TRIMMED BRANCHING RANDOM WALK
AND A FREE OBSTACLE PROBLEM
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ABSTRACT. Consider N particles performing random walks on the e-grid (¢Z)?, ¢ > 0 with
branching and density-dependent selection: When one of the particles branches, a particle is
removed from the most populated site. The walks are assumed to be asymptotic, as € — 0,
to diffusion processes of the form
dX;(t) = b(Xi(t))dt + V2dWi(t),
for b a given vector field. Denoting £L* = A — V - (b-), the hydrodynamic limit, as N — oo
followed by € — 0, is characterized in terms of a parabolic free obstacle problem
Ou=Luy+u—p

where 8 is a measure on R? x [0,00) supported on {(z,t) : u(z,t) = |u(-,t)|ec}. Here, the
unknowns are u, the mass density, and 3, the removal measure, for which t — S(R? x [0, ])
is prescribed. This is analogous to the well-understood relation between particle systems
with spatial selection and free boundary problems, but the techniques require quite different
ideas. The key ingredients of the proof include PDE uniqueness for continuous densities and
a uniform-in-¢ estimate on modulus of continuity of prelimit densities. The work gives rise to
open problems such as “flat top” versus “sharp top” solutions, which are discussed based on
concrete examples.

1. INTRODUCTION

1.1. Setting and main result. We consider N continuous time random walks on the e-grid
S. := (¢Z)?, 0 < ¢ < 1, with branching and selection. Branching occurs according to a
rate-1 Poisson process for each particle. Upon branching, one particle is removed from the
most populated site. As ¢ — 0, the walks are asymptotic to mutually independent diffusion
processes given by
dX;(t) = b(Xi(t))dt + v/2dWi(t),

where b is a given vector field. We are interested in characterizing the hydrodynamic limit,
as N — oo followed by € — 0, in terms of a free obstacle problem. In a scenario where each
site can contain no more than h/N particles, h > 0 a given constant, and particles are removed
when this number is exceeded, the limiting particle density u will satisfy a parabolic PDE with
an obstacle given by u(z,t) < h. In our setting, trimming is applied in a way that the number
of particles is preserved, leading to a global condition [ u(xz,t)dz = 1 and an obstacle of the
form u(x,t) < h(t), where h is free (i.e., not prescribed).
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To give a precise description of the setting, let k;, 1 < ¢ < 2d be defined as k; = e;,

kiva = —e;, 1 < 4 < d, where e; are the coordinate vectors in R?. The generator of the
single-particle Markov process is given by
(1) Lof(@) =) rei@)(f(z+eki) - f(x), z€S.,

i<2d

where the jump rates have the form

rei(x) = e 2+ 6_1(]571(1‘), red8., 1<i<2d.
Denote
(2) be(x) = Y geil@)ki,  z€S..
i<2d
Throughout, | - | denotes Euclidean norm in R

Assumption 1.1 (Drift).
(i) There exists a vector field b € C}(RY,R) with b and Vb globally Lipschitz, such that with
be defined via ,
(3) lim sup |b-(x) — b(z)| = 0.
e—0 TES:

(i1) There ezist Cy € (0,00) and eg € (0,1) such that for all e € (0,e9), x,y € Sz and i € [2d],
one has ¢ i(z) < C1 and
o (z + k) (x) (y + eki) (y)

Qe,i(T + €K;) — qei(T Qei\y + €Ki) — qe iy
|6e,i(2) — ¢ei(y))| < Cilz —yl, - - .

< Cilz —yl.

As we note in Appendix [A] given b € C} (R?, R?Y) with b and Vb globally Lipschitz, there
always exists g. such that (g, b, b) satisfy Assumption

Let the collection of living particles at time ¢ be denoted by X;(¢) = XN (t),i € {1,...,N}.
Let

(o) = 3 O ).

To emphasize the dependence on ¢ we will sometimes write the above as & A

For p € [1,0c], let |f|, denote the L, norm of a function f : R — Ror f : S. — R.
Let the space of finite (respectively, probability) Borel measures on R? be denoted by M (R%)
(respectively, M1(R%)), and equip it with the topology of weak convergence. Following is an
assumption on the initial empirical measures, 5(])V .

Assumption 1.2 (Initial condition). There exists a uniformly continuous ug € C(R%,R,),
and for every 0 < e < 1 there exists u((f) : S = Ry such that the follows holds.

i. [uoh =1 and [ul|; = 1.

1. Denoting

&7 =3 uf (@),

TES:
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one has §§’N — 5(()5) in probability in M1(R?) as N — oc.

ii. One has sup,es. \afdugs) () —up(z)| = 0 ase — 0.

Remark 1.3. Consider YZ-N, t=1,...,N iid with a uniformly continuous density ug and
let Xf’N(O), i=1,...,N be a discretization of Y; such as ¢|e~'Y;|, with |-| applied compo-
nentwise. Then Assumption holds with u((f) (x) = f[m 1te] %o [ea,ma-te] uo(y)dy for z € S..

We are interested in a macroscopic description of the particle system in terms of a PDE.

For f € C%(R?, R), denote
Lf=Af+0b-Vf, Lf=Af =V - (bf).
The PDE is concerned with a pair (u, 3), where u(-, t) is the macroscopic density at time ¢, and
[ describes the distribution of mass removal. Let ./\/lloc(]Rd x R, ) denote the space of Borel
measures on R? x R, that are finite on R? x [0, 7] for every T, equipped with the topology of
weak convergence on R? x [0, 7] for every T. Let
MORE X RY) = {p € Mige(R x Ry) - (R x [0,T]) =T, T > 0}.

Any p € MW(R? x R, ) can be disintegrated as p(dx, dt) = ps(dz)dt where p; is a probability
measure for a.e. ¢, and the notation p; will be used for this disintegration, throughout the
paper. Let MM (S. x Ry) be defined analogously.

For u € Cy(R% x Ry, Ry) let
(5) BY .= {ﬁ e MOMREXRL) @ Bi({z: ulz,t) < |ul-t)]s}) = 0 for ace. t}.

For (u, B) € Cp(R? x Ry, Ry ) x MI(R? x R, ), the PDE reads
(6) Ou=Luytru—PB,  u(,0)=u, SeB".

Definition 1.4 (Solution to (§). A solution to () is a pair (u,8) € Cp(R? x Ry, Ry) x
MR x R, satisfying B € BY and for any t > 0 and any ¢ € CX(R?),

(oo u(- 1) = (o) + /0 (Lo + pru(-,s))ds — /0 (o, Bo)ds .

We now construct the processes & via Poisson random measures (PRM). Fix . For the
purpose of tie breaking, fix a total order <, on the grid S.. For a finite nonzero measure £ on
S:, let argmax ¢ = {x : £(z) = max, {(y)} and arg max* ¢ be the unique z € argmax¢ such
that © <, y for all y € argmax&. Define similarly arg max* u for a function v : S — R4 with
0< ]uh < Q.

Let IT and T" be PRM on S; x [2d] x Ry x Ry and, respectively, S; x Ry x R, with intensity
measures (D, s 0y(dz))(D_,<040;(di))d0 dt and respectively, (3_, s dy(dz))dddt. Assume
that the initial condition &}, IT and T' are mutually independent. Then &V is given by

1
— Lio Ny o1 (0)(Ogper, — 02)1(dx, di, dO, ds
N Sex[Qd]xR+x[O7t} [0,Nr;( )gi\i( )}( )( +ck ) ( )

1
+ = 1 NO0) (02 = 0o maxe I'(dx,db,ds).
N Jooxmy nion ONE 1(0)( gmax ¢V )T( )

& =&+

(7)
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The process & has sample paths in D(R;, M(R%)). We equip D with the induced Skorohod
topology. Define

BN (dzx, dt) =6 dzx)dt.

arg max* ng (

Let U(R? x R,) denote the set of functions u € C(R? x Ry, R, ) satisfying, for every T,
SUD¢e0,7] |u(+,t)|oo < 00, and the condition

& — u(z,t) is continuous in z uniformly in (z,t) € R x [0, T7.
Our main result is as follows.

Theorem 1.5. Let Assumptions and[1.3 hold.

(a) Consider equation @ with initial condition ug as in Assumption . Then, within the
class UR? x Ry) x MD(RY x Ry), there exists a unique solution (u, B) to ().

(b) Let

o(dzr) = up(z)dz, &(dw) = u(x, t)dz, t > 0.

Then there exists a sequence ex | 0 such that, with (§(N>,B<N)) = (&N pENnNY one has
(€M) BNy = (€, 8) in D(Ry, M(R%)) x MI(R? x R, in probability.

1.2. Related work. Particle systems with selection were proposed in [8,|9] as models for
natural selection in population dynamics, where the position of a particle on the real line
represents the degree of fitness of an individual to its environment. A closely related model,
referred to as the N-particle branching Brownian motion (N-BBM), was introduced in [20].
Here, N Brownian particles on the line are subject to branching and selection, where upon each
branching event, the leftmost particle is removed. At the hydrodynamic limit, it was shown
to give rise to a free boundary problem (FBP) [6,/13]. Various other particle systems with
selection, with and without branching, were characterized by FBP at the hydrodynamic limit,
including Brownian systems in dimension one [1,{11] and higher [4,5], and non-local branching
models [2/14}/15]. Apart from models involving selection, work on particle systems that are
macroscopically described by FBP include [12] which studies a variant of the simple exclusion
process, and [3}/10] which study the Atlas model.

A population model with selection was studied in [17], where individuals die at rate that
depends on the local population density, establishing macroscopic approximations. Our model,
like [17], captures density dependent selection. It also exhibits clear similarities to the N-BBM,
where removals occur at the extremes: specifically, the leftmost particle in the N-BBM and
the most populated site in our model.

We now draw an analogy between the macroscopic model that arises from the N-BBM |[6}/13],
and the one obtained in our work. In the former case, this is a FBP that takes the following
form. Given an initial density uo, |ugls = 1, find (u, o) solving

O = Oggu+u x> 0(t),
u=0 x < o(t),
=1 t>0,
u(+,0) = up.

(8)
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Here, u represents the mass density and o the left edge of its support. Consider now equation
(6) as a free obstacle problem. Given ug, |ug|s =1, find (u, h) such that

0 < wu(x,t) < h(t) zeRLt >0,
) Opu(z,t) = Lu(z,t) + u(z,t) if u(z,t) < h(t),

lu(-, ) =1 t>0,

u(+,0) = ug.

The role of |u|~ in @ is played here by h, and the condition that 3; is a probability measure for
a.e. t is recast by the mass conservation condition. (For a treatment of an obstacle problem of
parabolic type via viscosity solutions, with a given obstacle h and without a global constraint
such as |u(-,t)[1 = 1, see [16, Theorem 8.6]).

Although there are similarities, the tools required are quite different. The proofs in [11,
12,/13,/14] use the barrier method technique, that is similar to a Trotter scheme which allows
one to separate the motion and branching from the removal mechanism. This technique relies
crucially on monotonicity properties with respect to mass transport inequalities, which does
not seem to have an analogue in the model we study here. We were unable to implement a
Trotter scheme for proving uniqueness of solutions to @ The proofs in [4,6] are based on the
existence of classical solutions to (8).

1.3. Sketch of the proof. The proof is based on the compactness—uniqueness approach.
Showing uniqueness of solutions to crucially uses the continuity of the component u of the
solution (specifically, that v € U(R% x Ry )). Therefore, relative compactness of the laws of
(€N, BN) is insufficient on its own, and must be supplemented with estimates that guarantee
that limits of €Y have continuous densities w.r.t. the Lebesgue measure on R,

The first step of the proof, carried out in Section [2] is to take the N limit, with ¢ fixed, and
show that it can be described by an ODE on S, equation . This equation can be seen
as a discrete analogue of equation (@ along with the constraint § € B expressed by . In
Lemma it is shown that the ODE has at most one solution. Then, in the series of Lemmas
it is shown that the sequence (¢V, 8Y) is tight. Finally, in Proposition it is
shown that all limits are supported on solutions to the ODE (12)). Hence, denoting in what
follows the unique solution to by (u(®), A®)), the above line achieves the convergence in
probability (¢5V, g5N) — (£€(8) 3(9)) as N — oo, where

&9 (dz) = Y uO(y, 0)0,(dx),  BO(dr,dt) = Y AO(y,1)6,(dx)dt.
yES: YyES:

The functions U := e~%u(®) defined on S. are then considered as prelimit versions for the
density of limits of {t(g) as € — 0. The goal of Section [3|is to provide estimates on the modulus
of continuity of U(®) that are uniform in e (Proposition . The main idea here is to use a
coupling of two Markov processes (constructed in equation (24])), for which the generator of
each is given by £L = A—b-V-. It is shown in Lemmathat differences U (z, 1) — U (y, 1)
can be controlled in terms of this coupling.

The limit as € — 0 is taken in Section |4, where it is shown, in Proposition that the
family (£(2), 3(9)) is relatively compact and limits of its first component have densities that
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form solutions to @ Here, the aforementioned estimates on U(®) are used to show that these
are continuous.

Finally, in Section |5} it is shown that @ has at most one solution. The continuity of the
component u of the solution makes it possible to mollify and get approximations in the uniform
topology. We noted above that monotonicity played a role in earlier work in establishing
uniqueness for FBP that arise from selection models. The same is true in our approach,
although here a different form of monotonicity is essential, namely, the monotonicity of the
set-valued operator u — B" expressed as follows: (8; —~¢, u(-,t)—v(-,t)) > 0 for a.e. ¢t provided
that 5 € B* and v € B".

1.4. Examples and open problems. In the discussion that follows, we will refer to the sets
{z :u(z,t) = |u(-,t)|s} as the argmaz sets. First we show that in some cases explicit solutions
can be found.

Example 1.6 (Flat top solution). Here we give an explicit stationary solution in dimension
1, in the case where the drift is given by b(x) = —2tanh(z). Let

1
—log(14+v?2), h=—"
v B ) 2(w + V/2)
h lz] < w
u(z,t) =u(x) = oh sinh |z| 2] > w

cosh? |z|
Bi(dx) = h(1 4+ sechza:)l[,w,w}(sc)dx, teR;.
Then (u, ) is a stationary solution of @, as can be checked by direct calculation. Note

that b is bounded Lipschitz, and so our results apply; in particular, the convergence stated in
Theorem [1.5 holds provided the initial density is ug = u.

Example 1.7 (Sharp and flat top solutions). We next consider the drift b(x) = —asign(z), a >
2 and show that there are multiple stationary solutions in this case. Some of them have argmaz
sets in the form of an interval (“flat top”), as in Example (1.6, while in others the argmaz is
a singleton (“sharp top”). Although the discontinuous drift coefficient precludes applying our
results, the solutions to @ we construct are well-defined in the sense of Definition and
provide motivation for some new questions.

First, consider a > 2. Then for any w > 0, the following is a stationary solution of @ m

the sense of Definition [1.7):

(10) (z,t) = u(x) g o
uw(x,t) =ulxr) = L A1 (Jz|—w) _ —Az(|z|—w)
2(w+a)r Aze e ] e
1 —w,w
Bi(dx) = ado(dz) il 1S dx

w+a 2(w +a)
where r = v/a? — 4 and the decay constants are \y = %57, g = “J”"

Next, one can show that for any u(0) € [5, -] there exists a stationary solution (u, )
where the argmax set is the singleton {0} and B(dx) = do(dz). One member of this family is
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with w = 0, which is in fact the only one which has a continuous derivative at x = 0.
To mention another member of this family, u(z) = 6_;/\21‘38‘, Bi(dx) = bo(dx), where v is
discontinuous and u” has an atom.

Finally, for a =2, u(z) = %e"a:'(m + 1), Bi(dx) = do(dz) is a stationary solution.

These examples give rise to some questions, as follows.

Problem 1.8. Eztend the well-posedness of the PDE and the convergence results beyond (Lip-
schitz) continuity of b.

Problem 1.9. Is the (Lipschitz) continuity of b sufficient for the argmazx sets to have posi-
tive Lebesgue measure, and for B to be absolutely continuous? More generally, how does the
structure of the argmazx sets depend on the irregularity of b?

The component § of the solution can also be considered as a sub-gradient of the convex
operator Fy : H'(RY) — R, Fy(u) = |u|s. Focusing for a moment on the case b = 0, (6)) can
then be considered the gradient flow of the A-convex operator F(u) = 5 [(|Vu|> —u?)dz+ |u|oo
and one could use the Brézis-Komura Theorem [7] to prove that @ has at most one solution
in the class ]Lz,loc(RjL,Hl). Developing a proof of Theorem using this approach would
necessitate estimates to ensure that limit densities lie in Ly joc (R4, H'), that are quite different
from those developed here to achieve continuity, but it seems natural to ask about solutions
in this space.

Problem 1.10. Under what assumptions on b can one obtain existence and uniqueness for
@ mn L27100(R+,H1) and a corresponding convergence result?

2. FROM PARTICLE SYSTEM TO ODE

In this section it is shown that, for fixed ¢ and N — oo, the empirical measure of the
particle system converges to deterministic dynamics given by a system of ODE indexed by S;.
Throughout the section, ¢ is fixed. Moreover, Assumptions and [I.2] apply throughout the

remainder of this article. Recall that by Assumption we have §S’N — f((f) in probability
in M(RY) as N — oc.

First we define the formal adjoint of £, and introduce some related notation. For 1 < i < 2d,
let i*=i+difi<dandi*=i—difi>d+ 1. With this, k;» = —k;. Let

pei(z) = re i (x + k).
Denote 7c(z) = > ;94 7e,i(z) and pe(x) = 3,94 pei(). Let
L2f(z) = Z [rei(® — eki) f(x — eki) —rei(2) f(2)]

i<2d
=Y pei(@)f (@ + eki) — e (x) f (), € S..
i<2d
The duality relation holds,

(11) (Lefog) = ([, L2g),
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for f and g defined on S., and, say, one of them is compactly supported, and (-,-) denoting
the usual inner product on S;.

The ODE on S. is an equation for (u, A), which, given an initial condition uy € L;(S¢, R4),
reads

u(z,t) = ug(x) —i—/o (Liu+u—A)(z,s)ds, (z,t) €S xRy

(12) A(z,t) >0, ZA(x,t) =1, r €S, ae teR,,

> /OOO(|U('7t)\oo —u(z, b)) Az, t)dt = 0.

Definition 2.1 (Solution to ) A solution to is a pair (u, A) where u is a mapping
S: xRy —» Ry, u(z,-) € C(RL,Ry) forallz, |u(-,t)|1 =1 for allt, A is a measurable mapping
Se xRy = Ry, and holds.

Lemma 2.2. i. If (u,A) and (@i, A) are two solutions to for an initial condition uy €
Li(S:,Ry) then u =u and, for every x and a.e. t, Az, t) = A(z,t).
ii. Suppose there exists a solution (u,A) to (12)). Then for 0 < s < t,

(13) u(y,t):z u(x, s)s—s(z,y) — /ZAxrsthy)d

€S S zeSe

where s¢(z,y) = 51(55) (z,y) = e'pe(x,t), and p = p'©) is the fundamental solution of dyu = Liu

on S;.
Proof. i. Denote w = u — u. Clearly, |u(-,t)]2 V |a(-,t)|]2 < 1. Moreover,
t
[w(-, )3 = [w(-,0)[3 + 22/ wW(Liw +w — A+ A)(z,5)ds.
—Jo

By Assumption re is bounded (recall € is fixed). Hence |LZf(z)| < ¢ ;04 |f(x + ki) +

c|f(z)|, and
Z |f(2)LEf(2)] < ol fI3.

This shows that

t ¢
3 < c/ \w(-,s)|3ds +/ > (u—a)(—A + A)(z, 5)ds.
0 07
The last integral is < 0 because for all s,

> u(zs Z\u Az, 5) = [u(:, 5)oo

xT

Zu(x,s)A(azjs) = Z [u(, s)|ecA(z, ) = [u(:, 8)|oo,

T

whereas for a.e. s,

and a similar statement holds for ©i. Hence by Gronwall’s lemma, w = 0.
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The a.e. equality A = A follows because, by (12), for a.e. ¢, A(z,t) = (0 — Liu — u)(z,t).

ii. It is easy to see that 5 is the fundamental solution of du = Liu+uon S.. Thus
follows from the first line in by Duhamel’s principle. O

In the remainder of this section we show that (¢, 3"V) is a tight sequence and its limit can
be characterized in terms of the unique solution to . A useful tool here will be a coupling
of €V of with a process in which removals do not take place, namely

& ="+~
! O "N Js.xpaxr, <o

1
14 += Ligwen (a1(0)02 T(dx, df, ds).
( ) N ‘SEXR+><[0,t] [O’N'Sé\f—( )]( ) ( )

1[0,Nr¢(x)f£i ()] (9)(5:04—51% - 596)H(dx’ di,db, dS)

This is the normalized configuration measure for mutually independent branching random
walks. It is a standard fact that £V dominates £V, but for completeness, we provide a proof.

Lemma 2.3. One has &Y (z) < &N (x) for allt and = a.s.

Proof. Let
7 =inf{t: N (z) < &N (z) for some z}.

On an event of full measure, II and I' are locally finite, and charge at most one point mass
to each set of the form S. x [2d] x Ry x {t} or S; x Ry x {t}, respectively. Consider the
intersection of this event with {7 < oo}. On this event, &N(z) < fg(x) for all t < 7 and all z,
and moreover, there exists y such that &N (y) < €Y (y). Note that £ (y) = £ (y) must hold.
This can only occur if (the cases below correspond to the first three terms in ; the fourth
term does not have a counterpart of in ):

- 11 has, for some i and some z, an atom in {z} x {i} x [0, Nr;(2)¢N ()] x {7}, but it does not
have one in {z} x {i} x [0, Nr;(x)EY (2)] x {r}. This is impossible because £ (z) < &N ().

- IT has, for some i, an atom in {y} x {i} x [0, N7;(y)EN_(y)] x {T} but it does not have one
in {y} x {i} x [0, Nr;(y)€N_(y)] x {r}. This is impossible because £V (y) = &N (y).

- T has an atom in {y} x [0, Nr;(y)&N (y)] x {7}, but it does not have one in {y} x
[0, N7;()€N (y)] x {7}. This is impossible because &V (y) < &N (y).

Thus P(7 < 00) = 0 and the result follows. O

Using this we can provide an upper bound on ¢V as follows. Let B, = {z € R%: |z| < r}.

Lemma 2.4. Given T > 0, 6 > 0 there exist r > 0 such that

sup sup E[¢Y(BS)] < 6.
N tel0,1]

Proof. In view of Lemma it suffices to prove the estimate for £€V. Now, £V is nothing but
the normalized configuration measure of independent branching RWs starting ¢}'. To be more

precise, let X'tN ie [N] be a collection of Branching random walks on S. that are mutually
independent conditioned on the initial configuration U{Xév "}, with branching at rate 1 and
generator L. Let the root particle of XV be labeled as (i,0) and the descendants as (i, j),
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j > 1. Let 7% be the birth time of particle X~N:%J. Let

with the initial condition 5(1)\/ = f(])V . Then the process EN is equal in law to £V. Hence by the
many-to-one lemma [18],

l N 0
S
>1).

2

The above expression is bounded, uniformly in (N,¢) € N x [0,T], by ¢, provided that r is
sufficiently large Indeed, the first term is bounded by ¢/2 provided r is large owing to the
tightness of ¢, N € N (for each ¢) in M(R?), implied by Assumption For the second
term, the same is true because the number of jumps X V40 makes during [0 t] is dominated by
a P01sson(cT ) where ¢ does not depend on ¢ (but may depend on €). The result follows. [

|
NE_: [21{t>TNu}1Bc( Nﬂ:J ] _

o N
SetE[Eo r/z Z (’XNzO é\uo

2 \

Next, a calculation. Consider the marginals II, ;, I'; defined as
/ g(0, 1)1, ;(df,dt) = / 9(0,0)1y—s j—iy(dy, dj, d0, dt), x €S8, i€ [2k],

R Se x[2d]xR2

/ 9(0, )T (d0, dt) = / 9(0,1)1 1,y TI(dy, d, dt), v €S,

R2 Se xR2
Then by @,
N N
) = @) - 3 [ e O,
GRS DY N ERERES

1
+ N Z / 1[O,Nr,-(x—eki)uN(:v—aki,s—)] (H)Hfrfski,i (dev dS)

R x[0,¢]
1
+ = Lo Nun (e ()T (d6, ds
N S o 0w ) (Ol d5)
1
15 - / Lo u (e ()L o are o u (a1 Dy (0, ds).
(15) N? o OV 1101 fo—arg maxe u (s} (40, ds)

Construct the signed measures

I1,:(df, dt) = T, ;(df,dt) — dodt,  T.(df,dt) = T,(db,dt) — df dt.
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Then

t
u (z,t) = ud (z) + /0 Z[n(m —ek)uN (x — ek, 5) — ri(z)u® (z, 5)]ds

t
+ / UN(‘T’ S)dS - Z/ UN(y7 8)1{x:argmax* uN(~,s)}dS + Mnév(t)
0 Yy 0

t
— (@) + /0 (LN + 1Y) (2, 8) — 1y arg s w¥ (o} + MY (1)

(16) = uj) (z) + /0 [(L2u® +u™) (@, 5)lds — BV ({2} x [0,1]) + M (2),

where MY is obtained by replacing IT and T' by II and T on the right-hand side of . This
is a martingale for each z. To provide a uniform (in z) estimate on its quadratic variation, fix
R and T. Let ¢; = c¢1(¢) be an upper bound on r;(x) for z € Br41. For (x,t) € Bg x [0,T],

using Y5, uM(y,t) =1,
(17) > E{[M}]r} < N"*(2dNcy + 2dNey + N + N)T = ;TN

€S,

Lemma 2.5. ¢V is C-tight in D(Ry, M(S:)) and BY is tight in MM (S. x R,).

Proof. A sufficient condition for tightness of 5V as a sequence of M1 (S. xR, )-valued random
variables, is that for every > 0 and T there is r such that

(18) lim sup P(BY (BE x [0,T]) > 8) < 6.
N

By , Fubini, and the fact that £ is nearest neighbor bounded operator, we have

T
E [8" ({87 x [0,T1})] < E[uj (B7)] +E /0 > [t + u) (2, 5)]ds

reBE

T
< Elug (B7)] + CE,T/ > E[uM(x,5)] ds.
0 1685/2
Now, by Lemma we easily obtain that for every ¢’ > 0 there exists r > 0 such that for all
N >1,
E[BN({BE x [0,4]})] <d'/2+ 8 /2=1¢,
and follows.

As for C-tightness of the M (S.)-valued processes ¢, it suffices to prove that for every T
and § > 0 there is r such that

(19) limsup sup P(&N(BS) > 6) < 6,
N te€0,1]

and for every T', x € S; and & > 0 there is n > 0 such that
(20) lim sup P(sup wr (N (z),n) > 6) < 4.
N

SCGSE
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Here, wr(f,n) = sup{|f(s) — f(t)| :
Lemma To prove , let 0 <s
that

N (2, 1) = u™ (2, 5)] < e(t — ) + [ M () = M (s)].
Hence the estimate (17) on the quadratic variation of M7 implies . O

We can now state the main result of this section, regarding the convergence as N — oo for
fixed e.

Proposition 2.6. There exists (€, 8) € C(Ry, M(S:)) x MWD (S. xR, such that (£N, BN) —
(&,B) in D(Ry, M(S.)) x MU(S. x Ry) in probability. Moreover, define (u, A) via

(21) G{z}) =u(a,t),  Bde,dt) = A(y,t)d,(dx)dt.

YESe
Then (u, A) is a solution to (which is unique according to Lemma[2.9).

s, t € [0,T],|s — t| < n}. Note that follows from
<t < T. Because the rates r. are bounded, we have by

Proof. In view of the tightness stated in Lemma 2.5 and the uniqueness stated in Lemma
it suffices to show that whenever (¢V,8Y) — (£, 3) along a subsequence, (u, A) defined via

(21)) solves in the sense of Definition

To this end, note that the continuity of u(x,-) for every x follows from C-tightness of &V.
Next, recalling the estimate and invoking Skorohod’s representation, we assume without
loss of generality that, along the subsequence, (¢, 8Y) — (¢, 8) a.s. and MY — 0 for all =,
a.s. Now take the limit in . Then, for every z and ¢, u™ (x,t) — u(z,t), and by bounded
convergence, the integral in converges to fg(ﬁ;u + u)(x, s)ds. We obtain that the first
line in is satisfied.

To show that the last line in holds, note that, by construction, for every x,
(22) |09 = )6 ) =0,
0

where Y is the marginal at . Arguing by contradiction, suppose there exists an « such that
I~ (Jul-, 8)|os —u(z, s))A(x, s)ds > 0. By continuity of u in the second variable, there exists an

interval (¢1,%2) on which |u(-, s)|ec — u(z,s) >0 > 0 and fttf A(z,s)ds > . Because &V — &,
with ¢ a continuous path, we have u.o.c. convergence of u!V, hence for all large N,

N (- 8) oo — ™ (z,8) > 8/2, s € (t1,t2).
Moreover, B (dt) — A(x,t)dt as measures, hence 52 (t1,t2) > §/2 for all large N. Hence

/ () oo — ()8 (ds) > 82/,

t1
contradicting (22]). The result follows. O
3. ESTIMATES ON MODULUS OF CONTINUITY

The goal of this section is to provide an estimate, that is uniform in &, on the modulus of
continuity of U®) := ¢~ where u'® is the first component of the solution of . This
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will enable us to show that limits of ¢V (as N — oo followed by € — 0) have continuous
densities.

For f: A— R, AcCR% let
w(f,n) =sup{[f(z) — f(Y) 12,y € A, [z —y| < n}.
For f:S: x [0,00) — R,
0 f(w,t) = flx+ehi,t) — f(x,t).

For the most part, we will suppress the dependence on ¢ and write 0; for 82-(6). Note that L} is
not the generator of a Markov process. However, if we let

(23) Lof(x) =) pei(@)dif(x), z€S&.,
1<2d

then it is a generator, and it is related to £} via

LIf(z) = Lef() + (pe() — 7=(@)) f(2).
Denote h.(z) = 7 (x) — p(x).
Lemma 3.1. There exists a constant Co such that

’h | < 02 sup |h€(.’17) — hé‘(y)|
g0 = b

< (O, € c (0, 1).
T,YESe , xFY |x - Z/|

Proof. Suppressing ¢,

h(z) = () = plx) = Y (ri(z) —rie(z +eky)) = Y (ri(2) — ri(z — ki)

1<2d 1<2d

IZ% _QZx_ek))

i<2d

and the bound on |h| follows by the first part of (4). Similarly,

h(zx) - e Y lai(e) = gile — ki) = (aily) — aily — <ka))],

1<2d

and the second assertion of the lemma follows from the second part of . O

Let (X;,Y;) be a coupling of Markov processes on S; each governed by the generator L.,
constructed as follows. Let II;, 1 < ¢ < 2d be mutually independent PRMs on Ri, with the
Lebesgue measure on Ri as the intensity measure. We use the same collection II; to drive
both processes X and Y, namely

Xt =T+ Z Ek / 1 7pi()’(57)](9)ﬁi<d8, d9),
i<2d 0t}><]R+
(24)

}_/t =Y+ Z Eki/ 1[0’%({/57)}(0)1:12'(018, do).

i<2d [0,t] xR+
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For ¢ > 0 and with uéa) as in Assumption E let (u®), A®)) be the solution of
corresponding to u(()a)7 and let U®) := ¢~ By Assumption U(© are uniformly bounded,
and

(25) lim lim sup w(U(g ),?7) =0.

n=0  ¢0

The goal of this section is to show that the modulus of continuity of U()(,t) can be controlled
uniformly in €, as follows.

Proposition 3.2. For every T,

(26) lim limsup sup w(U(a)( t),n) = 0.
=0 e—0" te(0,7)

The main step toward proving Proposition is the following estimate. Recall the constants
C1, Cy from Assumption and Lemma

Lemma 3.3. (a) One has [U) (-, )| < |Uy 5)\ (1+Ca)t,
(b) Let Z,5 € S and let (Xt,Y}) be the coupling (24 . Let 7 be a stopping time w.r.t. the
filtration generated by (X;,Y;). Then for every T >0 and 0 <t < T,

t
(U (@) - U (5,6)) < e [BUF (Kins) = U (Vinr))? + E / [Xonr = Vonrds|
0
where cp depends only on Cq, Co and T'.

Proof. (a) Suppress ¢ from the notation of u, A,p, etc. Fix T" > 0. For t € [0,7T], let
v(z,t) =u(x,T —t). Then

(27) v(z,t) = —Liv(z,t) —v(z,t) + Az, T —t).
We have
t
V(Xt,t) = V(i’, O) + / V(Xs, S)dS + Z / ﬁi(ds, d@)@iv(Xs,, 8)1[07”(5(8_)](0)
0 <2q/04xRy
=v(z,0) + / (X, 5) ds+2/ pi(Xs)0iv(Xs, 8)ds + my,
1<2d

where m is a martingale. Now,
VY pidiv=V+Lv=-v+A—hv>—(1+Cy)v.
i
This gives Ev(Xrp,T) > v(z,0) — (1+ Cy) fo Ev(Xs,s)ds. Thus, with a; = |u(+, )|, we have

ar < ap+ (14 Cs) fOT asds. This holds for every T, and therefore ar < aoe(HC?)T. The result
follows.

(b) For f:S. x S x [0,00) — R, denote
81,Z‘f($,y7t) = f(.’L' + gk’iayat) - f(xvyat)v
a?,if(ajayvt) = f(x7y + €ki7t) - f(xvyat)v
al?,if(wayvt) = f(.’L' + gkiay + Ekiat) - f('r7y7t)
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By convention, the interval (a,b] is the empty set if @ > b. Then for a,b > 0, the interval
[0,a V b] can be partitioned into [0,a A b], (a,b] and (b, a], where at least one of these intervals

is empty. Noting that points (s, 0) of II; with 8 < p;(Xs_) A p;(Ys_) give rise to a jump of size
ek; in both X and Y, we can write, for f(-,-,-) : Sc x Sz x [0, 00) that is C* in the last variable,

F(X Vit) = /sz,Ys,8d8+ S — (oo Yoy 9))

s€(0,t]

(77,0 / F(Xa Vi 5)d
+) / Li(ds, da){allif (Xems Ve )10 i (X, ynpu(ve ) (0)
i<ad [0t xR4

+OLif (X Yers )1 (v, - >,pi(f<s_>1(9)+‘92,z‘f(5(sf’?%ﬂ8>1(pi(f<s_>,pi<z_n(9>}-

Thus
— — t — —
(28) f(Xt)}/tvt) :f(x7y70)+/ F(Xsaifsvs)ds—’_mt)
0

where m is a martingale and

F(CL‘,y,t) = f(ﬂf,y,t) + Z {aIQ,if(l‘ayat)(pi(m) A pl(y))

1<2d

+ Ovif (@, y, ) (pi(x) — pi(y) T + i f (x,y, 1) (pi(y) — Pi(x))+}'

We now fix Ty > 0 and consider 0 < T' < Ty. Define v in terms of 7" as in part (a) of the
proof. We will use equation with

Fa,y,t) = (v, t) = v(y,8)?,  0<t<T.

Using a? — b > 2b(a — b), and suppressing t from the notation,

aif(x,y) > 2(v(z) — v(y)(v(z +eki) — v(y + ki) — v(z) + v(y))
=2(v(z) = v(y)(9iv(z) — O;v(y))
oif(z,y) = 2(v(z) — v(y))(v(z +cki) — v(y) — v(z) + v(y))
=2(v(z) — v(y))0iv(z)
D,if(x,y) = 2(v(z) — v(y))

= —2(v(z) — v(y))div(y).
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Thus (suppressing t),

Fla,y) = 2(v(x) = vy) {¥(z) = ¥(y) + Y [0:v(2) = ov () (pi(w) A pily)

i<2d
+ 0, (@) (pi() = pi(y) ™ = v (y) (pily) — pil) | }
= 2(v(@) = v){¥(@) - Y1) + 3 @v(@)pi(@) - v (m)ey) |

i<2d
= 2(v(@) = v){ V(@) = ¥(y) + Lov(@) — Lov(y) },
where is used on the last line. Now, by ,
v+ Lv)(z,t) = Az, T — t) + (hv — v)(x,1).
Thus
F(x,y,t) > 2(v(z,t) —v(y,t))(A(z, T —t) — Ay, T — t) + (hv — v)(x,t) — (hv — v)(y, 1)).

If A(x, T—t)— A(y,T—1t) > 0 then A(z,T—t) > 0, implying that u(z, T —t)—u(y,T—t) > 0,
by (12)), that is, v(z,t) — v(y,t) > 0. Similarity, negativity of the former implies nonpositivity
of the latter. Hence

Fa,y,t) = 2(v(z) = v(y)) ((hv = v)(2) — (hv = v)(y))
= —2(v(z) = v(1))* + 2(v(z) = v(y)[h(@) (v(z) = v(y)) + (h(z) = h(y))v(y)]
> =2(1+ |h(2))(v(z) = v(9))* = 2lv(z) = v(m)llh(z) = h(y)v(y)
> =2(1+ Co)(v(x) = v(y))* = 2Cs|v(@) = v(y)llz — ylv(y).

With V = V() = g=dy (),
e (z,y,t) > —2(1+ Co)(V(z) = V()* — 2G|V (z) = V(y)|lz — y|V (y)
> —c(T)(V(z) = V(y)* — co(T)(w — y)?,

where C1 (T) = 2(1+02)+C2016(1+C2)T, CQ(T) = 02016(1+02)T. Let ¢ = C(To) == Cl(TQ)\/CQ(To)
and recall that 0 <t < T < Ty. Then using the above inequality in , substituting T'A 7
for ¢, we obtain

E[(V(Xrar, TAT) = V(Yrar, T AT))?] = (V(Z,0) = V(§,0))?

> —CE/TM [(V(Xt,t) V() + | X — W] dt
0

T
> —cE / |((V(Ziprst A7) = V(Tinr, t AT))? + | King = Yine 2],
0
Denoting
t
Mt = E[(V(Xt/\7'7t A T) - V(Yt/\ﬂt A 7-))2]7 M= E/ ‘Xs/\’r - Z/\T‘sta 0 S t S T,
0

the above reads

T
HT — pho = —C/ pedt — cyr.
0
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Letting fiy = pr—¢,
fr < fig +C/T/1tdt+C’YT-

Since this inequality holds for every 0 < T < T?J, Gronwall’s lemma gives, for 0 < T < Tj,
Uz, T) = U T))? = iir < (fio + eyr)e” = [B(Uo(Xrar) = Uo(Yrar))? + eyrle”.
Recalling that ¢ depends only on Tp, the result follows. O

Lemma 3.4. (a) Let (X,Y) be a solution to the system
dXy = —b(X)dt + V2dW;,  dY, = —b(Yy)dt +vV2dW;, (X0, Yo) = (z,y),
driven by the same d-dimensional standard Brownian motion W. Then |X; — Y;| < e%t|lz — y|

for all t, where C' is the Lipschitz constant of b(-).

(b) For each € > 0, let (X©) Y ) be the coupling from starting at (z%),y(®). Assume
(), y©E)) = (z,9) as e = 0. Then (X©),YE) = (X,Y) in D(Ry,R>*}). Consequently, for
every t,0 > 0,
limIP’( sup | X&) — V| > |z — yleft + 5) = 0.

€ s€[0,t]

Proof. (a) Immediate from X; —Y; =2 —y — f(f (b(Xs) — b(Y;))ds and the Lipschitz continuity
of b.

(b) The generator of X is
Lof(@) =) pei(@)0if(x) =Y reiw(z+eki)0if(x) = > (672 + & e (x + £ki)) 0 f ().
i<2d i<2d i<2d

Therefore the asserted weak convergence will follow once the hypotheses of [19, Theorem
IX.4.21 p. 558] are verified. In particular, defining

be(x) = Y qeir (@ +eki)ki = > qela — ki) (= ki),
i<2d i<2d
one only needs to verify that b, — —b locally uniformly. But
‘65(1:) + b: () = Z [_QE,i(x —¢eki) + q&,i(x)]ki7
i<2d
hence by , |55 + be|oo < 2dCe. Thus the uniform convergence b. — b stated in implies
that of b — —b, and weak convergence follows.

The last assertion of (b) is immediate from (a) and the weak convergence. O
Proof of Proposition Fix T and denote

(n) = limsup sup w(UE)(-,t),n), n > 0.
e—0  te(0,T)
We will show that x(0+) = 0 by bounding it from above. To this end, given 7, assume w.l.o.g.
that x(n) > 0. Fix sequences t,, € (0,7], &, — 0 and (zy,, yn) € S such that |z, — y,.| <7
and
U (@, 1) = UE (g, )| — K(n).
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Let (X,,Y,) denote the coupling starting at (z,,y,) and with € = £,. In Lemma
let 7 =7, =inf{t : | X,,(t) — Y, (¢)| > 1}. Denoting by ¢ an upper bound on |Up |~ for all n,
we have for all large n,

K(n)?

2

where

< (U(En)(xnvtn) - U(En)<ynatn))2 < CTE[(UéEn)(Xn(tn NTn)) — U(gan)(?n(tn A Tn))z] + ¢1Vn,

T
Y = E/ | X0 (s ATn) — Yo(s A T)|%ds.
0
By Assumption denoting by wg the modulus of continuity of ug,
w(Uy”,m) < woln) + 6(),
where 6(04) = 0. Hence
k(1) < 2erB{[wo(| Xn(tn A Tn) — Yoltn ATn)]) + 6(en)]2} + 2¢79n.

By Lemma with ¢; = 2e°7,

limP( sup |X,(s) — Yn(s)| > c1n) = 0.
n s€[0,T]

Hence
limnsup E{[wo(| Xn(tn A Tn) — Yaltn ATn)|) 4+ 6(en)]?} < wolein)?.

_As for a bound on 7y, note that the processes X,, and Y,, have jumps of size ¢,. Hence
| Xn(- ATp) = Yo(- A1p)| <1+ 2¢, < V2 for all large n. Thus the random variables

T
Zy = / | Xn(s ATn) — Ya(s A Tn)]2ds
0

are bounded by 27T for all large n, whereas (Z, — T(c1n)?)* — 0 in probability. This shows
that
limsupy, < T(c1n)>.
n

Combining these estimates, we get x(n)? < 2crwo(cin)? + 2e7T(c1n)?. This bound implies
that x(0+) = 0, and the result follows. O

4. FroM ODE 1O PDE

Consider a solution (u(®), A()) of and construct from it the (deterministic) objects
67 (dr) = 3~ uO(y.1)3,(dw),

yES:
B (da,dt) = > AO(y, )5, (dz)dt.
YES:
In this section we prove the following.
Proposition 4.1. The family (£©), ). is relatively compact in C (R, M1 (R%))x M (R x

Ry). Moreover, for any limit point (§,5) as € — 0, & is given by &(dx) = u(z,t)dx,
u € UR? x Ry), and (u, B) is a solution to (6 (in the sense of Definition .
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Proof. Step 1: Relative compactness.

Let 6®) be the solution to a version of (T2 without the removal term, namely

u(x,t) = up(x) —i—/o (Lia+ua)(x,s)ds, (z,t) €S xRy.

Then u'®(z,t) < al®(x,t) for all z,t. Moreover, u'®(z,t) = eta®(z,t), where a(® is the
solution to

(29) u(x,t) / Lia(z,s) (x,t) € Sc x Ry.
Now let X©) be a Markov process on S; with initial distribution ug(z)dz and generator L..
Then is the forward Kolmogorov equation for this process, and therefore

69 (B°,t) < e (B, 1) = ! P(XF) € BE).

A proof along the lines of that of Lemma b) shows that X&) = X in D(R;,R%) as ¢ — 0,
where X is a solution to

dX; = b(Xy)dt +V2dW;, X ~ ug(x)da.
It follows that for every T' > 0, § > 0 there exists r > 0 such that

(30) limsup sup u'® (B¢, t) < 6.
e—=0  te[0,T]
Next, let ¢ € C2(RY). With (-,-) = (-, )s., we can write for the solution (u®), A()) of (T2),
for a.e. t,
9l u)(1) = (p, £ +u® — AL (1)
(31) = (Lop+ o, u)(t) = (0, A (1)

where is used. For z € S,
Lop(w) = rei(@)(p(x + ki) — p(x))

i<2d
=) (e e " qei(@) (e(x + eki) — p(2)) = A(@) + Be(),
i<2d

where, denoting partial derivatives by ¢;, ¢;j,

=c QZ (x + ek;) + o(x — ek;) — 2¢(x))

i<d
e~? Z (90z 6 + ‘Pu(yz) @i(ﬂf)é + %(,0”'(3)1')52>,
i<d
=) (gei(@) (0@ + ki) — p(2)) + e (2) (p( — ki) — o(x)))
i<d

_12 @e.i(T)0i(2i)e — qeix (T)pi(2i)€).

i<d
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Above, y; and z; (respectively, g; and Z;) are points on the segment connecting = and x + €k;
(respectively, x —ek;). Because ¢ is smooth and compactly supported, there exists ¢ depending
only on ¢ such that |p;(y;) — vi(z)] + |ii(yi) — pii(z)| < ce. A similar statement holds for the
remaining intermediate points. Hence

Ac(z) = Ap(x) + O(¢)
Be(2) = Y (ge,i(%) — gei-(2))pi() + O(e) = be(z) - Vip(x) + O(e),
i<d
where the constants in the expressions O(e) depend only on ¢, and we have used . In view
of Assumption this shows

lim sup |Lep(x) — Lo(x)| = 0.
e—0 TES:

Going back to , and using [u®)(-,t)|; = 1, we have

(32) (o u®)(1) - (p,ud) = /0 (Lo + p,u®)(s)ds — /0 (0 AOY (s)ds + 2 (1),

where v.(t) — 0 as € — 0 uniformly in ¢.

We use the above to show relative compactness of the measures ). Fix T. Given § > 0, use
to find r such that, for all sufficiently small €, sup;¢(o 7] ul®)(Be,t) < 6. Let ¢ € CX(RY)
be equal to 1 in B, and supported in Bo,. Then by , and using the fact that Lo+ =1
in B,,

T T
BEN(B, x [0,T]) > —|¢|eou'® (B, T) +/ ul® (B, s)ds — |Lo + go]oo/ ul® (B¢, s)ds + v.(T)
0 0
> —cd+ T+ v(T),

for ¢ that depends only on ¢ and T'. Since 3)(R? x [0,T]) = T, we have shown that for every
T >0, § > 0 there exists r such that

lim sup 8 (B¢ x [0, T]) < 6.

e—0
This shows that the family of measures 5(), € > 0 is relatively compact in M1 (R% x R.).
Next, to show that £(¢) are relatively compact in C'(R, M1 (R%)), it is required to show that
for every T' > 0 and § > 0 there is r such that

(33) limsup sup §§E)(Bﬁ) <9,
e=0  t€[0,T]

and for every T' > 0 and é > 0 there is n > 0 such that
(34) lim sup wT(f.(a),n) < 0.

e—0

Here, the modulus of continuity w is defined w.r.t. a metric on Mj(R?) that is compatible
with weak convergence. We take it to be the Levy—Prohorov metric

p(p,v) = inf{6 > 0 : u(F) < v(F°) 4§ for all closed sets F € R%},
where F? is the d-neighborhood of F in (R, ] - |).
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Note that is precisely . It remains to prove . To this end, let F' C R? be a
closed set and let s,¢ € [0,7] be such that 0 < ¢t — s < n for some n > 0. By (13), for any
>0,

€)F6 Zu xsﬁtsxF /ZA xTﬁtT(xF)d

s

J?GSE (EGSE

> Y @ s)p, (0, F) — (1 — )

x€SNF

- T e T -
zE€SNF yEB§(x)

u(E) (F7 8) — Sup pz(tg—)s(xv Bg) - 277'

Now, by uniform ellipticity and boundedness of b, given § > 0, ¢’ > 0, one can find 7 > 0 such
that py(z, B§) < & for all (z,t) € R? x (0,7]. Therefore the same holds for p(®) provided ¢ is
small. Thus, given 6,0’ > 0 we can find 7 such that the second term is bounded by ¢’. If we
now choose 0’ = §/2 and n < /4, we get

u®(F 1) > u®(F,s) — 4.

Since this holds for all F', we get p(&s,&:) < ¢ provided 7 is small. This proves (34)).

Step 2: Let (5(5"),ﬁ(5")), en — 0 be a convergent sequence and denote its limit by (&, 3).
We will prove now that

(35) there exists u € U(R? x R, ) such that & (dz) = u(z, t)dz.

Fix T > 0. It follows from the uniform estimate on the modulus of continuity stated in
Proposition that there exists, for every n, an extension of U») from S, x [0,T] to all of
R x [0, 7], and there exists @ : Ry — R, ©(0+) = 0, such that

|UE) (2, 1) — U (y, )| < &(|lz — y]), z,y €RY t€[0,T], n €N,

In view of Lemma (a), we also have that U®n) are uniformly bounded on RY x [0, T7.
Let Qr = [0,7] N Q, where Q denotes the set of rational numbers. Thus we can extract a
subsequence nj — 0o as k — oo, and a function u : R x Q7 — R, such that Ulen) — o
uniformly in R% x Qr, as k — oo, where the limit « has @& as its modulus of continuity in  for
every t € Qp. (Note that, because we have not proved continuity of t — U (z, t) uniformly
in €, we cannot at this stage select u to be continuous in ¢ € [0,T]). Let ¢ € C°(R?) be
supported in B,, some r > 0. For y € S., denote the e-cube by Q:(v) = [[,<4lvi, i + €).
Abbreviating e, to ¢, for fixed ¢t € Qr, -

€)= 3 U, 0et = 3 pw)U (3, 1) / dz
Qe(y)

yES: YESe

=> / (2, 1) + [p() U (y, 1) — p(2)US (2,1)] }dz.

YES:
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The expression in square brackets above is bounded by |¢]eo@(d'/2€) 4 |U®) | w,,(d/2e) when-
ever z € Q:(y). Moreover, this expression vanishes for z outside Bg, provided e is small.
Hence

067 = [ e,z + 5
R

for some 7, — 0 as k — oo. By the uniform convergence U (Eng) u, this shows that

(¢, fgen’“)) — [ @(2)u(z,t)dz. However, we know that the full sequence ft(gn) converges to & in
M(R?) as n — oo. This implies that & (dz) = u(x,t)dz. This conclusion holds for all ¢ € Qr.
It remains to argue that u has an extension to C(R? x [0,7],R) such that & = u(z,t)dx for
all t. This follows easily from continuity of ¢ — & in Mj(R?) and the continuity in 2 uniformly
in Rd X QT-

Step 3: (u, ) solves (6.

Taking limits in and using & = u(x,t)dz shows

¢

(o, u)(t) — (i, ug) = /0 (Lo + o) (s)ds — /0 (¢, B)ds.

It remains to show that § € B“. By , for all n,

T
§ : / (UE (-, 1)|oe — U (2, 8)) A (2, t)dt = 0,
0

TE€S:,

thus
/ (U)o = U (1) 8 (da, dt) = 0.
R x[0,T]

Given § > 0 let ng be such that for all n > ng, [U®») —u| < 6T~ on S., x [0,7T]. Then for
n > ng,

/ (Ju(-, 1) |oo — ule, )8 (dx, dt) < 6.
R [0,
Because 7)) — 8, we get

/ (Ju(-, t)]oe — u(,t))B(dx, dt) < 6.
R [0,T]

Sending § — 0 we conclude that g € B“. O

5. PDE UNIQUENESS
In this section we prove the following result.

Proposition 5.1. There is at most one solution (u, 8) to () in URIxR;) x MR xRy).

With this result, we have all that is needed in order to prove Theorem
Proof of Theorem Part (a) follows from Proposition [4.1] (existence) and Proposition [5.1]

(uniqueness).
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As for part (b), according to Lemma and Proposition for every € > 0 there exists a
unique solution (u®), A(®)) to (12). By Proposition for fixed e, (65, 85N) — (£06), 5())
in probability as N — oo, where

x) = Z u(g)(:n,t)csy(dm), BE) (dz, dt) Z A(y,t x)dt.

YyES, YESe

Moreover, combining Propositionsandand denoting by (&, ) the unique solution to @,
shows that (£(), ) — (¢, 8) in C(Ry, M;(RY)) x MD(R? x Ry ) as ¢ — 0. The existence
of ex — 0 for which (¢57V gen:N) — (£ 3) in probability as N — oo therefore follows by
diagonalization. O

Towards the proof of Proposition we shall need the following. Let u,, and ,, denote
the unique solution (in the class of smooth functions that are bounded in R? x [0, T for every
T) to

o= Lu+a,  al-,0)=ug

and, respectively,

Clearly, Ty, (z,t) = €ldy, (z,1).

Lemma 5.2. Every solution (u,3) of (6) satisfies u(z,t) < Gyy(2,t). As a result, for every
T > 0, limy— o0 SUPse(o, 7] SUPepe U(T, 1) = 0.

Proof. First we note that Definition implies that for any ¢ € C®(R% [0,T]) and any
0<7<t<T

(oot (1)) = {9(-,0), u(-, 0)) + /0 (Lo + o+ Duipyu)(s)ds — /0 (. Ba)ds, >0,

Moreover, since u € Cp(R? x (0,00),R.), ¢ this equality extends to all ¢ € CS*(R? x [0,77)
(i.e to functions decaying uniformly to 0 at oo in RY).

Next, note that u solves the equation

<90('7t)7ﬂ('7t)> = <90('70)7ﬂ(‘70)> +/O <'C90 + o+ 85907ﬂ>(8)d57

for any ¢ > 0 and test function ¢ € C§°(R? x [0,T]). By Deﬁnition and the above comment,

we obtain for w = u — u (recalling w(-,0)

[0,
0),

(1), w(- 1) = /0 (Lo + o+ Buip, w) (s)ds — /0 (0. Ba)(s)ds, BB

Let ¢ € C°(R? x [0,7]) be a solution of the backward equation ¢s + Lo + ¢ = 0 satisfying
the terminal condition (-, ) = ¢ € C°(R?) in the interval [0,#], and assume ¢ > 0. Then
@ > 0in all of R? x [0,¢] by the maximum principle. Thus

(W, w( 1) = - /0 (2 B (s)ds < 0.

This implies w < 0, which proves the first assertion of the lemma.
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As for the tail estimate if pt(a: y) denotes the fundamental solution to dyt = L*@, then

Uy, 18 given by Uy, (y f uo(z)pe(z,y)dx. Now, as ug is uniformly continuous, it converges
uniformly to zero as ]a:\ — 00. Moreover, p satisfies Gaussian estimates uniformly in R x [0, T7.
This and the bound u < %, = e'i,, easily imply the claimed tail estimate. O

Proof of Proposition Let (u, 8) and (v,~) be two solutions in the indicated class. Note
that if « = v then, by Definition for all 0 < s < t, f;<cp,ﬂ9>d9 = f;<¢,79>d9 for all test
functions ¢. This implies that for every rectangle R = [a1,b1] X -+ X [ag,bg] X [s,t], one has
B(R) = v(R). Hence B = ~. It thus suffices to prove that v = v.

Let ns(z) = 6~n(x/d) where 7 is the standard mollifier in R? (symmetric, nonnegative,
supported in By, [n=1). For ¢ : R? — R denote 9% = ns x 1. For ¢ : R — R?, denote by
¥ the componentwise convolutlon (ns * ¢Z)$E[d] R — R% Let ¢ € C°(R?), and use ¢ as a
test function in Definition u Note that (suppressing t),

() = (p,u’), (g’ u) = (Ap,u’) = (p, Au’).
Let B (x,t) = (ns * B:)(x) (a function). By the antisymmetry of d;n; for every i,

/biai(go xnudr = /biu(np x Oim) dz

= / / bi(z)u(x)e(y)0m(z — y)dydx
/ / Y)On(y — x)dzdy

—— [ () <o) s
= — / 85 (bju)? da.

Hence
Using these facts in Definition

t t
(pu)0) = (o) + [ (20 = V- (0 ) s)s = [ (B0
Since u® and its derivatives are continuous, it follows that
t t
u (1) = ud + / (Au? =V - (bu)® + ) (-, s)ds — / Bods.
0 0

Let w = u — v and 05 = (bw®) — (bw)®. Then

bw?)
t t
W (1) = / (Lo’ +w® + V- 05)( s)ds + / (v — BY)ds.
0 0
Thus

1 t
(36) S0 B0 = [ (W L0 w4765 47 - G
0
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We now fix T and proceed to bound the various terms on the r.h.s. of for t € [0, 7.
First, note that Vw?® satisfies the tail condition SUPgepe |Vwd|(z,t) — 0 as 7 — oo, uniformly

in t € [0,7]. Indeed, Vw® = Vn’ x w and w satisfies such a tail condition due to Lemma
As a result, integration by parts gives (w’, Aw®) = —|Vw®|3. Also, (w®,V - (bw®)) =
— [V - bw® = =3 [V(w®)?-b= 3 [(w®)?V -b. This gives

[(w®, V- (bu))] < clu’]3,
Also,
(w®,V - 05) = —/Vw5-05.
For any a > 0,
‘/vw(S : 95( < [Vw’|a|s|a < a| V|3 + a 1653

Combining the above estimates,
1 t t t
Sl BO <~ —a) [ (Ve Bs)ds+e [ B+ [ aesfieas
0 0 0

t
+ / (w70 — B2)ds.
0

Because b and w are uniformly continuous in R? and R? x [0, 7], resp., we have that |sec =
|(bw)? — buw’|se — 0 as & — 0. Since u,v € UR? x R;) and b is bounded, it follows that
|05l — 0 as 6 — 0. We can therefore find a = a5 — 0 as § — 0 such that one has ks :=

a(s_l fDT |053(s)ds — 0 as 6 — 0. This gives, for ¢ € [0, T],

1 t t

310080 < [ fwBeds s+ [ a0 = s
Now

t t
/O (w70 — BO)ds = /0 (W, — B,)ds,

where w? is the second convolution w%® := 15 * M5 * w. Since, by the definition of U(Rd x R4),
x + w(x,t) is continuous in z uniformly in (z,t) € R? x [0,T], there exists o such that
SUPyeo,7] |w — w%| 5 (t) < a5 and lims_,g s = 0. It follows that

1]

t t
/ <w66775 - /85>d3 < tas +/ <w775 - Bs>d3 <tas .
0 0

The last inequality follows by the monotonicity of the set valued operator u — BY, namely

(Bs —vs,ul-,8) —v(,8)) > 0 for a.e. s. Indeed, (Bs,u(-,s)) = |u(-,$)|oo, (Bs,v(+,8)) < |v(+,5)|0o
for any S € B* and a.e. s, by definition . Thus for all small 4,

1 t
2]w5|%(t)§c/0 WO (s)ds + s + tas,  t € [0,T].

Using Gronwall’s lemma, sending § — 0

lim sup |w’(-,t)]z = 0.
Yl
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By the continuity of w, this shows that w = 0 on R? x [0, 7], and the proof is complete. [

APPENDIX A. ABOUT ASSUMPTION [I.1]

Here we show that given b € C’g (RY,RY) with b and Vb globally Lipschitz, there always
exists ¢ such that (ge, b, b) satisfy Assumption

For example, set g; = (b-e;)t *n, 1 < i < d, where 7 is the standard mollifier in R, and
Givd = —b-e; + gi. Take ¢.i(z) = gi(x) for 1 <i < 2d and x € S.. Now, g; > 0 for 1 < i <d,
whereas g; are bounded below for d+1 <1 < 2d. As a result, min;<gqinf, r. ;(z) > 0 provided
¢ is sufficiently small. Finally, g; and their derivatives are Lipschitz for all 1 < ¢ < 2d by the
assumed properties of b, and thus and follow.
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