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Abstract. This paper studies a single server queue in heavy traffic, with general inter-
arrival and service time distributions, where arrival and service rates vary discontinuously as
a function of the (diffusively scaled) queue length. It is proved that the weak limit is given
by the unique-in-law solution to a stochastic differential equation in [0,∞) with discontinuous
drift and diffusion coefficients. The main tool is a semimartingale decomposition for point
processes introduced in [8], which is distinct from the Doob-Meyer decomposition of a counting
process. Whereas the use of this tool is demonstrated here for a particular model, we believe
it may be useful for investigating the scaling limits of queueing models very broadly.

1. Introduction

The goal of this paper is twofold: To continue a line of research on the multi-level GI/G/1
queue at the diffusion scale [18,19,20], and to demonstrate that a semimartingale decomposition
for general point processes, introduced in [8], may serve as a powerful tool in the study of non-
Markovian queueing models under scaling limits.

We consider a version of the multi-level GI/G/1 queueing model, which will be referred to
in what follows as the multi-level queue. In this model, arriving customers join an unlimited
capacity buffer and are served in the first-come and first-served manner by a single server,
and arrivals and services, driven by two independent renewal processes, undergo time change
depending on the level to which the queue length belongs. Here, levels are disjoint intervals
that form a finite partition of the half-line R+ = [0,∞). In other words, the arrival and service
rates are determined by a piecewise constant function of the queue length. Diffusion limits of
models where arrival and service rates vary with the queue length have been studied before
under continuous dependence; see [25] and references therein. However, there are very few
limit results for models where the dependence is discontinuous, because such discontinuities
present some technical challenges. Our main result is the weak convergence of the queue length,
normalized at the diffusion scale, to a reflected diffusion with discontinuous drift and diffusion
coefficients.

The proof of the result is based on a semi-martingale decomposition for general point pro-
cesses derived in [8], referred to as the Daley-Miyazawa decomposition. This tool has recently
been used in a crucial way in [4] to study a different non-Markovian queueing model in a
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different scaling regime, specifically, a load balancing model under a mean-field many-server
scaling. We believe that this decomposition, along with some of its consequences developed in
this paper in §3, may be useful in far greater generality when it comes to proving scaling limits
of queueing models. From this viewpoint, this papers serves to provide an example illustrating
the applicability of the approach.

The Daley-Miyazawa decomposition for a counting process was introduced in [8] in order to
study extensions of Blackwell’s renewal theorem. This decomposition is distinct from the well-
known Doob-Meyer decomposition of counting processes (e.g., see Theorem 3.17 in Chapter
I of [12]), a special case of the Doob-Meyer decomposition of submartingales (note that, as a
nondecreasing process, a counting process is always a submartingale). In the latter, the finite
variation component is predictable, and called the predictable compensator. In the special case
where this component is absolutely continuous, its density is called the stochastic intensity of
the point process, a notion that has been used very broadly in the study of point processes.
However, when it comes to queueing models, the stochastic intensity and, more generally, the
Doob-Meyer decomposition of counting processes, have rarely been used beyond cases where
the driving processes are Poisson or compound Poisson. It seems that the reason for this
is that the stochastic intensity is not analytically tractable beyond these cases. Contrary to
this, the finite variation component is not predictable in the Daley-Miyazawa decomposition.
However, its first order term is equal to the law-of-large-numbers limit of the point process, a
fact that makes it particularly attractive for scaling limit analysis. Under diffusion scaling, the
convergence of its martingale component to a stochastic integral is based on the general theory
of martingales, and is quite different from the traditional approach to heavy traffic limits which
is based on the central limit theorem.

1.1. Related work. On martingales associated with renewal processes. Martingales asso-
ciated with renewal processes have been constructed before and used for analyzing non-
Markovian queues in heavy traffic [15, 16]. To contrast these contributions with [8], we point
out several differences. First, the Daley-Miyazawa decomposition addresses general point pro-
cesses, not only renewals. This is important in the setting of this paper as seen in §3 where
we apply the decomposition to complicated point processes denoted there by An and Dn, rep-
resenting arrival and departure counts. Further, it is not only the martingale component, but
the entire structure of the decomposition, including the bounded variation component and the
filtration, that comes into play in the analysis. We have already mentioned a useful property
of the bounded variation component. As for the filtration, it turns out that one can construct
the decomposition of the various processes on a common filtration (specifically, this is true for
An and Dn, as we will show in Lemma 3.1), a fact crucially used in our treatment. These
aspects are intrinsic to the decomposition proposed in [8] and are important elements of the
approach.

On convergence to diffusion with discontinuous coefficients. The paper [17] proposed an
approach to establishing weak limits given by diffusion with discontinuous coefficients. This
approach gives general conditions in any dimension, based on predictable characteristics. Al-
though potentially applicable here, the method seems less convenient to apply to queueing
systems driven by renewals. Indeed, the queueing model provided in [17] to demonstrate their
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approach is a Markovian one. The reader is referred to [17] for some other works proving
convergence of queueing models to diffusions with discontinuous coefficients.

One setting where such discontinuities arise naturally is that of control problem formulations,
where a cost is to be minimized in the heavy traffic limit. This was the case with [3], where
a controlled queueing problem gave rise to a diffusion with discontinuous drift, and in [1, 2],
where, under various different settings, the limit process under asymptotically optimal control
was characterized as a diffusion where both coefficients are discontinuous.

On the multi-level queue. A model closely related to the one studied here has appeared
in [20], which is called the 2-levelGI/G/1 queue. The two models have the same level structure,
but the dynamics for arrivals is different. In the model from [20], arrivals are subject to
different renewal processes according to the level to which the queue length belongs, while
service speed is changed in the same way as in our model. Our model simplifies the arrival
structure by using a single renewal process for arrivals. This simplification may be meaningful
in application because it may well reflect the influence due to congestion through random time
change. Theoretically, it enables us to derive a reflected diffusion with discontinuous coefficients
as a process limit, whereas only the weak convergence of the stationary distribution is studied
in [20]. Furthermore, as discussed there, its process limit may not be characterized by the
form of (2.17) except for a special case of its system parameters, so it would be much harder
to derive the process limit for the model of [20]. Thus, from theoretical viewpoint, the present
result may be considered as the first step to solve this harder problem.

1.2. Paper organization and notation. This paper is structured as follows. In the rest of
this section, we introduce notation used throughout this paper. In §2, the model is defined and
the main result is stated. A martingale toolbox based on the Daley-Miyazawa decomposition
is provided in §3. Finally, the proof of the main result is given in §4.

Let N denote the set of natural numbers. Let ι : [0,∞) → [0,∞) denote the identity map.
For (S, dS) a Polish space, let C(R+, S) and D(R+,S) denote the space of continuous and,
respectively, càdlàg paths [0,∞) → S, endowed with the topology of uniform convergence on
compacts and, respectively, the J1 topology (see [13] for the details of this terminology). We
typically put S = R+ ≡ [0,∞) or S = RN , where RN is the N -dimensional real vector space.
Denote by C↑(R+,R+) (resp., D↑(R+,R+)) the members of C(R+,R+) (resp., D(R+,R+))
that are nondecreasing and start at 0. Denote the Euclidean norm of x ∈ RN by ∥x∥. For
ξ ∈ D(R+,RN ) and T ∈ (0,∞), denote

∆ξ(t) = ξ(t)− ξ(t−), t > 0, ∆ξ(0) = ξ(0),

wT (ξ, δ) = sup{∥ξ(t)− ξ(s)∥ : s, t ∈ [0, T ], |s− t| ≤ δ},
∥ξ∥∗T = sup{∥ξ(t)∥ : t ∈ [0, T ]}.

Denote by W a standard Brownian motion in dimension 1. Denote by ⇒ convergence in
distribution. A sequence of probability measures on D(R+,S) is said to be C-tight if it is tight
with the usual topology onD(R+, S) and every weak limit point is supported on C(R+,S). With
a slight abuse of terminology, a sequence of random elements (random variables or processes) is
referred to as tight when their probability laws form a tight sequence of probability measures,
and a similar use is made for the term C-tight.
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Some notation related to the Skorohod map on the half line is as follows (see e.g. [7, Section
8] for details). Given ψ ∈ D(R+,R) with ψ(0) ≥ 0, there exists a unique pair (ϕ, η) ∈
D(R+,R+)×D↑(R+,R+) such that

ϕ = ψ + η,

∫
[0,∞)

ϕ(t)dη(t) = 0,

and this pair is given by

(1.1) η(t) = sup
s∈[0,t]

ψ(s)−, ϕ(t) = ψ(t) + η(t), t ≥ 0,

where x− = max(0,−x) for x ∈ R. The solution map from ψ to (ϕ, η) is denoted by Γ, i.e.,
Γ(ψ) = (ϕ, η).

2. Model and main results

In this section we introduce a sequence of multi-level queues, and state heavy traffic condi-
tions for its diffusion approximation. Then, we present a main theorem, whose proof will be
given in the subsequent sections.

2.1. Sequence of queueing models. We index the sequence of multi-level queues by n ∈ N.
The number of threshold levels, denoted by K ≥ 2, does not depend on n. For the n-th
system, threshold levels are nonnegative numbers denoted by 0 = ℓn0 < ℓn1 < · · · < ℓnK−1, which
partition [0,∞) into K + 1 disjoint sets given as

Sn
0 = {0}, Sn

i = (ℓni−1, ℓ
n
i ], 1 ≤ i ≤ K − 1, Sn

K = (ℓnK−1,∞).

We are given sequences of positive numbers

λn0 , λni , µni , 1 ≤ i ≤ K, n ∈ N,(2.1)

and µn0 = 0. These numbers specify the inter-arrival rate and the service rate, respectively, at
times when the queue length belongs to Sn

i .

Service is assumed to be head-of-the-line and non-idling. The queue length of the n-th
system at time t, defined as the number of jobs in the system in that time, including the one
being served (if there is any), is denoted by Xn(t), and Xn ≡ {Xn(t); t ≥ 0} is referred to as
the queue length process. Let

(2.2) In(t) =

∫ t

0
1{Xn(s)=0}ds, t ≥ 0,

which is the cumulative idleness process. To define the arrival and service processes, we are
given the two mutually independent sequences of positive i.i.d. random variables,

ZA(j), ZS(j), j = 0, 1, . . .(2.3)

having unit means and finite and positive variances σ2A and σ2S , respectively. Then, define
renewal processes A and S by

A(t) = inf
{
i ≥ 0; t <

i∑
j=0

ZA(j)
}
, S(t) = inf

{
i ≥ 0; t <

i∑
j=0

ZS(j)
}
, t ≥ 0.(2.4)
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These notations without the index n are commonly used for all the indexed systems.

We return to the n-th system. Let

Hn
i (t) =

∫ t

0
1{Xn(s)∈Sn

i }ds, 0 ≤ i ≤ K, t ≥ 0,(2.5)

and note that Hn
0 (t) = In(t). Further, let

Un(t) =
K∑
i=0

λni H
n
i (t), V n(t) =

K∑
i=1

µni H
n
i (t), t ≥ 0.(2.6)

Using Un(t) and V n(t), define the arrival and, respectively, departure counting processes of
the n-th system by

(2.7) An(t) = A(Un(t)), Dn(t) = S(V n(t)), t ≥ 0.

Then we have

(2.8) Xn(t) = Xn(0) +An(t)−Dn(t), t ≥ 0.

For simplicity it will be assumed that Xn(0) = 0. We regard the processes A and S as
the stochastic primitives, and the tuple (Xn, In, (Hn

i )0≤i≤K , U
n, V n, An, Dn), which represents

the queueing dynamics, to be determined from the primitives via the system of equations
(2.2), (2.5)–(2.8). This system of equations has a unique solution given the primitives, as
can be proved by induction on the jump times. The inductive argument is standard (e.g.,
see [6, Section 2.5]), and we omit the details. Note that, by construction, A and S are right-
continuous, and as a result so are Xn, An, Dn.

2.2. Heavy traffic conditions and main theorem. We now introduce assumptions on the
scaling of the various parameters. The first assumption is about the levels. Assume that, for
given constants ℓ0 = 0 < ℓ1 < . . . < ℓK−1, the levels are given by

ℓn0 = 0, ℓni = n1/2(ℓi + o(1)), 1 ≤ i ≤ K − 1,(2.9)

where we write f(n) = o(1) for function f : N → R if f(n) vanishes as n→ ∞. Using these ℓi,
define a partition of R+ as

S0 = {0}, Si = (ℓi−1, ℓi], 1 ≤ i ≤ K − 1, SK = (ℓK−1,∞).

The second assumption is about the state dependent arrival and service rates given by (2.1).
Let constants

λ0 ∈ (0,∞), λi, µi ∈ (0,∞), λ̂i, µ̂i ∈ R, 1 ≤ i ≤ K,

be given. Recall that λni for 1 ≤ i ≤ K and µni ∈ (0,∞) for 1 ≤ i ≤ K are given for the n-th
system. Let

λ̄ni := n−1λni , 0 ≤ i ≤ K, µ̄ni := n−1µni . 1 ≤ i ≤ K,(2.10)

λ̂ni := n−1/2(λni − nλi), µ̂ni := n−1/2(µni − nµi) 1 ≤ i ≤ K.(2.11)

Assume that

λ̄n0 → λ0, n→ ∞,(2.12)
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and that, as n→ ∞,

λ̂ni → λ̂i, µ̂ni → µ̂i, 1 ≤ i ≤ K.(2.13)

Note that, from (2.10) and (2.11), we have

λni = nλi + n1/2(λ̂i + o(1)), µni = nµi + n1/2(µ̂i + o(1)), 1 ≤ i ≤ K.(2.14)

Let the critical load condition hold, namely

λi = µi, 1 ≤ i ≤ K.

Let

X̂n(t) = n−1/2Xn(t), În(t) = n1/2λ̄n0I
n(t), t ≥ 0,(2.15)

and let bni = λ̂ni − µ̂ni , bi = λ̂i − µ̂i, σi = (λiσ
2
A + µiσ

2
S)

1/2 for 1 ≤ i ≤ K, and σ0 = λ
1/2
0 σA.

Define

(2.16) b(x) =

K∑
i=1

bi1Si(x), σ(x) =

K∑
i=0

σi1Si(x), x ∈ R+.

Consider the SDE for (X,L) ∈ C(R+,R+)× C↑(R+,R+)

X(t) = x0 +

∫ t

0
b(X(s))ds+

∫ t

0
σ(X(s))dW (s) + L(t), t ≥ 0,∫

[0,∞)
X(t)dL(t) = 0.

(2.17)

All assumptions made thus far are in force throughout the paper. The main result of this
paper is the following.

Theorem 2.1. There exists a weak solution to (2.17), and it is unique in law. Moreover,

denoting by (X,L,W ) a solution corresponding to x0 = 0, and by (X̂n, În) the processes

associated with the mutli-level queue as in (2.15), one has (X̂n, În) ⇒ (X,L) in D(R+,R+)×
C↑(R+,R+).

Theorem 2.1 will be proved in §4. For this proof, we prepare our key tool in the next section.

Remark 2.2 (About our assumptions). Inter-arrival and service times are not assumed
to be continuously distributed, hence arrival and service completion may occur simultane-
ously. This presents no difficulty to the approach, but requires a computation of the qua-
dratic cross-variation between martingale components of the arrival and departure processes
(see Lemma 3.1).

The assumption that the system starts empty is posed only to simplify the construction of the
model. Under a more general initial system state, the limit process would involve a non-zero
initial condition in (2.17).

Remark 2.3 (About extensions). It is well known that strong existence for SDE of the type
(2.17) fails when σ is discontinuous (see e.g. [22, p. 375]). Closely related is the fact that
discrete approximations of the dynamics do not, in general, converge to solutions of the SDE
in the presence of such discontinuities. As pointed out by one of the referees, one may ask
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whether the main result can be extended to the case where the sequences of inter-arrival and
potential service processes only satisfy a functional central limit theorem. Whereas in the
case of Lipschitz coefficients it is well known that the answer is positive and follows from the
continuous mapping theorem, the answer here is very likely negative, for the reason mentioned
above.

An extension of our setting that is left for future work is to network models, with level-
dependent service and arrival intensities, which may lead to SDE in higher dimension with
discontinuities along surfaces.

Another extension yet to be explored is the multi-level queueing model mentioned in the
introduction. When the arrivals are driven by different renewal processes at different levels,
there is a subtlety related to the behavior of the queue length and the time spent near the points
of discontinuity, leading us to believe that the limiting SDE would be a variant of (2.17) that
includes additional local time terms for the time spent at points of discontinuity. It is likely
that the Daley–Miyazawa tool will be useful in this setting as well.

3. Daley-Miyazawa decompositions

Recall that A and S were constructed based on ZA(j), ZS(j), j = 0, 1, . . ., denoting the
times between successive counting events. Let

ζA(j) = 1− ZA(j), ζS(j) = 1− ZS(j), j = 0, 1, . . .

Let

RA(t) = inf{s > 0 : A(t+ s) > A(t)}, t ≥ 0

denote the residual time to the next counting event. Define similarly RS(t). By definition,

(3.1) t+RA(t) =

A(t)∑
j=0

ZA(j), t+RS(t) =

S(t)∑
j=0

ZS(j).

Denote

(3.2) MA(t) =

A(t)∑
j=1

ζA(j), MS(t) =

S(t)∑
j=1

ζS(j).

We then have the Daley-Miyazawa semimartingale representation [8]

(3.3) A(t) = t+RA(t)− ZA(0) +MA(t), S(t) = t+RS(t)− ZS(0) +MS(t), t ≥ 0,

with MA and MS being martingales with respect to the filtrations generated, respectively, by
{(A(t), RA(t)); t ≥ 0} and {(S(t), RS(t)); t ≥ 0}. Our main interest will be in martingales that
can be viewed as time changed versions of the above ones. These are

(3.4) M̂n
A(t) = n−1/2

An(t)∑
j=1

ζA(j), M̂n
S (t) = n−1/2

Dn(t)∑
j=1

ζS(j), M̂n = M̂n
A − M̂n

S .
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Note, by (3.3), that, for t ≥ 0,

An(t) = A(Un(t)) = Un(t) +RA(U
n(t))− ZA(0) + n1/2M̂n

A(t),

Dn(t) = S(V n(t)) = V n(t) +RS(V
n(t))− ZS(0) + n1/2M̂n

S (t).
(3.5)

Of crucial importance to the analysis will be the fact, proved next, that (3.5) gives a semi-
martingale decomposition of the arrival and departure processes, An and Dn, on a single
filtration. To make this precise, let the ‘state’ of the system be given by

Sn(t) = (Xn(t), An(t), Dn(t), RA(U
n(t)), RS(V

n(t)), R̃n
A(t), R̃

n
D(t)), t ≥ 0,

where

R̃n
A(t) = inf{s > 0 : An(t+s) > An(t)}, R̃n

D(t) = inf{s > 0 : Dn(t+s) > Dn(t)}, t ≥ 0

denote the residual times to the next counting events of An and Dn. Let

Fn
t = σ{Sn(s) : 0 ≤ s ≤ t}, t ≥ 0.

Because of the inclusion of R̃n
A and R̃n

D, the (right-continuous) counting processes An and Dn

are {Fn
t }-predictable.

We next compute the (predictable and optional) quadratic (cross-) variations associated

with M̂n
A and M̂n

S . Recall that if ξ1 and ξ2 are piece-wise constant semimartingales then their
optional cross-variation can be computed as

(3.6) [ξ1, ξ2](t) =
∑

0<s≤t

∆ξ1(s)∆ξ2(s), t ≥ 0,

whereas the optional quadratic variation is given by [ξ1](t) = [ξ1, ξ1](t) (see [12, Definition
I.4.45, Theorem I.4.47] for the definition of cross-variation and its computation). The pre-
dictable cross-variation (resp., predictable quadratic variation), denoted by ⟨ξ1, ξ2⟩ (resp., ⟨ξ1⟩)
is defined as the predictable component of [ξ1, ξ2] (resp., [ξ1]).

Lemma 3.1. The processes M̂n
A and M̂n

S are {Fn
t }-square integrable martingales, with optional

quadratic variations

(3.7) [M̂n
A](t) = n−1

An(t)∑
j=1

ζA(j)
2 [M̂n

S ](t) = n−1

Dn(t)∑
j=1

ζS(j)
2, t ≥ 0,

and the optional cross-variation [M̂n
A, M̂

n
S ](t), is an {Fn

t }-martingale. Moreover, the pre-
dictable quadratic variations are given by

(3.8) ⟨M̂n
A⟩(t) = n−1σ2AA

n(t) ⟨M̂n
S ⟩(t) = n−1σ2SD

n(t), ⟨M̂n
A, M̂

n
S ⟩(t) = 0, t ≥ 0.

Remark 3.2. If either interarrival times or service times have continuous distribution, arrivals
and departures never occur at the same time, a.s. In this case the proof somewhat simplifies,
as [M̂n

A, M̂
n
S ](t) = 0 a.s. However, this is not true in general.

Proof. BecauseXn is, by definition, {Fn
t }-adapted, so areHn

i , U
n and V n. Because RA(U

n(·))
is {Fn

t }-adapted and RA(U
n(0)) = RA(0) = ZA(0), one has that ZA(0) is Fn

0 -measurable. The

same is true for ZS(0). In view of the identities (3.5), M̂n
A and M̂n

S are also {Fn
t }-adapted.
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We turn to proving square integrability. To this end, note first that, as a renewal process,
EA(t) < ∞ for all t. Since, by (2.14), Un(t) ≤ cnt for some constant c, it follows that
EAn(t) < ∞ as well, and by a similar argument, EDn(t) < ∞ for all t. Next, for an {Fn

t }-
stopping time τ , denote

(3.9) Fn
τ− = Fn

0 ∨ σ{C ∩ {t < τ} : C ∈ Fn
t , t ≥ 0}.

Then it is a standard fact that τ ∈ Fn
τ− [12, I.1.11, I.1.14]. Consider

sn(k) = inf{t ≥ 0 : An(t) ≥ k}, tn(k) = inf{t ≥ 0 : Dn(t) ≥ k}, k = 1, 2, . . .

These are {Fn
t }-stopping times, and as a consequence

(3.10) sn(k) ∈ Gn
k := Fn

sn(k)−, tn(k) ∈ Hn
k := Fn

tn(k)−, k = 1, 2, . . .

We now argue that

(3.11) ζA(j) ∈ Gn
k for j ≤ k − 1, and {ζA(l), l ≥ k} is independent of Gn

k , k = 1, 2, . . .

and

(3.12) for every t, An(t) is a stopping time on the discrete parameter filtration {Gn
k }.

To this end, let k ≥ 1. The first assertion in (3.11) follows from the fact that {ZA(j), j ≤ k−1}
can be determined from {sn(j), j ≤ k} and {Un(s), s < sn(k)}. We next consider the tuple

Θk = {ZA(j), j = 0, 1, . . . , k − 1, ZS(j), j = 0, 1, 2, . . .}.

By the construction of the model, all the information about the state of the system up to
sn(k)−, namely {Sn(t), t < sn(k)}, is determined by Θk ∈ {Gn

k }, whereas {ZA(l), l ≥ k}
(hence {ζA(l), l ≥ k}) is independent of Θk. This shows the second assertion in (3.11). Thus,
(3.11) is proved. Next, by (3.10),

{An(t) ≤ k} = {sn(k) ≥ t} ∈ Gn
k ,

proving (3.12).

The structure (3.10)–(3.11) makes it possible to apply Wald’s equations. In particular, by
Wald’s second equation [9, Theorem 4.1.6],

E
[(An(t)∑

j=1

ζA(j)
)2]

= E[An(t)]E[ζA(0)2] <∞.

This shows that E[M̂n
A(t)

2] <∞ for all t. The argument for M̂n
S is completely analogous.

For the martingale property of M̂n
A, note first by (3.11) that

(3.13) E[ζA(k)|Gn
k ] = 0.

Next, as in the proof of [8, Lemma 2.1], write

M̂n
A(t) = n−1/2

An(t)∑
k=1

ζA(k) = n−1/2
∑
k≥1

ζA(k)1{sn(k)≤t},
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and for s < t,

E[M̂n
A(t)|Fn

s ]− M̂n(s) = n−1/2
∑
k≥1

E[ζA(k)1{s<sn(k)≤t}|Fn
s ].(3.14)

By (3.10),

(3.15) {s < sn(k) ≤ t} ∈ Gn
k .

By (3.9), if C ∈ Fn
s then C ∩ {s < sn(k)} ∈ Gn

k . As a result, by (3.13),

E[ζA(k)1{s<sn(k)≤t}1C ] = E[E[ζA(k)1{s<sn(k)≤t}1C |Gn
k ]]

= E[E[ζA(k)|Gn
k ]1{s<sn(k)≤t}1C ] = 0, ∀C ∈ Fn

s .

This gives

(3.16) E[ζA(k)1{s<sn(k)≤t}|Fn
s ] = 0.

Hence, going back to (3.14), we have

E[M̂n
A(t)|Fn

s ]− M̂n(s) = 0.

A similar argument holds for M̂n
S . This completes the proof that M̂n

A and M̂n
S are square

integrable {Fn
t }-martingales.

The expression stated for [M̂n
A](t) in (3.7) (similarly for [M̂n

S ](t)) is immediate from (3.4),

which can be written as M̂n
A(t) =

∑
s≤t∆M̂

n
A(s) because it is piecewise constant with finitely

many jumps on finite intervals.

As for the cross-variation, by (3.6),

mn(t) := [M̂n
A, M̂

n
S ](t) = n−1

An(t)∑
k=1

Dn(t)∑
l=1

ζA(k)ζS(l)1{sn(k)=tn(l)}, t ≥ 0.

The {Fn
t }-adaptedness of mn is clear from that of M̂n

A and M̂n
S , and absolute integrability of

the former follows from square integrability of the latter. Let now un(k, l) = min(sn(k), tn(l)).
For k, l ≥ 1, let

Θk,l = {ZA(k
′), k′ < k, , ZS(l

′), l′ < l}.
Then, by construction, all information about {S(s), s < un(k, l)} can be determined by Θk,l,
whereas ZA(k), ZS(l) and Θk,l are mutually independent. This gives

(3.17) E[ζA(k)ζS(l)|Fn
un(k,l)−] = 0, k, l ≥ 1.

Next, for 0 ≤ s < t, it follows from (3.10) that

(3.18) {s < sn(k) = tn(l) ≤ t} ∈ Fn
un(k,l)−.

Using the same reasoning by which (3.16) was derived from (3.13) and (3.15), we can now
deduce

E[ζA(k)ζS(l)1{s<sn(k)=tn(l)≤t}|Fn
s ] = 0

from (3.17) and, respectively, (3.18). Thus

E[mn(t)|Fn
s ]−mn(s) = n−1

∑
k≥1

∑
l≥1

E[ζA(k)ζS(l)1{s<sn(k)=tn(l)≤t}|Fn
s ] = 0,



11

completing the proof of the martingale property of mn.

For the first part of (3.8), it suffices to show that n−1σ2AA
n(t) is the compensator of [M̂n

A](t)
(see [12, Proposition I.4.50 p. 53]). This is an immediate consequence of An being {Fn

t }-
predictable and E[ζA(j)2] = σ2A (indeed, the jumps are predictable because the residual times

are included in the filtration). A similar proof holds for the expression ⟨M̂n
S ⟩. Finally, ⟨M̂n

A, M̂
n
S ⟩

is the compensator of [M̂n
A, M̂

n
S ]. Since the latter is a zero mean martingale, it follows that the

former is zero. □

4. Proof of main result

The proof of Theorem 2.1 is established via a compactness–uniqueness argument. In par-
ticular, it is shown that uniqueness in law holds for equation (2.17) (Lemma 4.3), that the

rescaled processes (X̂n, În) form a tight sequence (Lemma 4.4), and that every subsequen-
tial limit of this pair forms a solution to (2.17) (Lemma 4.5). To state these lemmas, some
additional terminology and notation are required. We prepare them in the next subsection.

4.1. Preliminaries. We first recall some fundamental facts about semimartingales and the
solution of the SDE (2.17).

(i) For a semimartingale ξ, ∆[ξ] = (∆ξ)2, and therefore, the sample paths of [ξ] are
continuous a.s. if and only if ξ is a continuous semimartingale.

(ii) For a continuous semimartingale X and each a ∈ R, one of the equivalent definitions
of the local time LX

a (t) of X at a is

LX
a (t) = lim

ε↓0

1

ε

∫ t

0
1{X(s)∈[a,a+ε)}d⟨X⟩, t ≥ 0.(4.1)

Moreover, LX
a exists a.s., and has a version that it is continuous in t and continuous

in a from the right with left-hand limits.
(iii) For any solution (X,L) to the SDE (2.17), the boundary term L and the local time

LX
0 (t) of X at 0 are related via L(t) = 1

2L
X
0 (t) a.s.

The proofs of these three facts can be found in textbooks. For example, (i) is [12, Theorem
I.4.47 (c)]. For (ii) and (iii), see [22, Corollary VI.1.9] and [21, Section 1.3], respectively. By
these facts, the SDE (2.17) is equivalent to the following SDE for X ∈ C(R+,R+).

(4.2) X(t) = x0 +

∫ t

0
b(X(s))ds+

∫ t

0
σ(X(s))dW (s) +

1

2
LX
0 (t), t ≥ 0,

We aim at showing that there is a unique weak solution (X,W ) of the SDE (4.2), equivalently,
(2.17). Although such results for SDE on R (and on RN ) with discontinuous coefficients
are well-known, there are very few results concerning SDE with reflection and discontinuous
coefficients. To make our exposition self-contained, we include a complete proof. To this
end, we consider another way to characterize the solution X, referred to as the martingale
problem, known as a powerful tool for constructing Markov processes [10,13,24]. It has different
versions depending on whether X has a boundary. We introduce two of them for a continuous
semimartingale X. For this, we use the following notation.
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Let C∞
0 (S,R) be the set of compactly supported functions S → R that are infinitely dif-

ferentiable, where S = R or S = R+, and the differentiability at the origin is from right for
S = R+.

We first recall the martingale problem for a semimartingaleX with sample paths in C(R+,R)
corresponding to an SDE on all of R. While the notion is standard, we mention it here in order
to build on it the corresponding notion for SDE with reflection, such as (4.2). Let G be an
operator on C∞

0 (R,R). For each probability distribution ν on R, if x0 ∼ ν and

f(X(t))−
∫ t

0
Gf(X(s))ds is a local martingale for all f ∈ C∞

0 (R,R),(4.3)

then X is called a solution of the martingale problem for (ν,G,R) (see [10, Section 2.3] for the
definition of a local martingale). When G is the elliptic operator, that is,

Gf(x) = u(x)f ′(x) +
1

2
v(x)f ′′(x), f ∈ C∞

0 (R,R),(4.4)

for measurable bounded functions u, v from R to R such that v(x) > 0 for x ∈ R, X is the
diffusion process with drift u and diffusion coefficient v subject to the initial distribution ν if
and only if X is the solution of the martingale problem (ν,G,R). The proof of this important
characterization can be found in text books (e.g., see [13, Theorem 21.7]).

We next modify this notion so as to characterize the reflecting process X of our interest.
There are several ways to do this. Among the ones that are mentioned in [23, Section 2], we
take the martingale condition in [23, Theorem 2.4], and refine it by (iii). Consider the operator
on the domain C∞

0 (R+,R) defined as

Af(x) = b(x)f ′(x) +
1

2
σ2(x)f ′′(x), x ∈ R, f ∈ C∞

0 (R+,R),(4.5)

with b, σ as in (2.16).

Definition 4.1. A semi-martingale X with sample paths in C(R+,R+) is said to solve the
martingale problem for (ν,A,R+) if x0 ∼ ν and, denoting FX = {FX

t ; t ≥ 0},

f(X(t))−
(∫ t

0
Af(X(s))ds+

1

2

∫ t

0
f ′(X(s))dLX

0 (s)
)

is an FX-local martingale for all f ∈ C∞
0 (R+,R).

(4.6)

The next lemma shows that the solution of the SDE (4.2) is indeed characterized by this
martingale problem.

Lemma 4.2. Let X be a continuous semimartingale. Then X is a weak solution of the SDE
(4.2) if only if X is a solution of the martingale problem for (ν,A,R+). Furthermore, both
solutions are unique in law if either one of them is unique in law.

This lemma can be proved in the exactly same way as the proof of [13, Theorem 21.7].
However, we detail its proof in Appendix A.1 because of its importance in our proofs.
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4.2. Key lemmas and proof of Theorem 2.1. We present key Lemmas 4.3–4.5, from which
Theorem 2.1 follows. We first consider the unique existence of a solution of the SDE (2.17).

Lemma 4.3. Let ν be a Borel probability measure on [0,∞). Then there exists a unique
solution to the martingale problem for (ν,A,R+). Equivalently, there exists a unique weak
solution (X,L,W ) to SDE (2.17) (namely, (X,W ) to SDE (4.2)), with x0 ∼ ν, and the law
of X is equal to the unique solution to the martingale problem (ν,A,R+).

This lemma will be proved in §4.4. It is closely related to [18, Lemma 2.2], but Lemma 2.2
there is nothing to do with any martingale problem. It is also very close to [1, Lemma 4.1(3)].

Next, note that by (3.4) and (3.5), we can write (2.8) as

X̂n = n−1/2Xn = M̂n + n−1/2(Un − V n) + en,

where

(4.7) en(t) = n−1/2
[
RA(U

n(t))−RS(V
n(t))− ZA(0) + ZS(0)

]
, t ≥ 0.

Moreover, by (2.10), (2.11) and the definition of bni , we have n
−1/2(λni −µni ) = bni for 1 ≤ i ≤ K,

and n−1/2λn0 = n1/2λ̄n0 . Therefore

n−1/2(Un − V n) =
K∑
i=1

bni H
n
i + În,

where we have used (2.6), the definition (2.15) of În, recalling from (2.5) that Hn
0 = In. We

arrive at the relation

(4.8) X̂n = Ŷ n + În where Ŷ n = M̂n +
K∑
i=1

bni H
n
i + en.

Finally, let Ān = n−1An and D̄n = n−1Dn, and

enA = [M̂n
A]− ⟨M̂n

A⟩, enS = [M̂n
S ]− ⟨M̂n

S ⟩.

Lemma 4.4. The tuple

(4.9) Σn := (Ān, D̄n, X̂n, În, M̂n, [M̂n], Ŷ n, (Hn
i )0≤i≤K , e

n, enA, e
n
S)

is C-tight in D(R+,R)10+K , and every subsequential weak limit is given by

(4.10) Σ := (Ā, D̄,X, L,M, [M ], Y, (Hi)0≤i≤K , 0, 0, 0),

where M is a martingale, and the following relations hold:

(4.11) (X,L) = Γ(Y ), H0 = 0, Y =M +
K∑
i=1

biHi,

(4.12) Ā =
K∑
i=1

λiHi, D̄ =
K∑
i=1

µiHi, [M ] =
K∑
i=1

σ2iHi.

Lemma 4.5. Given a subsequential limit Σ of Σn as in Lemma 4.4, (X,L) satisfies the SDE
(2.17) for some W , with x0 = 0.
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Lemmas 4.4 and 4.5 will be proved in Sections 4.5 and 4.6, respectively. Before presenting
the proofs of Lemmas 4.3–4.5, we show that Theorem 2.1 follows.

Proof of Theorem 2.1. By the tightness of Σn stated in Lemma 4.4, one has relative
compactness of their laws. By Lemma 4.5, the weak limit of (X̂n, În) along any weakly
convergent subsequence of Σn satisfies (2.17). Because Lemma 4.3 states that uniqueness in

law holds for solutions to (2.17), it follows that the entire sequence (X̂n, În) converges weakly
to the unique-in-law solution to (2.17). □

4.3. Tools. For the proofs of Lemmas 4.3–4.5, we provide some tools regarding martingale
problem, C-tightness, convergence of martingales.

We first introduce a stopped martingale problem. Let x ∧ y = min(x, y) for x, y ∈ R.

Definition 4.6. For a relatively open subset F ⊂ R+, let τ = τF = inf{t ≥ 0;X(t) /∈ F}, and
define the stopped process Xτ ≡ {Xτ (t); t ≥ 0} by Xτ (t) = X(t ∧ τ). Let A be the operator
defined by (4.5). Then, X is said to solve the stopped martingale problem for (ν,A,R+, F ) if
X(·) = X(· ∧ τ) a.s., X(0) ∼ ν, and

f(X(t))−
(∫ t∧τ

0
Af(X(s))ds+

1

2

∫ t∧τ

0
f ′(X(s))dLX

0 (s)
)

is an FX-local martingale for all f ∈ C∞
0 (R+,R).

(4.13)

The martingale problems as well as this stopped ones will be also considered for a different
operator or a different domain in the proof of the lemma below. Furthermore, the state space
of X may be changed, by which the domain of the corresponding operator is also changed.

The following lemma plays crucial roles in proving Lemma 4.3. The basic idea of its proof is
to construct X by alternatively connecting the independent copies of Xτ1 and Xτ2 . The same
idea is used to prove [18, Section 4.1, Fig. 1].

Lemma 4.7. Assume that X is the solution of the martingale problem for (ν,A,R+) with
D(A) for A of (4.5). For z1, z2 such that 0 < z2 < z1 < ℓ1, let F1 = [0, z1) and F2 = (z2,∞),
and let

τi = inf{t ≥ 0;X(t) ̸∈ Fi}, i = 1, 2.

Define the stopped process Xτi ≡ {Xτi(t); t ≥ 0} by Xτi(t) = X(t ∧ τi) for i = 1, 2. Then,
Xτi is the solution of the stopped martingale problem for (ν,A,R+, Fi), which is unique if X
is unique, for each i = 1, 2. Furthermore, X is the unique solution of the martingale problem
for (ν,A,R+) if only if both of Xτ1 and Xτ2 are the unique solutions of the stopped martingale
problems for (ν,A,R+, F1) and (ν,A,R+, F2), respectively.

Proof. This lemma can be proved in the same way as [10, Theorems 4.6.1 and 4.6.2] for the
stopped martingale problems because F1 ∪ F2 = R+ and Xτi ≡ 0 for x0 ̸∈ Fi for i = 1, 2. □

Lemma 4.8. A sequence of processes ξn with sample paths in D(R+,R) is C-tight if and only
if the following two conditions hold:
For every T > 0, ε > 0, there are n0 and k such that if n > n0,

P(∥ξn∥∗T > k) < ε;
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For every T > 0, ε > 0, η > 0, there are n0 > 0, θ > 0 such that if n > n0,

P(wT (ξ
n, θ) > η) < ε.

Proof. See [12, Proposition VI.3.26, p. 351]. □

Lemma 4.9. For n ∈ N, let M̌n be a square-integrable martingale with M̌n(0) = 0 a.s. If the
sequence ⟨M̌n⟩ is C-tight in D(R+,R) then the sequence M̌n is tight in D(R+,R).

Proof. See [12, Theorem VI.4.13, p. 358]. □

Lemma 4.10. For n ∈ N, let M̌n be a local martingale, and assume

sup
n

E(sup
s≤t

|∆M̌n(s)|) <∞ for all t.

Then M̌n ⇒M implies that (M̌n, [M̌n]) ⇒ (M, [M ]).

Proof. See [12, Corollary VI.6.30, p. 385]. □

4.4. Proof of Lemma 4.3. We first prove that the SDE (2.17) has a weak solution (X,L,W ).
For this, extend b and σ defined on R+ to u and v defined on R via

u(x) = sgn(x)b(|x|), v(x) = sgn(x)σ(|x|), x ∈ R,(4.14)

where sgn(x) = 1 if x > 0 and −1 if x ≤ 0. By [14, Theorem 5.15 p. 341], the SDE

dQ(t) = u(Q(t))dt+ v(Q(t))dW̃ (t), Q(0) ∼ ν̃.(4.15)

has a unique weak solution (Q, W̃ ), where W̃ is the standard Brownian motion, and an ex-
plosion never occurs in finite time by [13, Theorem 23.1] because 1/σ2(x) is locally integrable.

Furthermore, the quadratic variation [Q](t) =
∫ t
0 v

2(Q(s))ds is continuous in t ≥ 0, so Q is a
continuous semimartingale by (i) in §4.1.

Define X(t) = |Q(t)| and W (t) = sgn(Q(t))W̃ (t) for t ≥ 0, then it follows by Tanaka’s
formula [22, Theorem IV.1.2, p. 222], (X,W ) satisfies the SDE

dX(t) = b(X(t)) + σ(X(t))dW (t) + dLQ
0 (t), x0 ∼ ν,(4.16)

where LQ
0 is the local time of Q at 0. Now,

LQ
0 (t) = lim

ε↓0

1

2ε

∫ t

0
1{−ε<Q(s)<ε}σ

2
1ds = lim

ε↓0

1

2ε

∫ t

0
1{0≤X(s)<ε}d⟨X⟩(s) = 1

2
LX
0 (t),

because X(s) = |Q(s)| and
∫ t
0 1(0 ≤ X(s) < ε)⟨X⟩(s) = σ21t for ε < ℓ1. Hence, L(t) = LQ

0 (t) =
1
2L

X
0 (t), and therefore the law of (X,L) is determined by that of X. Thus, (X,L,W ) is the

weak solution of the SDE (2.17), equivalently, (X,W ) is a weak solution of the SDE (4.2).
Hence, by Lemma 4.2, X is also the solution of the martingale problem for (ν,A,R+).

We next show the uniqueness of this solution X. To this end, we consider two stopped
processes Xτ1 and Xτ2 defined in Lemma 4.7. Let (X1, L) ∈ C∞

[0,∞)(R+)× C↑(R+,R+) be the
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solution of the SDE

dX1(t) = b1dt+ σ1dW1(t) + dL(t), X1(0) ∼ ν,∫
[0,∞)

X1(t)dL(t) = 0.
(4.17)

where W1 is the one dimensional standard Brownian motion. Then, it is well known that
X1 is the unique strong solution of the SDE (4.17), called the reflecting Brownian motion on
[0,∞). Furthermore, X1 is a reflecting process similar to the solution X of the SDE (2.17),

and therefore L = 1
2L

X1
0 similarly by (iii) in §4.1.

Define operator A1 with domain C∞
0 (R+,R) as

A1f(x) = b1f
′(x) +

1

2
σ21f

′′(x), f ∈ C∞
0 (R+,R).(4.18)

Since the SDE (4.17) has the unique solution and L = 1
2L

X1
0 , X1 is the unique solution of the

martingale problem (ν,A1,R+) by Lemma 4.2 for A = A1. Hence, by Lemma 4.7, the stopped
process Xτ1

1 is also the unique solution of the stopped martingale problems for (ν,A1,R+, F1).
Furthermore, Xτ1

1 is identical with Xτ1 in law. Since we already see that X is the solution of
the martingale problem for (ν,A,R+), X

τ1 is the unique solution of the stopped martingale
problem for (ν,A,R+, F1) by Lemma 4.7.

We next consider the process Q, and recall that it is the unique weak solution of the SDE
(4.15). Then, Q is the unique solution of the martingale problem for (ν,G,R) by [13, Theorem
21.7], where G is given by (4.4) with u, v of (4.14). Hence, Qτ2 is also the unique solution of
the stopped martingale problem for (ν,A,R, F2) by Lemma 4.7. Furthermore, Qτ2 is identical
with Xτ2 in law because Af(x) for x ∈ F2 is unchanged and both of Qτ2 and Xτ2 are positive
valued, so Xτ2 is the unique solution of the stopped martingale problem (A, ν,R+, F2).

Thus,Xτ1 andXτ2 are the unique solutions of the stopped martingale problems for (ν,A,R+, F1)
and (ν,A,R+, F2), respectively. Hence, by Lemma 4.7, X is the unique solution of the mar-
tingale problem (ν,A,R+), and therefore X is also the unique solution of the SDE (4.2) by
Lemma 4.2. □

4.5. Proof of Lemma 4.4. The proof proceeds in several steps.

Step 1. The sequence (Ān, D̄n) is C-tight, and, for each t, the sequences Ān(t) and D̄n(t)
are uniformly integrable.

To prove the claim regarding C-tightness, recall that A is a renewal process for which the
first moment of inter-event distribution has mean 1. Therefore n−1A(n·) → ι in probability.
Let Ān(t) = n−1An(t), then

(4.19) Ān(t) = n−1A
(
n

K∑
i=0

λ̄ni H
n
i (t)

)
,

and noting that λ̄ni are bounded and Hn
i are 1-Lipschitz, gives C-tightness of Ān in view of

Lemma 4.8. A similar conclusion holds for D̄n.
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As for the claim of uniform integrability, in view of (4.19), the boundedness of λ̄ni and the
bound Hn

i (t) ≤ t, one has for fixed t, Ān(t) ≤ n−1A(cn) for some deterministic c = c(t).
Uniform integrability of n−1A(cn) is well known (see [11, (5.6), Chapter 2, page 58]), proving
the claim for Ān(t), and similarly for D̄n(t).

Step 2. Let Z(j), j = 1, 2, . . . be a collection of i.i.d. random variables such that E[Z(1)2] <
∞. Then

(4.20) n−1/2max
j≤n

Z(j) → 0 in probability, as n→ ∞.

This is a standard fact, but for completeness we provide a proof. Fix ε > 0. Then, denoting
Zε = ε−2Z(1)2,

P(n−1/2max
j≤n

Z(j) > ε) ≤ nP(Z(1) > εn1/2) ≤ nP(Z(1)2 > ε2n)

= 2
n

2
P(Zε > n) ≤ 2

∑
[n/2]≤k≤n

P(Zε > k) ≤ 2
∑

k≥[n/2]

P(Zε > k).

The last expression converges to 0 as n→ ∞, because, by assumption, E[Zε] <∞. This proves
(4.20).

Step 3. The processes en, enA and enS converge to 0 in probability in D(R+,R).

We prove the claim regarding enA (a similar proof holds for enS). By Lemma 3.1,

enA(t) = n−1

An(t)∑
j=1

β(j), β(j) = ζA(j)
2 − σ2A.

Denoting γ(N) =
∑N

j=1 β(j), N ∈ Z+, we have enA(t) = n−1γ(An(t)). Fix t. Given ε, using

Step 1, we can find c such that P(Ān(t) > c) < ε. On the event Ān(t) ≤ c,

∥n−1γ(An(·))∥∗t ≤ n−1∥γ∥∗[cn].

Now, β(j) are i.i.d. with mean 0. By the functional LLN, N−1∥γ∥∗N → 0 in probability as
N → ∞. Thus for any δ > 0

P(Ān(t) ≤ c, ∥enA∥∗t > δ) ≤ P(n−1∥γ∥∗[cn] > δ) → 0,

as n→ ∞. Hence lim supn P(∥enA∥∗t > δ) ≤ ε. Since ε > 0 is arbitrary, this shows that enA → 0
in probability.

We now show that ∥en∥∗t → 0 in probability as n → ∞ for each fixed t ≥ 0. It suffices to
show

sup
0≤s≤t

n−1/2RA

(
K∑
i=0

λnHn
i (s)

)
→ 0 in probability as n→ ∞,(4.21)

and a similar statement for the term involving RS in (4.7). To this end, using (3.1), we can
write

sup
0≤s≤T

RA(s) = max
0≤j≤A(T )

ZA(j).
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Fix c > 0, ε > 0 and δ > 0. Let n0 and c1 <∞ be such that P(A(cn) > c1n) < δ for all n > n0
(such constants exist again by the fact that n−1A(n·) → ι in probability). Then

P(n−1/2∥RA∥∗cn > ε) ≤ P(A(cn) > c1n) + P(n−1/2 max
0≤j≤c1n

ZA(j) > ε).

The first term on the right is bounded by δ for n > n0, and the second term converges to 0
as n → ∞, by Step 2. Sending δ → 0, it follows that limn→∞ P(n−1/2∥RA∥∗cn > ε) = 0. In

other words, n−1/2∥RA∥∗cn → 0 in probability. for any constant c. Because this constant c is
arbitrary,

∑
iH

n
i (t) = t, and λ̄ni are bounded, this shows that (4.21) holds. A similar argument

holds for the term involving RS , and it follows that ∥en∥∗t → 0 for each fixed t ≥ 0.

Step 4. The sequences ⟨M̂n⟩ and [M̂n] are C-tight in D(R+,R).

In view of Lemma 3.1, the C-tightness of ⟨M̂n
A⟩ and ⟨M̂n

S ⟩ follows from that of Ān and D̄n,
proved in Step 1. In view of (3.8),

⟨M̂n⟩ = ⟨M̂n
A⟩ − 2⟨M̂n

A, M̂
n
S ⟩+ ⟨M̂n

S ⟩ = ⟨M̂n
A⟩+ ⟨M̂n

S ⟩,

and the C-tightness of ⟨M̂n⟩ follows.

By Step 3 and the C-tightness of ⟨M̂n
A⟩ and ⟨M̂n

S ⟩, [M̂n
A] and [M̂n

S ] are also C-tight. To

prove C-tightness of [M̂n] it thus suffices to prove C-tightness of mn = [M̂n
A, M̂

n
S ]. We argue as

follows. Given T and δ,

wT (m
n, δ) = sup

{∣∣∣ ∑
t1<s≤t2

∆M̂n
A(s)∆M̂

n
S (s)

∣∣∣ : 0 ≤ t1 < t2 ≤ T, t2 − t1 ≤ δ
}

≤ sup
{ ∑

t1<s≤t2

1

2
(∆M̂n

A(s)
2 +∆M̂n

S (s)
2) : 0 ≤ t1 < t2 ≤ T, t2 − t1 ≤ δ

}
≤ 1

2
(wT ([M̂

n
A], δ) + wT ([M̂

n
S ], δ)).

Similarly, ∥mn∥∗T ≤ ([M̂n
A](T ) + [M̂n

S ](T ))/2. As a result, C-tightness of mn follows from that

of [M̂n
A] and [M̂n

S ], by virtue of Lemma 4.8.

Step 5. The sequence M̂n is tight in D(R+,R). This is immediate from Step 4, using
Lemma 4.9.

Step 6. The sequence (M̂n, [M̂n]) is C-tight, and if, along a subsequence, M̂n ⇒ M , then

(M̂n, [M̂n]) ⇒ (M, [M ]) along this subsequence.

To prove this statement, we first verify the condition

(4.22) sup
n

E(sup
s≤t

|∆M̂n(s)|) <∞ for all t.

To this end, write

E(sup
s≤t

|∆M̂n
A(s)|) ≤ 1 +

∫ ∞

1
P(n−1/2 sup

j≤An(t)
|ζA(j)| > r)dr ≤ 1 +

∫ ∞

1

E(supj≤An(t) ζA(j)
2)

nr2
dr.
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For t ≥ 1, we have An(t) ≤ A(cnt) for suitable constant c, and so

E
[

sup
j≤An(t)

ζA(j)
2
]
≤ E

[
sup

j≤A(cnt)
ζA(j)

2
]
≤ E

[A(cnt)∑
j=1

ζA(j)
2
]
= E(A(cnt))E(ζA(1)2).

Since E(A(cnt)) ≤ c1nt for some constant c1, we obtain that E(sups≤t |∆M̂n
A(s)|) is bounded

uniformly in n. A similar statement holds for M̂n
S , and, since |∆M̂n| ≤ |∆M̂n

A|+ |∆M̂n
S |, also

for M̂n. This verifies (4.22).

Consider a subsequence along which M̂n converges in distribution in D(R+,R) and denote

its limit byM . We can now apply Lemma 4.10 by which, under condition (4.22), (M̂n, [M̂n]) ⇒
(M, [M ]) holds along the same sequence. Next, in view of Step 4, [M ] is continuous. This

implies that M is also continuous by item (i) of §4.1. Therefore (M̂n, [M̂n]) is C-tight.

Step 7. Σn is C-tight.

To prove this statement, it remains to show the C-tightness of X̂n, În, Ŷ n and Hn. To this
end, note that X̂n = Ŷ n + În ≥ 0 and, by definition,∫

[0,∞)
X̂n(t)dÎn(t) = 0.

As a result, we can rewrite (4.8) as

(4.23) (X̂n, În) = Γ(Ŷ n).

Now, Hn
i are uniformly Lipschitz and are therefore C-tight. Also, bni are bounded, therefore

it follows from Steps 1 and 6 that Ŷ n are C-tight. The Lipschitz continuity of the map
Γ : D(R+,R) → D(R+,R)2 with respect to the uniform topology on compacts, implies that
the sequence (4.9) C-tight, and that the relation (4.23) is preserved under the limit. Moreover,

the tightness of În implies that H0 = 0.

Step 8. Fix a convergent subsequence of (4.9) and denote its weak limit by (4.10). Then M
is a martingale and relations (4.11) and (4.12) hold.

Because M is the weak limit of the martingales M̂n, to show that M is a martingale, it suf-
fices to show that for fixed t, M̂n(t) are uniformly integrable. This is true by supn E(M̂n(t)2) <
∞, which follows from Lemma 3.1 and supn n

−1EAn(t) <∞. Hence M is a martingale.

As for (4.11), we have already shown its first two parts. Its last part is immediate from
(4.8).

Next, we show (4.12). The fact that the limit Ā of Ān is given by the expression in (4.12)
follows from (4.19) and the convergence n−1A(n·) → ι. The form (4.12) of D̄ follows similarly.

It remains to show that [M ] is given by the expression in (4.12). By Lemma 3.1 and the

convergence of (Ān, D̄n), we have (⟨M̂n
A⟩, ⟨M̂n

S ⟩) ⇒ (σ2AĀ, σ
2
SD̄). Because ⟨M̂n

A, M̂
n
S ⟩ = 0, it

follows that ⟨M̂n⟩ ⇒ σ2AĀ+σ2SD̄, which is
∑K

i=1 σ
2
iHi, in view of σ2i = λiσ

2
A+µiσ

2
S , 1 ≤ i ≤ K.
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By Step 6, (M̂n, [M̂n]) ⇒ (M, [M ]) along the convergent subsequence. Suppose we also
show that the limit along this subsequence satisfies

(4.24) ⟨M⟩ = H̃ :=

K∑
i=1

σ2iHi.

Since M is a continuous martingale, [M ] = ⟨M⟩, and thus the expression for [M ] in (4.12)
would be proved.

Thus, it remains to show (4.24). To this end, note that we have shown that

Λn := (M̂n)2 − ⟨M̂n⟩ ⇒ Λ :=M2 − H̃.

Let us show that Λn(t) are uniformly integrable for each t. Recall from Step 1 that Ān(t) and

D̄n(t) are uniformly integrable for each fixed t. In view of (3.8), this implies that ⟨M̂n⟩(t)
is uniformly integrable. By the definition (3.4), we can apply [11, Theorem 6.2, Chapter 1,

page 32] to M̂n
A and M̂n

S , which gives the uniform integrability of (M̂n
A)

2(t) and (M̂n
S )

2(t).

This proves the uniform integrability of (M̂n)2(t) because (M̂n)2(t) ≤ 2[(M̂n
A)

2(t)+ (M̂n
S )

2(t)].

Hence, Λn(t) is uniformly integrable. Next, let F̃t = FH̃
t ∨ FM

t . We will now show that Λ is

an {F̃t}-martingale. Since this process is adapted and integrable, it remain to show that for

0 ≤ s ≤ t, E[Λ(t) − Λ(s)|F̃s] = 0 a.s. For this, it suffices that for any bounded continuous
h : D(R+,R)× C(R+,R) → R,

(4.25) E[h(M(· ∧ s), H̃(· ∧ s))(Λ(t)− Λ(s))] = 0.

Since Λn is an {Fn
t }-martingale for each n ≥ 1, we have

E[h(M̂n(· ∧ s), ⟨M̂n⟩(· ∧ s))(Λn(t)− Λn(s))] = 0.

The convergence (M̂n, ⟨M̂n⟩, Λn) ⇒ (M, H̃, Λ), the boundedness of h and uniform integrability

of Λn(s) and Λn(t) imply (4.25). This shows that Λ is an {F̃t}-martingale. Since H̃ is adapted
to this filtration and continuous, it is predictable on it. Hence by the uniqueness of the Doob-
Meyer decomposition for the submartingale M2, we conclude that ⟨M⟩ =

∑K
i=1 σ

2
iHi. This

proves (4.24) and completes the proof of the lemma. □

4.6. Proof of Lemma 4.5. Fix a convergent subsequence of Σn (as in (4.9)), and denote its
limit by Σ (as in (4.10)). The convergence of this tuple occurs in a space D(R+,R)10+K , a
Polish space. Thus one can invoke Skorohod’s representation theorem [5, Theorem 25.6], and
assume without loss of generality that this convergence is a.s. We show that this a.s. limit
establishes (2.17), which proves Lemma 4.5.

Denote Ft = FX
t ∨ FM

t . We show that M is an {Ft}-martingale, by an argument similar
to the one in Step 8 of the proof of Lemma 4.4. Clearly, it is adapted and integrable, so it
remains to show that for 0 ≤ s ≤ t, E[M(t) −M(s)|Fs] = 0 a.s. For this, it suffices to show
that for any bounded continuous h : D(R+,R)2 → R,
(4.26) E[h(X(· ∧ s),M(· ∧ s))(M(t)−M(s))] = 0.

Since M̂n is an {Fn
t }-martingale, we have

E[h(X̂n(· ∧ s), M̂n(· ∧ s))(M̂n(t)− M̂n(s))] = 0.
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Moreover, (X̂n, M̂n) → (X,M) a.s. in D(R+,R)2, and so (4.26) will follow provided that

h(X̂n(· ∧ s), M̂n(· ∧ s))(M̂n(t)− M̂n(s)) are uniformly integrable. This last condition holds by

the boundedness of h and the fact that supn E(M̂n(t)2) < ∞, which follows from Lemma 3.1
and supn n

−1EAn(t) <∞.

Next we show that

(4.27)

∫ ∞

0
1{Xt=ℓ}dt = 0, ℓ = ℓ0, ℓ1, . . . , ℓK−1, a.s.

To this end, note first that, a.s., d⟨M⟩(t) = d[M ](t) ≥ c1dt as measures, where c1 = min1≤i≤K σ2i >

0. This follows from the fact that
∑K

i=1Hi(t) = t (recall that H0 = 0), and the expression for
[M ] in (4.12).

Fix 0 ≤ i ≤ K − 1 and set ℓ = ℓi. Then by the occupation time formula [22, Corollary
VI.1.6], ∫ t

0
1{Xs=ℓ}d⟨X⟩(s) =

∫ ∞

0
LX
a (t)1{a=ℓ}da = 0.

But d⟨X⟩(t) = d⟨M⟩(t) ≥ c1dt, and (4.27) follows.

Finally, we show that for any subsequential limit (4.10) of (4.9), the law of X is a solution
to the martingale problem.

The convergence X̂n → X and the continuity of X imply that for fixed t > 0, X̂n → X

uniformly in [0, t] a.s. As a result,
∫ t
0 g(X̂

n(s))ds →
∫ t
0 g(X(s))ds a.s. for every g that is

continuous and bounded. For any deterministic sequence cn → 0, we similarly have∫ t

0
g(X̂n(s) + cn)ds→

∫ t

0
g(X(s))ds

a.s. for all such g. Thus m̃n → m̃ a.s., where m̃n and m̃ are the probability measures on R
defined by

m̃n([a, b]) = t−1

∫ t

0
1{X̂n(s)+cn∈[a,b]}ds, m̃([a, b]) = t−1

∫ t

0
1{X(s)∈[a,b]}ds, −∞ < a < b <∞.

Hence Portmanteau’s theorem gives that, for C > 0, if m̃({C}) = 0 a.s. then a.s.,

m̃n((−∞, C]) → m̃((−∞, C]).

To use this fact, fix 1 ≤ i ≤ K − 1 and let C = ℓi and cn = −n−1/2ℓni + ℓi. By (2.9), cn → 0.
By (4.27), m̃({C}) = 0 a.s. This shows that, a.s.,∫ t

0
1{Xn(s)≤ℓni }ds =

∫ t

0
1{X̂n(s)+cn≤ℓi}ds→

∫ t

0
1{X(s)≤ℓi}ds.

From this, we obtain that Hi, 1 ≤ i ≤ K, which are the limits of Hn
i =

∫ ·
0 1{Xn(s)∈Sn

i }ds, are

given by Hi =
∫ ·
0 1{X(s)∈Si}ds. As a result,

K∑
i=1

biHi(t) =

∫ t

0
b(X(s))ds,
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where the expression (2.16) for b is used. Hence, let Y (t) =
∫ t
0 b(X(s))ds +M(t), then, from

(4.11), we have

X(t) =

∫ t

0
b(X(s))ds+M(t) + L(t), (X,L) = Γ(Y ).(4.28)

As for [M ], the expression in (4.12) and the fact that H0 = 0 shows that

[M ](t) =
K∑
i=1

σ2iHi =
K∑
i=0

σ2iHi =

∫ t

0
σ2(X(s))ds,

where the expression in (2.16) for σ is used. As explained in the proof of Lemma 4.2 in
Appendix, this implies that there exists a standard Brownian motion W which is independent
of X such that

M(t) =

∫ t

0
σ(X(s))dW (s), t ≥ 0.

Hence, (4.28) implies (2.17). □

Appendix

A.1. Proof of Lemma 4.2. Assume that a continuous semimartingale X is the solution of
the SDE (4.2). Then, applying Ito’s formula to (4.2) for test function f ∈ C∞

0 (R+,R),

f(X(t)) = f(x0) +

∫ t

0

(
Af(X(s))ds+

1

2
f ′(X(s))dLX

0 (s)

)
+

∫ t

0
f ′(X(s))σ(X(s))dW (s).

(1.1)

This equation shows that X solves the martingale problem (ν,A,R+) because∫ t

0
f ′(X(s))σ(X(s))dW (s) is a martingale.

Conversely, assume that X solves the martingale problem for (ν,A,R+). For i = 1, 2, denote
the local martingale in (4.6) for f(x) ∈ C∞

0 (R+,R) such that f(x) = xi for x ∈ [0, n) for each

fixed integer n ≥ 1 by Mi ≡ {Mi(t); t ≥ 0}, and let χ(t) =
∫ t
0 2b(X(s))ds + LX

0 (t). Since χ is
continuous and has bounded variations, we have, through localization arguments,

M1(t) = X(t)− x0 −
1

2
χ(t), t ≥ 0,(1.2)

M2(t) = X2(t)−X2(0)−
∫ t

0
(X(s)dχ(s) + σ2(X(s))ds), t ≥ 0,(1.3)
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and both of M1 and M2 are continuous. On the other hand, from Ito integration formula to
X for test function f(x) = x2 and (1.2),

X2(t) = 2

∫ t

0
X(s)dX(s) + [X](t)

= 2

∫ t

0
X(s)dM1(s) +

∫ t

0
X(s)χ(ds) + [X](t), t ≥ 0,

where [X] is the quadratic variation of X. Substituting this X2(t) into (1.3) and writing dX(s)
as dM1(s) + 2−1dχ(s) by (1.2), we have

M2(t)− 2

∫ t

0
X(s)dM1(s) = [X](t)−

∫ t

0
σ2(X(s))ds.

The left-hand side of this equation is a continuous martingale, while its right-hand side is
a process with bounded variations. Since a continuous martingale cannot have a bounded
variation component as is well known, both sides must vanish, and therefore, using (1.2), we
have

[M1](t) = [X](t) =

∫ t

0
σ2(X(s))ds, t ≥ 0.(1.4)

Thus, by the well known characterization of Brownian motion by a local martingale (e.g.,

see [13, Theorem 18.12]), there exists a standard Brownian motion Ŵ which is independent of
X such that

M1(t) =

∫ t

0
σ(X(s))dŴ (s), t ≥ 0,

This together with (1.2) implies the SDE (4.2). Thus, if X is the solution of the martingale

problem for (ν,A,R+), then (X, Ŵ ) is the weak solution of the SDE (4.2). This together with
the first paragraph completes the proof of this lemma. □
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dam, 2014.
[22] D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of Grundlehren der Math-

ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
third edition, 1999. xiv+602 pp.

[23] D. W. Stroock and S. R. S. Varadhan. Diffusion processes with boundary conditions. Communications on
Pure and Applied Mathematics, 24:147–225, 1971.

[24] D. W. Stroock and S. R. S. Varadhan. Multidimensional Diffusion Processes. Springer, New York, 1979.
[25] A. Weerasinghe. Diffusion approximations for G/M/n+ GI queues with state-dependent service rates.

Mathematics of Operations Research, 39(1):207–228, 2014.

Viterbi Faculty of Electrical and Computer Engineering, Technion – Israel Institute of
Technology, Haifa, Israel

Email address: rami@technion.ac.il

Department of Information Sciences, Tokyo University of Science, Noda, Chiba, Japan

Email address: miyazawa@rs.tus.ac.jp


	1. Introduction
	1.1. Related work
	1.2. Paper organization and notation

	2. Model and main results
	2.1. Sequence of queueing models
	2.2. Heavy traffic conditions and main theorem

	3. Daley-Miyazawa decompositions
	4. Proof of main result
	4.1. Preliminaries
	4.2. Key lemmas and proof of Theorem 2.1
	4.3. Tools
	4.4. Proof of Lemma 4.3.
	4.5. Proof of Lemma 4.4.
	4.6. Proof of Lemma 4.5.

	Appendix
	A.1. Proof of Lemma 4.2

	References

