q 1,2,3,4 and 5, with a = 0.2 and A?/(202) = 0.1, where in
plot (a), b=0.02, and in plot (b), b = 0.08.
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4.4 Continuous—time white noise with fading

A standard model for a white Gaussian channel in continuous time is given by
t
Y, = / Xods + oWy, (114)
0

where {W,} is a Brownian motion. Let @) be a probability measure under which {W;} is a
standard Brownian motion, and let {X;} and {6;} be real-valued processes such that the three
processes {W;}, {X;} and {6;} are mutually independent. Assume that {X;} satisfies the
amplitude constraint | X;| < A for all ¢, Q-a.s., where A is a constant. One can obtain from @
a model for a channel with fading, in which 6 is the fading process, by means of a change of
measure. To this end, consider the filtration

Fi = o{Xs, 05, Ws : s €[0,t]}, (115)

and let
I I 5
Zy = exp [; 0, X dW, — %57 (0sX5s) ds], t>0. (116)
0 0

It is assumed throughout that, for every 1" > 0,

2 T
Eg exp{%/o Hgds} < o0. (117)

We later provide a sufficient condition for this to hold. Note that, as a result, one has
Egexp {# fOT(XSHS)st} < 00, and so Novikov’s condition for {Z;} to be an {F; }-martingale

under @ is satisfied (see Corollary 3.5.13 of [11]). For T' > 0, let Q7 and Pr be probability
measures on JFr, defined by

QT(.A) = Q(.A), PT(.A) = EQ[lAZT], A€ ./TT, (118)
where 14 denotes the indicator function of A. Then % = Zp, and by Girsanov’s theorem
(Theorem 3.5.1 of [11]) one has

t ~
Y, = / (14+65)Xsds+ oWy, (119)
0

where, under Pr, the triplet (6;, X;, W;,t € [0,T]) has the same law as that of (6;, X;, W;,t €
[0,7]) under Q7 (thus under Q). In particular, under the measure Pp, {W;} is a standard
Brownian motion, and the three processes {W;}, {X;} and {6;} are mutually independent. As
a result, Pr is a model for an additive white Gaussian noise channel with a fading process {6;}.

It is assumed that {6;} is a separable, zero-mean stationary Gaussian process (under Qr;
equivalently under Pr). The spectral density of {6;}, that is, the function Xy for which
E[000;] = [7_ "™ Xp(w)dw, is assumed to satisfy Dpax 1= esssup Xy < oc.

The following, that can be seen as a continuous-time analogue of Theorem 4.3, is the main
result of this subsection.
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Theorem 4.4 Let P and Q stand for the continuous time white noise channel models with
and without fading, described above. Assume p:= A%/(20%) < 1/(47 X ax). Then (117) holds.
Moreover, with c(a) = a(a — 1)p, for any o > 1 such that ¢(a) < 1/(47 Emax),

E(P) < Oﬁ -E(Q) - ﬁ /_ "l — dre(a) Sy (w)]dw (120)
Bp) > 4= LB + ﬁ _OO In[1 — dre(a) T (w)]dw. (121)

See the appendix for a proof.

For an encoder/decoder optimized for @), an expression for E(R,Q) is well known (see
Section 8.2 of [8]), namely, with C' = A%/(20?),

C/2—R R<C/4
E(R,Q)=1(VC—-+VR)? C/A<R<C (122)
0 R>C.

As a result, (120) and (121) give bounds on the mismatched error exponents for the model
with fading, when the encoder and decoder are matched to Q. The lower bound (121) appears
to be new even for the matched channel exponent, that is, when the right-hand side of (121)
serves as a lower bound on the error exponent for an encoder/decoder that are matched to P.

Low frequency fading

The expression in (A.68) is simple when Yy is constant on its support. Specifically, consider
the case Yy(w) = Xy on the interval [—B, B]. Then

a—1 1 o 1

5@ - L) < B(P) < 2 B(Q) + (o), (12)
where B
r(a) = I In[1 — 4ra(a — 1)pXy), (124)

provided max{a(o —1),1} < 1/(47mpXy).

Ornstein-Uhlenbeck fading

Next consider a model where the fading process takes the form of a stationary Ornstein-

Uhlenbeck process, namely R
df; = —abdt + bdW, (125)

where W is a standard Brownian motion and a > 0 and b > 0 are constants. Then the spectral
density is given by Xy(w) = (1/7)b?/(a® +w?), and by a calculation from p. 130 of [3], one has

1 [ 1 1
~ i In[l — 4reXy(w)]dw = 303V a? — 4b%c (126)
m — 0o
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provided ¢ < a?/(4b%). Thus

“1BQ) - ~rla) < B(P) < 2 :

r(a) (127)

where

r(a) = %a - %\/&2 — 4b?pafa — 1), (128)

provided c(a) = pa(a — 1) < a?/(4b%) and p < a?/(4b?).
While it is hard to optimize over «, it is possible to do so if we bound r from above by
1 1
(o) = 30~ 5\/a2 — 4b2pa? (129)
and assume pa® < a?/(4b%). That is, @ € (1,a/(2by/p)). In particular, we must assume
a > 2b,/p. We therefore have from (127)

©BQ)+ —

The minimum of this upper bound over all « in that range can be computed. Indeed, note
that, as & — 1 from the right, Ey(a) — oo. Moreover, the derivative of Ey, that is given by

oy EQ 1 s L e
Ey(a) = a-12 @_1" [2(1 5 Va 4b*pa } to PP (131)

tends to oo as o — a/(2b,/p) from the left. As a result, and since the equation Ej;(a) =0
turns out to have a unique root o* in that range, the minimizing o must be equal to o*. This

unique root is given by
o = CL2’72 +am V ’7% + 722 — a? (132)
- 2 2 )
Y2 (71 +79)

E(P) < By(a) = — 7(a). (130)

a—1

where
N =a+2E(Q), 72=2byp. (133)
With this notation, the optimal upper bound of the form (130) is given by

_20°B(Q) +a— /a? —3(a)?
B 2(a* — 1) '

As b — 0, we have a* — oo and as a consequence Ey — FE(Q). That is, we recover the
exponent F(Q) as the fading intensity tends to zero.

As for a corresponding lower bound, we have
a—1 1_
B(Q) - ~i(a). (135)

« «

Ey = Ey(a®)

(134)

E(P) > Er(a) ==

A calculation shows that the maximizing « is
2 2 \2
. \/ (4 () (136)
72 Y172

_ 2n(6 - DEQ) —ayi +a?

2’710&

and so

Ep = EL(a) (137)

As b — 0 we have & — oo and so Ef, — E(Q).
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4.5 Binary channel with erasure

We next consider the channel
Y = (@ Xy) & Ny, (138)

where N; is i.i.d. noise whereas a; is an erasure process. Here, a;, X; and N; take values
in {0,1} and @ denotes addition modulo 2. It is assumed that {a;} and {N;} are mutually
independent. We let p = P(N; = 1) and assume p < 1/2. The first model we examine for {a;}
is a hidden Markov model (an additional model appears afterwards). Specifically, we let {A;}
be a stationary Markov process on the state space {1,...,d} (independent of ({X;}, {N¢}))
with a given transition probability matrix I7, assumed to be irreducible. For a given function
fA{L,...,d} — {0,1}, a is given by a; = f(Ay), t = 1,...,n. Denote by P the probability
measure induced by the above processes. Let () denote a reference probability measure, under
which

Y = X; @ Ny, (139)

where, for each n, the law of the triplet (X, a, N) is the same as that of (X, a,N) under P
(in particular, the three are mutually independent under Q).
To calculate the Rényi divergence, note that

P(X,Y,A) = P(Y|X,A)P(X)P(A) = [f[ P(Y;\atXt)] P(X)P(A), (140)
t=1

where for (x,y) € {0,1}2, P(y|z) = p if y # = and P(y|z) = 1 —p if y = x. Also,

QXY 4) = [[] Pilx0)| P(X)P(A). (141)

t=1

Denoting by P, and @, the respective laws of (X,Y, A), we have

7 Da(@nll Pa) = MTIDE [(ﬁ P YY\D; )] (142)
P(Yi|Xi) \@
- n(al— 1) mEp [t:at:%tzl (P(Yt\atXt)) ] (143)
e, 1L 1[p<z%p>a+a—p><%p>“] o
< ynEp H §(ax (145)
”( =0
_ ﬁ In Ep [5(a)"_2?=1at}, (146)

where we use the fact that 6(«) := p(%)“—l—(l—p)(%)“ > 1. Let f(i) =1—f(i),i=1,...,d,
and denote by

Zn = %Z {a=0} = %Zf(At) (147)
t=1 t=1
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the frequency of times ¢ when a; = 0. Then we can write the above as

% Da(QullPa) < ﬁm Ep[enZrnd(@)], (148)
By similar considerations one obtains
L D (Pal@) < = In Bpfen 5] (149)
For A € R, let IT) = (mx(¢,7)), where
m(iy§) = m(i, NI, e {1, d). (150)

Then I1) is an irreducible matrix for every A and, by the Perron-Frobenius theorem, has a real
positive eigenvalue, denoted by p(IIy), that dominates all eigenvalues in absolute value. It is
known that the random variables Z,, satisfy the large deviation principle with the good rate
function I : R — [0, 0], defined as

I(z) = sup{\x — In p(II))} (151)

AeR

(for the terminology see [5]; for the above result see Theorem 3.1.2 therein). Thus by Varad-
han’s lemma (Theorem 4.3.1 of [5]), it follows that

lim ! In E p[e"?n119(@)] — supzIn d(ar) — I(z)]. (152)
n—oo N r€R

We thus have

Theorem 4.5 For @ the binary channel and P the binary channel with erasure described
above, for every a > 1,

E(P) < - 1E(Q) + - ig£[$ Ind(a) — I(x)], (153)
and
E(P) > a; 1E(Q) — éilelg[x Ind(a) — I(z)]. (154)

Bounded fraction of erasures

We now examine another model for the erasure process {a;}. In this model, the erasure
process satisfies a single hard constraint, namely that the relative number of erasures 7, =
%Z:‘Zl l{q,—0} is a.s.-bounded. Specifically, for some constant z € [0, 1], it is assumed that
Zy < z a.s., for every n. To relate this to the previous model, note that this may occur when
the (stationary, Markov) process A; taking values in {1,...,d} is cyclic, and where the subset
S C {1,...,d} of states corresponding to erasure has cardinality k with k/d < z. Of course,
the class of processes a satisfying the current assumption is much broader.
Note that (148) and (149) are valid. As a result, we obtain in this case, for o > 1,

—1 1
aa B(Q) -~ ~2Ind(a) < B(P) < a‘_“ ]

E(Q) +

Clearly, this model has a property analogous to that established for the channel with fading,
namely that as z — 0, both bounds converge (upon optimization with respect to a) to E(Q).

a_1z1n5(a). (155)
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5 Other applications

5.1 Rate—distortion coding

Consider the problem of rate-distortion coding of a source sequence Y7, Y5, ... given by
Y, =X, + 7, (156)

where, under the probability measure P, {X;} is an i.i.d., N'(0,0?) process and {Z;} is a process
that is independent of {X;}. For simplicity, assume the random vector Z = (Z1,...,Z,) has
density, denoted fz. Each source sequence y = (y1,...,¥yn) is compressed to a string of nR
nats, from which the decoder reconstructs an approximated sequence § = (91, ..., 4,). We are
interested in a lower bound on

P(Ena), &d:{fjn—zf>n@, (157)

t=1

where d is large enough so that this probability decays exponentially.

The joint density of (Y, Z) under P is thus given by g(y — z)fz(z), where g is the i.i.d.
N(0,02)) density. We consider a reference measure (), under which the joint density of (Y, Z)
is g(y)fz(z). Since the event &, 4 is measurable on the sigma-field of Y, and under @, Y and
Z are mutually, independent, the law of Z is irrelevant for the estimation of Q(&, 4), in the
sense that Q(&, 4) = G(&,,4), where we denote by G the law of Y under @ (equivalently, that
of X under P). In the appendix, we show that

hnnnfggﬁéﬂﬁzz—¢U%—lﬂxdﬂ, (158)

n— 00 n
where Rg(d) = %ln % is the rate—distortion function of the Gaussian source {X;} and

A e

D(u) 5

—u. (159)

We now calculate the divergence term. With P, and @, denoting the respective laws of
(Y, Z),

Du@ilr) = | [ 4 [ vt - )
oy [/ndzfz(z)exp{a(a_—w}], (160)

n(a—1) 202

where the second step follows by appealing to identity (65). The usefulness of the bound will
now depend on estimating the last expression. Obviously, for this expression to be finite, the
tails of fz must decay faster than those of a Gaussian.

Consider the, for example, the case where > ;" , Z2% < nA? almost surely. In this case, the
2

right-hand side of (160) is bounded by %. Using this bound together with (158) in (17) gives

) a®[R — Rg(d)] = aA?
<
E(R,P) < inf | —— "= 207

A 2
= < @[R — R (d)] + E) . (161)
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In a similar way, one obtains

2
E(R,P) > ( B[R — Re(d)] — %) . (162)

An analogous derivation can be made for the case where { X;} is a binary memoryless source
with parameter p, {Z;} is a binary interference with normalized Hamming weight limited by
A, and Y; = X; ® Z;. We then end up with

E(R) < inf

[aF(R, D)  Alp(1-p)'+(1 —p)“pl‘“]] (163)

a—1 a—1

where F'(R, D) is the source coding error exponent [13] associated with {X;}.

5.2 Extension to a pair of sources

A possible extension of this example is associated with the problem of separate encodings and
joint decoding of correlated sources. Let {(X;,Y;)}"; be n independent copies of a random
pair (X,Y) distributed according to Pxy(x,y), * € X, y € Y. The sequences {X;} and
{Y;} are compressed separately by two encoders (that do not cooperate) at rates R, and R,
respectively. The respective compressed bit-streams are both fed into a joint decoder that
produces reconstructions {X } and {Y} whose components take on values in alphabets X and
Y, respectively. Let Pt X X X — IR and py Y X Y — IR be given distortion functions. We
are interested in a lower bound on

{me iy Xi) > ndy, Zpy YZ,Y) > nd } (164)

i=1

for some prescribed distortion levels d,, and d,. We wish to pass to a reference source for which
{X;} and {Y;} are statistically independent, that is, Qxy (x,y) = Qx(z)Qy (y). Under Q, the
probability of the above event decays exponentially at rate Y (Ry,dy) + Fy (Ry, dy), where
FIQ and FyQ are the source coding exponents of the separate reference sources, Qx and Qy,
respectively. Thus, our upper bound on the exponent is given by

E(R;, Ry, dy,dy)

a>1Qx.Qy |a—1

< inf inf { [Ff(Rx,dx)+F§(Ry,dy)]+aDa(QXxQY”PXY)}. (165)

In this setting, to the best of our knowledge, there does not exist any competing bound in the
literature.

5.3 The problem of guessing

Let Y = (Y37,...,Y,) be a random vector with a given distribution. Let Y1,Ys,... be a
sequence of ‘guesses’ of the random vector Y that is generated without observing Y. within
distortion d from y, Denoting by p the Hamming distance and fixing a distortion level d > 0,
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let I'(Y') denote the number of trials it takes to correctly guess Y within distortion level d,
ie.,

DY) =min{i: p(Y,Y;) < nd}. (166)
In [1], it was shown that for a given discrete memoryless source @) and a given parameter A > 0,
1 . .
lim inf — In Eo{I'(Y)*} > sup[AR(d, Q1) — D(Q1]|Q1)], (167)
n—oo Ql

where Q1 denotes the marginal of @, R(-, Ql) denotes the rate—distortion function of the source
Ql, and the supremum is over Q in the set of probability measures over the alphabet of Y;.

Using the comparison bounds, we can estimate this quantity for a more general model.
Specifically, consider the model discussed at the end of Subsection 5.1. Namely, Y; is binary
and takes the form Y; = X; @ Z;, where, under a probability measure P, {X;} and {Z;} are
mutually independent, and X; are i.i.d. with parameter p. Assuming that the normalized
number of times ¢t when Z; = 1 is bounded by a constant A, the Rényi divergence term is
bounded by

© Dal@ullPr) € —2nfp (1)~ 4 (1~ p)*p' ], (168)

a

where as before, P, and Q,, are the respective laws of (Y, Z). We can now appeal to (12).
Using this inequality (with the roles of P and @ interchanged), we have for arbitrary o > 1
and denoting s = (o« — 1)/a,

1. Ms o
TWER(T(Y)} 2 s

Using (167) and (168) in (169) gives

In Eo{L'(Y)™} = = Da(Qul| ). (169)

lim inf % In Ep{I"(Y)*}

N (87 A
> sup { S;}llp [AR(d, Q1) — - 1D(Q1HQ1)]
- (- (1)) (170)

Acknowledgment. We are grateful to an anonymous referee for thoughtful comments, and
to another anonymous referee for various valuable comments, most notably, for pointing out
the relation of the LPCB to the data processing inequality, as well as for kindly providing the
proof that appears in the second part of Appendix A.1.

A Appendix
A.1 Two proofs of the LPCB

We provide two proofs of the LPCB. The first is for the version that allows expectations with
respect to a general function as in (8), but is limited to the case where the support is a finite
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set (the reader is referred to [2] for the general setting). The goal of presenting it here is to
show that the argument is very simple in this setting.

The second proof is of (9) (i.e., for comparing probabilities). Our goal here is to show that
this inequality is an immediate consequence of the data processing inequality for the Rényi
divergence.

Let X be a finite set, let {P;};cx and {Q;}icx be two probability distributions defined on
it and let G : X — [0, 00) be a given function.

Proposition A.1 Assume ) ;. GiP; >0 and ), » G;Q; > 0. Then for all a > 1

o —

1 a—1 1 o
: anGi P, < EanGi Qi + Da(P|Q). (A.1)

Moreover, given P, G and « as above, there exists Q) for which (A.1) holds with equality.

Proof: When one does not have P < @, the divergence term above equals +o0o by definition,
and there is nothing to prove. Hence assume P < (). Denote by Sp, Sg and Sg the support
of P, @ and G, respectively. Let S = Sg N Si. Using Holder’s inequality with the exponents
a and a/(a — 1) and measure {Q;}ics,

Y GTiR=) gG?‘lQi (A.2)
S S v
< <Z <]QDZZ) > (25; (Ga 1>a/(a 1) Z>(a—1)/a (A.3)
_ (Z (g)an> Ua(ZG?Qi)(Q_l)/a_ (A4)
S ! S

Thus
(Z G?_lﬂ)()l(Z G?Qi) e < Z (g)an (A.5)
S S
= <—,>aQi- (A.6)

For ¢ not in S, G§{'Q; = 0, and because P < @, also G?_lPZ- = 0. Thus, on the left-hand
side, the summation can be performed over all of X. As a result, taking logarithms and
dividing by a(a — 1), using the definition of the divergence (4) gives the inequality (A.1).
To show the final assertion set Q; = Gi_lPZ-/Z for 1 € Sp N Sg and 0 off of that set. Here,
Z =3 spnse Gi 'P; > 0 by assumption. Substituting in (A.1) gives equality by a direct
calculation. O

Proof of the LPCB via the data processing inequality

Let

dalpll) = s o)+ -0 (1=2)]. (A7)
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for p € [0,1] and ¢ € (0,1). Then, given an event A € F, denoting p = P(A) > 0 and
Q(A) > 0, we have

DuPIQ) = o) > sy ke = WP - TwQU). (A

ala—1) ¢ 1 a-—

where the first inequality is due to the data processing inequality for the Rényi divergence (see
eg. [19, Section II], for a proof see [12, Theorem 1.24 and Corollary 1.29]) and the second uses
the monotonicity of the logarithmic function (recall & > 1). This given (9).

A.2 Proof of Theorem 4.1

A bound on the divergence between any two univariate Gaussians is deduced from identity
(65) as follows. Given z € R, £ € R such that [{| < I', and any « > 1 and s > 1 — 1/a,

Do (N (@, 0%/5)IN (2 + €,07))

B 1 N 5/2 . a(l — a)s€?
_a(a—l)l T+a(s—1) p{ 202[1+a(s—1)]}]
B 1 alns  In[l+a(s —1)] ala —1)s€?
_a(a—l){ 2 2 +202[1+a(s—1)]}
__Ilns  Infl4+a(s—1)] n s€2
- 2(a—1) 20(a — 1) 202[1 + a(s — 1)]
Ins In[1 + a(s —1)] sI?
%=1 2ala-1) 2 tals—1) (A.9)
Let P, and @,, denote the respective probability laws of (X,Y"). Then
_ 1 QX,Y)\«
Da(@ullP) = m In Ep KW) ] (A.10)
- =5 an/ y"’” ) Plyl)i(z) (A.11)

= 7ln II(x dy(2n0?/s —an/2 (9 2\ —(1-a)n/2
ala —1) Em:()[an ( /$) ( )

n n
s 1—-a -
exp{—@ (yt—xt)2} -eXp{—W [y =z — g2,y 1)]2}]
t=1 t=1

~ nlns _nln(27702) 1 ) N
- 2(a—1) 2a(a—1)+a(a_1)1 ;H()[/]Rndyx

eXp {_ Z <%[yt — )’ + 12;2a lye — x¢ — gi (2™, yt_l)]2> H (A.12)

t=1
nlns nln(2wo?) N 1
20a—-1) 2a(a—1) ala—1)

1>

- Z, (A.13)
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Let us focus on the expression of Z,,. For t € {1,...,n} let TI(£}) = Y

Z, = m;H(m) MR

n
exp {—
t

[ amesn = (25— 0+ L 00 - anlen )} (419

_¢t II(2"). Then

"zt

dy™tx

n—1

1
sa 11—« _
<ﬁ[yt —ze + 952 e — xe — ge(a™, 9 1)]2> } x
1

D
]

T
—
|

3
(]!
—
Y
3

sa 11—« _
2 lye — =)* + 5[yt — ot — gi(z",y" 1)]2> } X

p 20
2ro? sa(a —1)g2 (2", y" 1)
_— e A.15
I+a(s—1) eXp{ 2521 + a(s — 1)] (A.15)
< n—1 n—1
< IH;H(JE )[/nldy X
L / sa 11—«
2 - no,t—1y]2
eXP{—;<@[yt—ﬂft] + 952 [yt — xt — ge(2", 9] >} +
1 I 210 sa(a — 1) max,n -1 g2 (a", y" ) (A.16)
2 |1+a(s—1) 202[1 4+ a(s — 1)]
1 22 sa(a — 1)I72
< Z,_ =1 L. A7
= 1y n[l—l—a(s—l)} 252[1 + a(s — 1)] (A.17)
From this recursion on Z,,, we have
n 2mo? sa(a—1) 30 TP
Zn 1 t=1"1 Al
- 2 n[l—ka(s—l)] 202[1 4+ a(s —1)] (A-18)
2 2
< " 2o nsa(a — 1)I" ' (A.19)
2 1+a(s—1) 202[1 + a(s — 1)]
Therefore
Do (QnllPn) (A.20)
_ nlns nIn(2mo? n 1 .z,
20a—1) 2a(a—1) ala—1)
nlns nIn(27o?) 1 n 2102 nsa(a —1)I?
< - + =In
20a—-1) 2a(a—1) ala—1) 2 1+a(s—1) 202[1 + a(s — 1)]
_ _nls nin[l + a(s — 1)] nsl? ' (A.21)
2(a — 1) 2c(a — 1) 202[1 4+ a(s — 1)]
Substituting in (35), using the bound E(R,Qs,d) < E,(R,Qs) for every d, and finally opti-
mizing over s and «, yields (64). O
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A.3 Proof of Theorem 4.2

As a reference, we will use the models Q = Q4 ¢, under which
Yy = X + Wi, (A.22)

where {W;} are i.i.d. N(0,6), independent of {X;}. Here, ¢ > 0 and 6 > 0 are parameters.
Note that, for each of the models @, d is the optimal decoding metric. One has

n k 2
1
2\—n/2
P(y|x) = (2n0”) / tl;Ilexp {W <yt — Ty — ;hiwt—1> } ) (A.23)
and Q(y|z) = [/, Q(yi|xt), where Q(y|z) is given by

Qylx) = \/g cexp{—0(y — ¢x)?}, 6>0, ¢ >0. (A.24)

In order to calculate the Rényi divergence, we use the identity (65) with the assignments:
a=a/(20%),b=(1—-a)d, u=mx;+ Zle hpxi_; and v = ¢z, to get, under the assumption

«

n k 2
/ § dy - Hexp {232 (yt — 1z — Z hiznt_i) —(1— )y — ¢$t)2} (A.26)
t=1 i=1

T n/2 a(l—a)dy, {(1 — @)y + Z?:l hixt—i] ’
= [(1 m T a/20'2} “exXp { — o+ 2(1 = a)ho? (A.27)
om0 "7 no(1 = a)9S[(1 — ¢)* +2(1 — ¢)r1 + 1]
- |:Oé—|-2(1—01)90-2:| 'eXP{— Oé—|-2(1—0£)90'2 : 2 } . (A.28)

Therefore

1
—Da(Pa]|Q1)

n(l—a)/2 2 n/2
S In 4 (2mo%)ne/? 219
na(a — 1) s a+2(1 — a)fo?

na(l — a)0S[(1 — ¢)% +2(1 — ¢)ry + 1]
*exp {_ a+2(1—a)fo? — H

1 (2002)n(1-0)/2 _na(l = a)dS[(1 = ¢)* +2(1 — ¢)r1 + 79

T nafe—1) | (a+2(1 — a)fo?)n/2 P { a+2(1—a)fo? }

~ In(200%)  In(a+2(1 —a)fo?)  6S[(1—¢)* +2(1 — ¢)r1 + 72

- 2a 2a(a — 1) * a+2(1 —a)fo? ' (8.29)
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For a code of rate zero operating over the reference channel @), the best achievable exponent
is known to be

5042

E(07Q7d) = 9 )

(A.30)

where we have used an extension of the zero-rate lower bound of [16], [17] that applies to codes
with a given composition p (see Sections 2 and 4 of [14]). Then we have a lower bound from
(35), for a > 1,

E(0, P,d) > aT_lE(O, Q,d) — (o — 1)Du(PQ). (A.31)
Thus

(@ —1)S0¢* (o —1)In(200?%) + In(a + 2(1 — a)fo?)
200 - 2a

(a=1)0S[(1 = ¢)* +2(1 — )r1 + 7"2]} , (A.32)

E(0,P,d) >  sup [
(a,0,0)ES

a+2(1 — «a)fo?

where
«

Sz{(a,@,(b): a>1, 9<m, ¢>O}

The maximization over ¢ is simple since the objective is quadratic in ¢. In particular, the part
that depends on ¢ is of the form A¢? + B¢, where

_ 0S(a—1)(a+2(a —1)00?)
A== a(a +2(1— a)fo?) 0 (4.33)

and 205(a — 1)(1 + 1)
B o — + 7
b= a+2(1—a)fo? (A.34)

The maximum of A¢? + B¢ is

B ~ 200(a—1)S(1 + r1)?

C4A T 4(a—1)20201 — a2 (4.35)
and our lower bound becomes,
(a —1)In(200?%) + In(a + 2(1 — a)fa?) (e =1)OS[1 +2r1 + 1y
2a a+2(1—a)fo?
~ 200(a—1)S(1 + r1)? (A.36)

4(a —1)2020% — a2

It would be more convenient to define § = Ta/[2(a — 1)0?], 7 € (0,1), and to transform the
parameter set from (a, 6) to (o, 7). Denoting
(o — 1) In[ra/(a — 1)] + In[a(l — 7)]

D(a,T) = 50 , (A.37)
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the expression is then

ST 14+2r +7r2  2(1+7)2
é(a’7)+ﬁ[_ 1—7 1—172 ]
B S T 2 T 2
—@(Q,T) +W|:_ :(7’2 —7’1)4‘ H—T(l—i_rl) ]7 (A38)

to be maximized over (7,a) € (0,1) x (1,00). Now the function ®(a, 7) is always non—positive
(the maximum over 7 € (0,1) for a given « is zero) and it vanishes for « = 1/(1 — 7) (hence
this is the optimum choice of ). Thus, we are left with maximizing the second term of (A.38)
over 7. Recall that ro > r%, and that a = r9 — 7‘% >0and b= (1+ 7’1)2. The maximum is
given by

E(O,P)Z{(L;%(\/E_\/EFZ%HMFM_ reorilf ash (A.39)

otherwise.

This establishes the first inequality in (93).

In the case a < b, the maximizing 7 is given by (Vb —v/a)?/(b—a) € (0,1). If we use this
in the expression for the optimal o and #, we obtain that the optimal 6 is 1/(20%) and the
optimal ¢? is given by ¢? = (\/5 + v/a@)?. Thus under the selected reference model,

SH¢? S
B(0,Q,d) = 29 _ (Vo + Va). (A.40)
2 4o
By virtue of (42), this gives namely
sup inf E(0, P, d) < %(\/5 + Va)?. (A.41)
4 PEF 4o
O

A.4 Proof of Theorem 4.3

To work with the upper bound, we compute the Rényi divergence term,

© Dal@ull P2) = ﬁ 1nEP[(%>a}. (A.42)
We have
P(X,Y,0) = P(Y|X,0)P(X)P(8) = [ﬁlg(m(l + Ht)Xt)] P(X)P(8), (A.43)
where g(y|z) = (2r0?)~1/2e=W=0?/(20*) anq _
Qx.v.0) = [[[avilx0] PX)P(O). (A4

t=1

36



Thus

n

©Da(QulP) = oy W (I )] (A.45)
_ m In Ep| exp {% g 02X7 — 20,X,(Y; - X, }] (A.46)
- e p{;z 622 - 26,503} (A7)
_ m n Bp[exp { O‘(O‘ 92Xt H (A.48)
§ﬁlnEp:exp{ ola—1)4 292}] (A.49)

where in the last line we have used the assumption | X;| < A.
We have assumed that 6 is a stationary, zero-mean Gaussian process. Thus the limit

nh_)llolo % In Ep{ exp (c tZ:; 9?) } (A.50)

can be computed using Szego’s theorem (see [10]). To this end, note first that the exponential
moment is given by

exp 02) \ = det(I —2¢V,)"V/2, (A.51)
Br{e (c307))

where V,, is the covariance matrix of 915, t=1,...,n. Next, if T,, is a sequence of Hermitian
Toeplitz matrices of the form T, = [ty—;;k,j = 0,1,2,...,n — 1], where t;, are absolutely
summable, and their spectral density f(w) = > 70 tre ™ w € R, satisfies f(w) > m > 0,
w € R, one has by Theorem 13 of [10], that

) 1 1 2m
nh_)rrolo - Indet(7,) = %/0 In f(w)dw. (A.52)
Recall that we assume that 7, are absolutely summable. Then, with ¢ = ¢(a) = a(a —

1)A2%/(20?), we obtain the bound

1171Ln_>s()1ip D (Qnl|Pn) < li?jgp o= n Indet(I —2¢V},) (A.53)
1 21

assuming 2csup,, Yp(w) < 1. As for the lower bound, a calculation similar to that of (A.45)-
(A.49) gives

1Da(Pn|]Qn) = g [exp 292Xt] (A.55)

< E In Eq [exp (o= 1 Z 92] (A.56)
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Using the same considerations as before gives

-1 1 2w
lim sup a Dy (Pol|@Qn) < —— In(1 — 2c¢Xy(w))dw, (A.57)
n—o0 n 4o 0
where again we assume that { ¥y} satisfies 2csup,, Yp(w) < 1. O

A.5 Proof of Theorem 4.4

Our estimates of the Rényi divergence are based on large deviation results from [3]. We first
note that the divergence is given by

1
Do(Q7||Pr) = ——— I Ep, [(Zr)® A.
(QrllPr) oo " prl(Z7)""] (A.58)
1 a [ a [* 9
= e B [— ° /0 0. X AW, + 2 /0 (0, X,) ds]. (A.59)
Note by (114) and (119) that
t ~
UWt:/ 0, Xods + oWy, (A.60)
0
and so . . .
/ 0, X, dW, =01 / (0:X,)%ds + / 0, X dW,. (A.61)
0 0 0
Thus
1 a [t - « t
D, Pr)=———nE —— | 0, X,dW, — — «X,)2ds|. A.62
@lPr) = g Eren [ 2 [oxam - % [o.xras). (e

Under Pr, conditioned on (04, X5, s € [0,t]), the integral fot 0, X,dW, is a Gaussian random
variable with mean zero and variance fg (0sX,)?ds. Thus

1 ala—1 t
Do (Qr||Pr) = ol =1 In Ep, exp [7( 552 ) /0 (HsXs)zds]. (A.63)
A similar calculation for
1
D, (P, =— —InF Z7)% A.64
(PriQr) = Srr gy I Basl(72)] (A.64)
1 a [* o t
=—IFE _ sXs s T 5 o sXs2 A.
oo =) nEq, exp [a /0 0s X dW, 52 /0 (0:X5) ds} (A.65)
gives
1 ala—1 t
DQ(PT”QT) = m IHEQT exXp [%/0 (08X8)2d8:| . (A66)

As a result, the two divergences are equal, and using | X;| < A, we can bound them as follows:

142 (T
In Eg, exp [M / thdt] (A.67)
0

Da(Qr|lPr) = Da(Pr||Qr) = 952

L
(@—=1)
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It is shown in Lemma 3 of [3] that

) 1 T ) 1 00
Th_I)I;OTIIl Eg, exp [c/o 0; dt] = _E/—oo In[1 — 4reXy(w)]dw, (A.68)
provided that ¢ < 1/(4wM). Specifically, (117) holds since we have assumed that p :=
A%/(20%) < 1/(4wM). Moreover, with ¢(a) = a(a — 1)p, for any o > 1 such that c(a) <
1/(4wM), we obtain from (9) and (10) (by a derivation analogous to that of (17))

E(P) < Oﬁ -E(Q) - ﬁ /_ a1 — dme(a) S ()] dw (A.69)
ol LB + ﬁ _OO In[1 — dre(a) Sy (w)]dw. (A.70)
O

A.6 Proof of (158)

To prove (158), we follow the main steps of [13], with a little twist since in our case the
distortion measure (which is quadratic) is unbounded. Consider an arbitrary rate-distortion
code C = {§1,..., Yy}, M = e, R being the coding rate. Let us denote the event under
discussion by

E = {y : H;lriLn Z(yt — :'3m,t)2 > ’I’Ld} s (A?l)
t=1

where gy, ¢ is the t—th component of the reproduction word 4,,,. Let Rg(d,52) = % In %2 denote
the rate-distortion function of the Gaussian memoryless source G with variance 2. We first
show that under the assumption that Rg(d,52) > R, there exists a constant «(52,d, R) > 0
such that G(€) > a(62,d, R) for all sufficiently large n. Let

d(C)

S|

E{min||Y — Y ,|%}, (A.72)

where E denotes expectation under G. Let d; = 62e~ 2 denote the optimum distortion of G
at rate R. Then, obviously,

Rq(d,52) > R = Rg(d1,62) > Ra(d(C),52), (A.73)

where the first inequality is by our assumption. the equality is by definition of d; and the
second inequality is due to the fact that C may not be optimal for G. Since Rq(-,6?) is
monotonically decreasing, then

d<dy <dC). (A.74)

Now, let us denote §(y) = min,, ||y — 9,,||>/n and let dy > d; be an arbitrary large distortion
level. Then, assuming, without loss of generality, that the zero—vector belongs to C, and so,
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d(y) < lly[I?/n, we have:

1© < 0-0@)dx | Gy

— - GE)] d+ / Gly)s(y)dy + + / G(y)d(y)dy
Y: d<é6(Y)<do Y: 6(Y)>do

~ ~ 1 -

< [1-GE)-d+CE) dy+~ / G(y) - lyldy (A.75)
v Jy: ||y|2>ndo
Now, the last term, which is
Al —9v—n -
60 2 L (2me?) 2 / lyll? - exp{—lyl12/25%}dy. (A.76)
n lY||12>ndo

is easily shown? to decrease exponentially provided that dy > 62. Thus, we have

. dC)—d—26, _dy—d—70,
> >
G(g)_ do — d - do —d ’

(A.77)

which is positive for n large enough. For example, beyond a certain ng, it exceeds %, which

we take to be a(52,d, R). Now, for a given ¢ > 0, let 7. = {y : |In % —nD(G||G)| < ne}.
Then, by the weak law of large numbers, G(7¢) > 1 — a(62,d, R)/2 for all large n. Thus,

GE) = - G(y)dy (A.78)
_ Gily)e MEW/EWgy, (A.79)
ENTe
> G(ENT) - exp{-n[D(G|G) + ]} (A.80)
> [G(E) = G(TE)] - exp{—n[D(G|G) + €]} (A.81)
> (6 d,R) — %a(&z, d, R)] - exp{—n[D(C||G) + ]} (A.82)
_ %a(&z,d, R) - exp{—n[D(G|G) + ]} (A.83)

Since this is true for all 52 with Rg(d,5?) > R, the tightest bound is obtained by minimizing

- 1 [62 52

in the range 52 > de??, which is attained at 52 = de?%, yielding the following upper bound on
the exponent:

2R 2R
E(R)gl[de —lnde2
o

5 - 1] = &[R — Re(d)]. (A.85)

o2
O

3 Apply the Chernoff bound and use the fact that HyHZ(fS“y“2 is the negative derivative of e IYI? wrt. s,

40



References

1]

2]

[10]
[11]

[12]

[13]

[14]

[15]

E. Arikan and N. Merhav. Guessing subject to distortion. IEEE Trans. Inform. Theory,
44(3):1041-1056, 1998.

R. Atar, K. Chowdhary and P. Dupuis. Robust bounds on risk—sensitive functionals
via Rényi divergence. SIAM J. Uncertainty Quant., to appear, 2015, arXiv:1310.6391
[math.PR].

W. Bryc and A. Dembo. Large deviations for quadratic functionals of Gaussian processes.
J. Theoret. Probab., 10(2):307-332, 1997.

I. Csiszar and J. Korner. Information Theory. Coding Theorems for Discrete Memoryless
Systems. Cambridge University Press, Cambridge, second edition, 2011.

A. Dembo and O. Zeitouni. Large Deviations Techniques and Applications, volume 38
of Applications of Mathematics (New York). Springer-Verlag, New York, second edition,
1998.

P. Dupuis and R. S. Ellis. A Weak Convergence Approach to the Theory of Large Devia-
tions. Wiley Series in Probability and Statistics: Probability and Statistics. John Wiley
& Sons Inc., New York, 1997.

K. Dvijotham and E. Todorov. A unified theory of linearly solvable optimal control.
Artificial Intelligence (UAI), page 1, 2011.

R. G. Gallager. Information Theory and Reliable Communication. John Wiley & Sons,
1968.

L. Golshani, E. Pasha, and G. Yari. Some properties of Rényi entropy and Rényi entropy
rate. Inform. Sci., 179(14):2426-2433, 2009.

R. M. Gray. Toeplitz and circulant matrices: A review. now publishers inc, 2006.

I. Karatzas and S. E. Shreve. Brownian Motion and Stochastic Calculus, volume 113 of
Graduate Texts in Mathematics. Springer-Verlag, New York, second edition, 1991.

F. Liese and 1. Vajda. Convez statistical distances, volume 95 of Teubner-Texte zur Math-
ematik [Teubner Texts in Mathematics]. BSB B. G. Teubner Verlagsgesellschaft, Leipzig,
1987.

K. Marton. Error exponent for source coding with a fidelity criterion. IEEE Trans.
Information Theory, IT-20:197-199, 1974.

N. Merhav. On zero-rate error exponents of finite-state channels with input-dependent
states. IEEE Trans. Inform. Theory, to appear, 2015, arXiv:1406.7092 [cs.IT].

Y. Polyanskiy, H. V. Poor and S. Verdi. Channel coding rate in the finite blocklength
regime. IEEFE Trans. Inform. Theory, 56, 2307-2359, 2010.

41



[16]

[17]

[18]

[19]

C. E. Shannon, R. G. Gallager and E. R. Berlekamp. Lower bounds to error probability
for coding on discrete memoryless channels. I. Information and Control, 10:65-103, 1967.

C. E. Shannon, R. G. Gallager and E. R. Berlekamp. Lower bounds to error probability
for coding on discrete memoryless channels. II. Information and Control, 10:522-552,
1967.

I. Vajda. Distances and discrimination rates for stochastic processes. Stochastic Process.
Appl., 35(1):47-57, 1990.

T. van Erven and P. Harremoés. Rényi divergence and majorization. In Information
Theory Proceedings (ISIT), 2010 IEEE International Symposium on, pages 1335-1339.
IEEE, 2010.

T. van Erven and P. Harremoés. Rényi divergence and Kullback-Leibler divergence. IEEE
Trans. Inform. Theory, 60(7):3797-3820, 2014.

A. J. Viterbi and J. K. Omura. Principles of Digital Communication and Coding. McGraw-
Hill, 1979.

42



