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Abstract. Consider N particles performing random walks on the ε-grid (εZ)d, ε > 0 with
branching and density-dependent selection: When one of the particles branches, a particle is
removed from the most populated site. The walks are assumed to be asymptotic, as ε → 0,
to diffusion processes of the form

dXi(t) = b(Xi(t))dt+
√
2dWi(t),

for b a given vector field. Denoting L∗ = ∆ − ∇ · (b ·), the hydrodynamic limit, as N → ∞
followed by ε → 0, is characterized in terms of a parabolic free obstacle problem

∂tu = L∗u+ u− β

where β is a measure on Rd × [0,∞) supported on {(x, t) : u(x, t) = |u(·, t)|∞}. Here, the
unknowns are u, the mass density, and β, the removal measure, for which t 7→ β(Rd × [0, t])
is prescribed. This is analogous to the well-understood relation between particle systems
with spatial selection and free boundary problems, but the techniques require quite different
ideas. The key ingredients of the proof include PDE uniqueness for continuous densities and
a uniform-in-ε estimate on modulus of continuity of prelimit densities. The work gives rise to
open problems such as “flat top” versus “sharp top” solutions, which are discussed based on
concrete examples.

1. Introduction

1.1. Setting and main result. We consider N continuous time random walks on the ε-grid
Sε := (εZ)d, 0 < ε < 1, with branching and selection. Branching occurs according to a
rate-1 Poisson process for each particle. Upon branching, one particle is removed from the
most populated site. As ε → 0, the walks are asymptotic to mutually independent diffusion
processes given by

dXi(t) = b(Xi(t))dt+
√
2dWi(t),

where b is a given vector field. We are interested in characterizing the hydrodynamic limit,
as N → ∞ followed by ε → 0, in terms of a free obstacle problem. In a scenario where each
site can contain no more than hN particles, h > 0 a given constant, and particles are removed
when this number is exceeded, the limiting particle density u will satisfy a parabolic PDE with
an obstacle given by u(x, t) ≤ h. In our setting, trimming is applied in a way that the number
of particles is preserved, leading to a global condition

∫
u(x, t)dx = 1 and an obstacle of the

form u(x, t) ≤ h(t), where h is free (i.e., not prescribed).
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To give a precise description of the setting, let ki, 1 ≤ i ≤ 2d be defined as ki = ei,
ki+d = −ei, 1 ≤ i ≤ d, where ei are the coordinate vectors in Rd. The generator of the
single-particle Markov process is given by

(1) Lεf(x) =
∑
i≤2d

rε,i(x)(f(x+ εki)− f(x)), x ∈ Sε,

where the jump rates have the form

rε,i(x) = ε−2 + ε−1qε,i(x), x ∈ Sε, 1 ≤ i ≤ 2d.

Denote

(2) bε(x) =
∑
i≤2d

qε,i(x)ki, x ∈ Sε.

Throughout, | · | denotes Euclidean norm in Rd.

Assumption 1.1 (Drift).
(i) There exists a vector field b ∈ C1

b (Rd,Rd) with b and ∇b globally Lipschitz, such that with
bε defined via (2),

(3) lim
ε→0

sup
x∈Sε

|bε(x)− b(x)| = 0.

(ii) There exist C1 ∈ (0,∞) and ε0 ∈ (0, 1) such that for all ε ∈ (0, ε0), x, y ∈ Sε and i ∈ [2d],
one has qε,i(x) ≤ C1 and
(4)

|qε,i(x)− qε,i(y))| ≤ C1|x− y|,
∣∣∣qε,i(x+ εki)− qε,i(x)

ε
− qε,i(y + εki)− qε,i(y)

ε

∣∣∣ ≤ C1|x− y|.

As we note in Appendix A, given b ∈ C1
b (Rd,Rd) with b and ∇b globally Lipschitz, there

always exists qε such that (qε, bε, b) satisfy Assumption 1.1.

Let the collection of living particles at time t be denoted by Xi(t) = XN
i (t), i ∈ {1, . . . , N}.

Let

ξNt (dx) =
1

N

∑
i

δXi(t)(dx).

To emphasize the dependence on ε we will sometimes write the above as ξε,Nt .

For p ∈ [1,∞], let |f |p denote the Lp norm of a function f : Rd → R or f : Sε → R.
Let the space of finite (respectively, probability) Borel measures on Rd be denoted by M(Rd)
(respectively, M1(Rd)), and equip it with the topology of weak convergence. Following is an
assumption on the initial empirical measures, ξN0 .

Assumption 1.2 (Initial condition). There exists a uniformly continuous u0 ∈ C(Rd,R+),

and for every 0 < ε < 1 there exists u
(ε)
0 : Sε → R+ such that the follows holds.

i. |u0|1 = 1 and |u(ε)
0 |1 = 1.

ii. Denoting

ξ
(ε)
0 =

∑
x∈Sε

u
(ε)
0 (x)δx,
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one has ξε,N0 → ξ
(ε)
0 in probability in M1(Rd) as N → ∞.

iii. One has supx∈Sε
|ε−du

(ε)
0 (x)− u0(x)| → 0 as ε→ 0.

Remark 1.3. Consider Y N
i , i = 1, . . . , N i.i.d. with a uniformly continuous density u0 and

let Xε,N
i (0), i = 1, . . . , N be a discretization of Yi such as ε⌊ε−1Yi⌋, with ⌊·⌋ applied compo-

nentwise. Then Assumption 1.2 holds with u
(ε)
0 (x) =

∫
[x1,x1+ε]×···×[xd,xd+ε] u0(y)dy for x ∈ Sε.

We are interested in a macroscopic description of the particle system in terms of a PDE.
For f ∈ C2(Rd,R), denote

Lf = ∆f + b · ∇f, L∗f = ∆f −∇ · (bf).
The PDE is concerned with a pair (u, β), where u(·, t) is the macroscopic density at time t, and
β describes the distribution of mass removal. Let Mloc(Rd × R+) denote the space of Borel
measures on Rd ×R+ that are finite on Rd × [0, T ] for every T , equipped with the topology of
weak convergence on Rd × [0, T ] for every T . Let

M(1)(Rd × R+) = {µ ∈ Mloc(Rd × R+) : µ(Rd × [0, T ]) = T, T > 0}.
Any µ ∈ M(1)(Rd×R+) can be disintegrated as µ(dx, dt) = µt(dx)dt where µt is a probability
measure for a.e. t, and the notation µt will be used for this disintegration, throughout the
paper. Let M(1)(Sε × R+) be defined analogously.

For u ∈ Cb(Rd × R+,R+) let

(5) Bu :=
{
β ∈ M(1)(Rd × R+) : βt({x : u(x, t) < |u(·, t)|∞}) = 0 for a.e. t

}
.

For (u, β) ∈ Cb(Rd × R+,R+)×M(1)(Rd × R+), the PDE reads

(6) ∂tu = L∗u+ u− β, u(·, 0) = u0, β ∈ Bu .

Definition 1.4 (Solution to (6)). A solution to (6) is a pair (u, β) ∈ Cb(Rd × R+,R+) ×
M(1)(Rd × R+) satisfying β ∈ Bu and for any t ≥ 0 and any φ ∈ C∞

c (Rd),

⟨φ, u(·, t)⟩ = ⟨φ, u0⟩+
∫ t

0
⟨Lφ+ φ, u(·, s)⟩ds−

∫ t

0
⟨φ, βs⟩ds .

We now construct the processes ξNt via Poisson random measures (PRM). Fix ε. For the
purpose of tie breaking, fix a total order ≤to on the grid Sε. For a finite nonzero measure ξ on
Sε, let argmax ξ = {x : ξ(x) = maxy ξ(y)} and argmax∗ ξ be the unique x ∈ argmax ξ such
that x ≤to y for all y ∈ argmax ξ. Define similarly argmax∗ u for a function u : Sε → R+ with
0 < |u|1 <∞.

Let Π and Γ be PRM on Sε× [2d]×R+×R+ and, respectively, Sε×R+×R+, with intensity
measures (

∑
y∈Sε

δy(dx))(
∑

j≤2d δj(di))dθ dt and respectively, (
∑

y∈Sε
δy(dx))dθ dt. Assume

that the initial condition ξN0 , Π and Γ are mutually independent. Then ξN is given by

ξNt = ξN0 +
1

N

∫
Sε×[2d]×R+×[0,t]

1[0,Nri(x)ξNs−(x)](θ)(δx+εki − δx)Π(dx, di, dθ, ds)

+
1

N

∫
Sε×R+×[0,t]

1[0,NξNs−(x)](θ)(δx − δargmax∗ ξNs−
)Γ(dx, dθ, ds).(7)
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The process ξNt has sample paths in D(R+,M(Rd)). We equip D with the induced Skorohod
topology. Define

βN (dx, dt) = δargmax∗ ξNt
(dx)dt.

Let U(Rd × R+) denote the set of functions u ∈ C(Rd × R+,R+) satisfying, for every T ,
supt∈[0,T ] |u(·, t)|∞ <∞, and the condition

x 7→ u(x, t) is continuous in x uniformly in (x, t) ∈ Rd × [0, T ].

Our main result is as follows.

Theorem 1.5. Let Assumptions 1.1 and 1.2 hold.
(a) Consider equation (6) with initial condition u0 as in Assumption 1.2. Then, within the

class U(Rd × R+)×M(1)(Rd × R+), there exists a unique solution (u, β) to (6).
(b) Let

ξ0(dx) = u0(x)dx, ξt(dx) = u(x, t)dx, t > 0.

Then there exists a sequence εN ↓ 0 such that, with (ξ(N), β(N)) = (ξεN ,N , βεN ,N ), one has

(ξ(N), β(N)) → (ξ, β) in D(R+,M(Rd))×M(1)(Rd × R+) in probability.

1.2. Related work. Particle systems with selection were proposed in [8, 9] as models for
natural selection in population dynamics, where the position of a particle on the real line
represents the degree of fitness of an individual to its environment. A closely related model,
referred to as the N -particle branching Brownian motion (N -BBM), was introduced in [20].
Here, N Brownian particles on the line are subject to branching and selection, where upon each
branching event, the leftmost particle is removed. At the hydrodynamic limit, it was shown
to give rise to a free boundary problem (FBP) [6, 13]. Various other particle systems with
selection, with and without branching, were characterized by FBP at the hydrodynamic limit,
including Brownian systems in dimension one [1,11] and higher [4,5], and non-local branching
models [2, 14, 15]. Apart from models involving selection, work on particle systems that are
macroscopically described by FBP include [12] which studies a variant of the simple exclusion
process, and [3, 10] which study the Atlas model.

A population model with selection was studied in [17], where individuals die at rate that
depends on the local population density, establishing macroscopic approximations. Our model,
like [17], captures density dependent selection. It also exhibits clear similarities to the N -BBM,
where removals occur at the extremes: specifically, the leftmost particle in the N -BBM and
the most populated site in our model.

We now draw an analogy between the macroscopic model that arises from the N -BBM [6,13],
and the one obtained in our work. In the former case, this is a FBP that takes the following
form. Given an initial density u0, |u0|1 = 1, find (u, σ) solving

(8)


∂t = ∂xxu+ u x > σ(t),

u = 0 x ≤ σ(t),

|u(·, t)|1 = 1 t > 0,

u(·, 0) = u0.
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Here, u represents the mass density and σ the left edge of its support. Consider now equation
(6) as a free obstacle problem. Given u0, |u0|1 = 1, find (u, h) such that

(9)


0 ≤ u(x, t) ≤ h(t) x ∈ Rd, t > 0,

∂tu(x, t) = L∗u(x, t) + u(x, t) if u(x, t) < h(t),

|u(·, t)|1 = 1 t > 0,

u(·, 0) = u0.

The role of |u|∞ in (6) is played here by h, and the condition that βt is a probability measure for
a.e. t is recast by the mass conservation condition. (For a treatment of an obstacle problem of
parabolic type via viscosity solutions, with a given obstacle h and without a global constraint
such as |u(·, t)|1 = 1, see [16, Theorem 8.6]).

Although there are similarities, the tools required are quite different. The proofs in [11,
12, 13, 14] use the barrier method technique, that is similar to a Trotter scheme which allows
one to separate the motion and branching from the removal mechanism. This technique relies
crucially on monotonicity properties with respect to mass transport inequalities, which does
not seem to have an analogue in the model we study here. We were unable to implement a
Trotter scheme for proving uniqueness of solutions to (6). The proofs in [4,6] are based on the
existence of classical solutions to (8).

1.3. Sketch of the proof. The proof is based on the compactness–uniqueness approach.
Showing uniqueness of solutions to (6) crucially uses the continuity of the component u of the
solution (specifically, that u ∈ U(Rd × R+)). Therefore, relative compactness of the laws of
(ξN , βN ) is insufficient on its own, and must be supplemented with estimates that guarantee
that limits of ξN have continuous densities w.r.t. the Lebesgue measure on Rd.

The first step of the proof, carried out in Section 2, is to take the N limit, with ε fixed, and
show that it can be described by an ODE on Sε, equation (12). This equation can be seen
as a discrete analogue of equation (6) along with the constraint β ∈ Bu expressed by (5). In
Lemma 2.2, it is shown that the ODE has at most one solution. Then, in the series of Lemmas
2.3, 2.4, 2.5 it is shown that the sequence (ξN , βN ) is tight. Finally, in Proposition 2.6, it is
shown that all limits are supported on solutions to the ODE (12). Hence, denoting in what

follows the unique solution to (12) by (u(ε),Λ(ε)), the above line achieves the convergence in

probability (ξε,N , βε,N ) → (ξ(ε), β(ε)) as N → ∞, where

ξ
(ε)
t (dx) =

∑
y∈Sε

u(ε)(y, t)δy(dx), β(ε)(dx, dt) =
∑
y∈Sε

Λ(ε)(y, t)δy(dx)dt.

The functions U (ε) := ε−du(ε) defined on Sε are then considered as prelimit versions for the

density of limits of ξ
(ε)
t as ε→ 0. The goal of Section 3 is to provide estimates on the modulus

of continuity of U (ε) that are uniform in ε (Proposition 3.2). The main idea here is to use a
coupling of two Markov processes (constructed in equation (24)), for which the generator of

each is given by L̄ = ∆− b ·∇·. It is shown in Lemma 3.3 that differences U (ε)(x, t)−U (ε)(y, t)
can be controlled in terms of this coupling.

The limit as ε → 0 is taken in Section 4, where it is shown, in Proposition 4.1, that the
family (ξ(ε), β(ε)) is relatively compact and limits of its first component have densities that
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form solutions to (6). Here, the aforementioned estimates on U (ε) are used to show that these
are continuous.

Finally, in Section 5, it is shown that (6) has at most one solution. The continuity of the
component u of the solution makes it possible to mollify and get approximations in the uniform
topology. We noted above that monotonicity played a role in earlier work in establishing
uniqueness for FBP that arise from selection models. The same is true in our approach,
although here a different form of monotonicity is essential, namely, the monotonicity of the
set-valued operator u→ Bu expressed as follows: ⟨βt−γt, u(·, t)−v(·, t)⟩ ≥ 0 for a.e. t provided
that β ∈ Bu and γ ∈ Bv.

1.4. Examples and open problems. In the discussion that follows, we will refer to the sets
{x : u(x, t) = |u(·, t)|∞} as the argmax sets. First we show that in some cases explicit solutions
can be found.

Example 1.6 (Flat top solution). Here we give an explicit stationary solution in dimension
1, in the case where the drift is given by b(x) = −2 tanh(x). Let

w = log(1 +
√
2), h =

1

2(w +
√
2)
,

u(x, t) = u(x) =

h |x| ≤ w

2h
sinh |x|
cosh2 |x|

|x| > w,

βt(dx) = h(1 + sech2x)1[−w,w](x)dx, t ∈ R+.

Then (u, β) is a stationary solution of (6), as can be checked by direct calculation. Note
that b is bounded Lipschitz, and so our results apply; in particular, the convergence stated in
Theorem 1.5 holds provided the initial density is u0 = u.

Example 1.7 (Sharp and flat top solutions). We next consider the drift b(x) = −a sign(x), a ≥
2 and show that there are multiple stationary solutions in this case. Some of them have argmax
sets in the form of an interval (“flat top”), as in Example 1.6, while in others the argmax is
a singleton (“sharp top”). Although the discontinuous drift coefficient precludes applying our
results, the solutions to (6) we construct are well-defined in the sense of Definition 1.4 and
provide motivation for some new questions.

First, consider a > 2. Then for any w ≥ 0, the following is a stationary solution of (6) in
the sense of Definition 1.4:

(10) u(x, t) = u(x) =


1

2(w+a) |x| ≤ w
1

2(w + a)r

[
λ2e

−λ1(|x|−w) − λ1e
−λ2(|x|−w)

]
|x| > w

βt(dx) =
aδ0(dx)

w + a
+

1[−w,w](x)

2(w + a)
dx

where r =
√
a2 − 4 and the decay constants are λ1 =

a−r
2 , λ2 =

a+r
2 .

Next, one can show that for any u(0) ∈ [ 1
2a ,

1
a−r ] there exists a stationary solution (u, β)

where the argmax set is the singleton {0} and βt(dx) = δ0(dx). One member of this family is
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(10) with w = 0, which is in fact the only one which has a continuous derivative at x = 0.

To mention another member of this family, u(x) = e−λ2|x|

2λ1
, βt(dx) = δ0(dx), where u′ is

discontinuous and u′′ has an atom.

Finally, for a = 2, u(x) = 1
4e

−|x|(|x|+ 1), βt(dx) = δ0(dx) is a stationary solution.

These examples give rise to some questions, as follows.

Problem 1.8. Extend the well-posedness of the PDE and the convergence results beyond (Lip-
schitz) continuity of b.

Problem 1.9. Is the (Lipschitz) continuity of b sufficient for the argmax sets to have posi-
tive Lebesgue measure, and for β to be absolutely continuous? More generally, how does the
structure of the argmax sets depend on the irregularity of b?

The component β of the solution can also be considered as a sub-gradient of the convex
operator F0 : H1(Rd) → R, F0(u) = |u|∞. Focusing for a moment on the case b = 0, (6) can
then be considered the gradient flow of the λ-convex operator F (u) = 1

2

∫
(|∇u|2−u2)dx+ |u|∞

and one could use the Brézis-Komura Theorem [7] to prove that (6) has at most one solution
in the class L2,loc(R+,H1). Developing a proof of Theorem 1.5 using this approach would
necessitate estimates to ensure that limit densities lie in L2,loc(R+,H1), that are quite different
from those developed here to achieve continuity, but it seems natural to ask about solutions
in this space.

Problem 1.10. Under what assumptions on b can one obtain existence and uniqueness for
(6) in L2,loc(R+,H1) and a corresponding convergence result?

2. From particle system to ODE

In this section it is shown that, for fixed ε and N → ∞, the empirical measure of the
particle system converges to deterministic dynamics given by a system of ODE indexed by Sε.
Throughout the section, ε is fixed. Moreover, Assumptions 1.1 and 1.2 apply throughout the

remainder of this article. Recall that by Assumption 1.2, we have ξε,N0 → ξ
(ε)
0 in probability

in M(Rd) as N → ∞.

First we define the formal adjoint of Lε and introduce some related notation. For 1 ≤ i ≤ 2d,
let i∗ = i+ d if i ≤ d and i∗ = i− d if i ≥ d+ 1. With this, ki∗ = −ki. Let

ρε,i(x) = rε,i∗(x+ εki).

Denote r̄ε(x) =
∑

i≤2d rε,i(x) and ρ̄ε(x) =
∑

i≤2d ρε,i(x). Let

L∗
εf(x) =

∑
i≤2d

[rε,i(x− εki)f(x− εki)− rε,i(x)f(x)]

=
∑
i≤2d

ρε,i(x)f(x+ εki)− r̄ε(x)f(x), x ∈ Sε.

The duality relation holds,

(11) ⟨Lεf, g⟩ = ⟨f,L∗
εg⟩,
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for f and g defined on Sε, and, say, one of them is compactly supported, and ⟨·, ·⟩ denoting
the usual inner product on Sε.

The ODE on Sε is an equation for (u,Λ), which, given an initial condition u0 ∈ L1(Sε,R+),
reads

u(x, t) = u0(x) +

∫ t

0
(L∗

εu+ u−Λ)(x, s)ds, (x, t) ∈ Sε × R+

Λ(x, t) ≥ 0,
∑
x

Λ(x, t) = 1, x ∈ S, a.e. t ∈ R+,

∑
x

∫ ∞

0
(|u(·, t)|∞ − u(x, t))Λ(x, t)dt = 0.

(12)

Definition 2.1 (Solution to (12)). A solution to (12) is a pair (u,Λ) where u is a mapping
Sε×R+ → R+, u(x, ·) ∈ C(R+,R+) for all x, |u(·, t)|1 = 1 for all t, Λ is a measurable mapping
Sε × R+ → R+, and (12) holds.

Lemma 2.2. i. If (u,Λ) and (ū, Λ̄) are two solutions to (12) for an initial condition u0 ∈
L1(Sε,R+) then u = ū and, for every x and a.e. t, Λ(x, t) = Λ̄(x, t).
ii. Suppose there exists a solution (u,Λ) to (12). Then for 0 ≤ s < t,

(13) u(y, t) =
∑
x∈Sε

u(x, s)st−s(x, y)−
∫ t

s

∑
x∈Sε

Λ(x, τ)st−τ (x, y)dτ,

where st(x, y) = s
(ε)
t (x, y) = etpt(x, t), and p = p(ε) is the fundamental solution of ∂tu = L∗

εu
on Sε.

Proof. i. Denote w = u− ū. Clearly, |u(·, t)|2 ∨ |ū(·, t)|2 ≤ 1. Moreover,

|w(·, t)|22 = |w(·, 0)|22 + 2
∑
x

∫ t

0
w(L∗

εw +w −Λ+ Λ̄)(x, s)ds.

By Assumption 1.1, rε is bounded (recall ε is fixed). Hence |L∗
εf(x)| ≤ c

∑
i≤2d |f(x+ εki)|+

c|f(x)|, and ∑
x

|f(x)L∗
εf(x)| ≤ c|f |22.

This shows that

|w(·, t)|22 ≤ c

∫ t

0
|w(·, s)|22ds+

∫ t

0

∑
x

(u− ū)(−Λ+ Λ̄)(x, s)ds.

The last integral is ≤ 0 because for all s,∑
x

u(x, s)Λ̄(x, s) ≤
∑
x

|u(·, s)|∞Λ̄(x, s) = |u(·, s)|∞

whereas for a.e. s, ∑
x

u(x, s)Λ(x, s) =
∑
x

|u(·, s)|∞Λ(x, s) = |u(·, s)|∞,

and a similar statement holds for ū. Hence by Gronwall’s lemma, w = 0.
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The a.e. equality Λ = Λ̄ follows because, by (12), for a.e. t, Λ(x, t) = (u̇− L∗
εu− u)(x, t).

ii. It is easy to see that s(ε) is the fundamental solution of ∂tu = L∗
εu+ u on Sε. Thus (13)

follows from the first line in (12) by Duhamel’s principle. □

In the remainder of this section we show that (ξN , βN ) is a tight sequence and its limit can
be characterized in terms of the unique solution to (12). A useful tool here will be a coupling
of ξN of (7) with a process in which removals do not take place, namely

ξ̄Nt = ξN0 +
1

N

∫
Sε×[2d]×R+×[0,t]

1[0,Nri(x)ξ̄Ns−(x)](θ)(δx+εki − δx)Π(dx, di, dθ, ds)

+
1

N

∫
Sε×R+×[0,t]

1[0,Nξ̄Ns−(x)](θ)δx Γ(dx, dθ, ds).(14)

This is the normalized configuration measure for mutually independent branching random
walks. It is a standard fact that ξ̄N dominates ξN , but for completeness, we provide a proof.

Lemma 2.3. One has ξNt (x) ≤ ξ̄Nt (x) for all t and x a.s.

Proof. Let

τ = inf{t : ξ̄Nt (x) < ξNt (x) for some x}.
On an event of full measure, Π and Γ are locally finite, and charge at most one point mass
to each set of the form Sε × [2d] × R+ × {t} or Sε × R+ × {t}, respectively. Consider the
intersection of this event with {τ <∞}. On this event, ξNt (x) ≤ ξ̄Nt (x) for all t < τ and all x,
and moreover, there exists y such that ξ̄Nτ (y) < ξNτ (y). Note that ξ̄Nτ−(y) = ξNτ−(y) must hold.
This can only occur if (the cases below correspond to the first three terms in (7); the fourth
term does not have a counterpart of in (14)):

- Π has, for some i and some x, an atom in {x}×{i}×[0, Nri(x)ξ
N
τ−(x)]×{τ}, but it does not

have one in {x} × {i} × [0, Nri(x)ξ̄
N
τ−(x)]× {τ}. This is impossible because ξNτ−(x) ≤ ξ̄Nτ−(x).

- Π has, for some i, an atom in {y}×{i}× [0, Nri(y)ξ̄
N
τ−(y)]×{τ}, but it does not have one

in {y} × {i} × [0, Nri(y)ξ
N
τ−(y)]× {τ}. This is impossible because ξ̄Nτ−(y) = ξ̄Nτ−(y).

- Γ has an atom in {y} × [0, Nri(y)ξ
N
τ−(y)] × {τ}, but it does not have one in {y} ×

[0, Nri(y)ξ̄
N
τ−(y)]× {τ}. This is impossible because ξNτ−(y) ≤ ξ̄Nτ−(y).

Thus P(τ <∞) = 0 and the result follows. □

Using this we can provide an upper bound on ξN as follows. Let Br = {x ∈ Rd : |x| < r}.

Lemma 2.4. Given T > 0, δ > 0 there exist r > 0 such that

sup
N

sup
t∈[0,T ]

E[ξNt (Bc
r)] ≤ δ.

Proof. In view of Lemma 2.3, it suffices to prove the estimate for ξ̄N . Now, ξ̄N is nothing but
the normalized configuration measure of independent branching RWs starting ξN0 . To be more

precise, let X̄N,i
t , i ∈ [N ] be a collection of Branching random walks on Sε that are mutually

independent conditioned on the initial configuration σ{X̄N,i
0 }, with branching at rate 1 and

generator Lε. Let the root particle of X̄N,i be labeled as (i, 0) and the descendants as (i, j),
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j ≥ 1. Let τN,i,j be the birth time of particle X̄N,i,j . Let

ξ̃Nt =
1

N

∑
i,j

1{t≥τN,i,j}δX̄N,i,j
t

with the initial condition ξ̃N0 = ξN0 . Then the process ξ̃N is equal in law to ξ̄N . Hence by the
many-to-one lemma [18],

E[ξ̄Nt (Bc
r)] =

1

N

N∑
i=1

E
[∑

j

1{t≥τN,i,j}1Bc
r
(X̄N,i,j

t )
]
=
et

N

N∑
i=1

E[1Bc
r
(X̄N,i,0

t )]

≤ etE[ξN0 (Bc
r/2)] +

et

N

N∑
i=1

P
(
|X̄N,i,0

t − X̄N,i,0
0 | ≥ r

2

)
.

The above expression is bounded, uniformly in (N, t) ∈ N × [0, T ], by δ, provided that r is
sufficiently large. Indeed, the first term is bounded by δ/2 provided r is large, owing to the
tightness of ξN0 , N ∈ N (for each ε) in M(Rd), implied by Assumption 1.2. For the second
term, the same is true because the number of jumps X̄N,i,0 makes during [0, t] is dominated by
a Poisson(cT ) where c does not depend on i (but may depend on ε). The result follows. □

Next, a calculation. Consider the marginals Πx,i, Γx defined as∫
R2
+

g(θ, t)Πx,i(dθ, dt) =

∫
Sε×[2d]×R2

+

g(θ, t)1{y=x,j=i}Π(dy, dj, dθ, dt), x ∈ Sε, i ∈ [2k],∫
R2
+

g(θ, t)Γx(dθ, dt) =

∫
Sε×R2

+

g(θ, t)1{y=x}Π(dy, dθ, dt), x ∈ Sε.

Then by (7),

uN (x, t) = uN0 (x)− 1

N

∑
i

∫
R+×[0,t]

1[0,Nri(x)uN (x,s−)](θ)Πx,i(dθ, ds)

+
1

N

∑
i

∫
R+×[0,t]

1[0,Nri(x−εki)uN (x−εki,s−)](θ)Πx−εki,i(dθ, ds)

+
1

N

∫
R+×[0,t]

1[0,NuN (x,s−)](θ)Γx(dθ, ds)

− 1

N

∑
y

∫
R+×[0,t]

1[0,NuN (y,s−)](θ)1{x=argmax∗ uN (·,s−)}Γy(dθ, ds).(15)

Construct the signed measures

Π̂x,i(dθ, dt) = Πx,i(dθ, dt)− dθ dt, Γ̂x(dθ, dt) = Γx(dθ, dt)− dθ dt.
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Then

uN (x, t) = uN0 (x) +

∫ t

0

∑
i

[ri(x− εki)u
N (x− εki, s)− ri(x)u

N (x, s)]ds

+

∫ t

0
uN (x, s)ds−

∑
y

∫ t

0
uN (y, s)1{x=argmax∗ uN (·,s)}ds+MN

x (t)

= uN0 (x) +

∫ t

0
[(L∗

εu
N + uN )(x, s)− 1{x=argmax∗ uN (·,s)}]ds+MN

x (t)

= uN0 (x) +

∫ t

0
[(L∗

εu
N + uN )(x, s)]ds− βN ({x} × [0, t]) +MN

x (t),(16)

where MN
x is obtained by replacing Π and Γ by Π̂ and Γ̂ on the right-hand side of (15). This

is a martingale for each x. To provide a uniform (in x) estimate on its quadratic variation, fix
R and T . Let c1 = c1(ε) be an upper bound on ri(x) for x ∈ BR+1. For (x, t) ∈ BR × [0, T ],
using

∑
y u

N (y, t) = 1,

(17)
∑
x∈Sε

E{[MN
x ]T } ≤ N−2(2dNc1 + 2dNc1 +N +N)T = c2TN

−1.

Lemma 2.5. ξN is C-tight in D(R+,M(Sε)) and β
N is tight in M(1)(Sε × R+).

Proof. A sufficient condition for tightness of βN as a sequence ofM(1)(Sε×R+)-valued random
variables, is that for every δ > 0 and T there is r such that

(18) lim sup
N

P(βN (Bc
r × [0, T ]) > δ) < δ.

By (16), Fubini, and the fact that L∗
ε is nearest neighbor bounded operator, we have

E
[
βN ({Bc

r × [0, T ]})
]
≤ E[uN0 (Bc

r)] + E

∫ T

0

∑
x∈Bc

r

[(L∗
εu

N + uN )(x, s)]ds

 .
≤ E[uN0 (Bc

r)] + Cε,T

∫ T

0

∑
x∈Bc

r/2

E
[
uN (x, s)

]
ds.

Now, by Lemma 2.4 we easily obtain that for every δ′ > 0 there exists r > 0 such that for all
N ≥ 1,

E
[
βN ({Bc

r × [0, t]})
]
≤ δ′/2 + δ′/2 = δ′,

and (18) follows.

As for C-tightness of the M1(Sε)-valued processes ξN , it suffices to prove that for every T
and δ > 0 there is r such that

(19) lim sup
N

sup
t∈[0,T ]

P(ξNt (Bc
r) > δ) < δ,

and for every T , x ∈ Sε and δ > 0 there is η > 0 such that

(20) lim sup
N

P( sup
x∈Sε

ωT (ξ
N
· (x), η) > δ) < δ.
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Here, ωT (f, η) = sup{|f(s) − f(t)| : s, t ∈ [0, T ], |s − t| ≤ η}. Note that (19) follows from
Lemma 2.4. To prove (20), let 0 ≤ s ≤ t ≤ T . Because the rates rε are bounded, we have by
(16) that

|uN (x, t)− uN (x, s)| ≤ c(t− s) + |MN
x (t)−MN

x (s)|.
Hence the estimate (17) on the quadratic variation of MN

x implies (20). □

We can now state the main result of this section, regarding the convergence as N → ∞ for
fixed ε.

Proposition 2.6. There exists (ξ, β) ∈ C(R+,M(Sε))×M(1)(Sε×R+) such that (ξN , βN ) →
(ξ, β) in D(R+,M(Sε))×M(1)(Sε × R+) in probability. Moreover, define (u,Λ) via

(21) ξt({x}) = u(x, t), β(dx, dt) =
∑
y∈Sε

Λ(y, t)δy(dx)dt.

Then (u,Λ) is a solution to (12) (which is unique according to Lemma 2.2).

Proof. In view of the tightness stated in Lemma 2.5 and the uniqueness stated in Lemma 2.2,
it suffices to show that whenever (ξN , βN ) → (ξ, β) along a subsequence, (u,Λ) defined via
(21) solves (12) in the sense of Definition 2.1.

To this end, note that the continuity of u(x, ·) for every x follows from C-tightness of ξN .
Next, recalling the estimate (17) and invoking Skorohod’s representation, we assume without
loss of generality that, along the subsequence, (ξN , βN ) → (ξ, β) a.s. and MN

x → 0 for all x,
a.s. Now take the limit in (16). Then, for every x and t, uN (x, t) → u(x, t), and by bounded

convergence, the integral in (16) converges to
∫ t
0 (L

∗
εu + u)(x, s)ds. We obtain that the first

line in (12) is satisfied.

To show that the last line in (12) holds, note that, by construction, for every x,

(22)

∫ ∞

0
(|uN (·, s)|∞ − uN (x, s))βNx (ds) = 0,

where βNx is the marginal at x. Arguing by contradiction, suppose there exists an x such that∫∞
0 (|u(·, s)|∞−u(x, s))Λ(x, s)ds > 0. By continuity of u in the second variable, there exists an

interval (t1, t2) on which |u(·, s)|∞ − u(x, s) > δ > 0 and
∫ t2
t1

Λ(x, s)ds > δ. Because ξN → ξ,

with ξ a continuous path, we have u.o.c. convergence of uN , hence for all large N ,

|uN (·, s)|∞ − uN (x, s) > δ/2, s ∈ (t1, t2).

Moreover, βNx (dt) → Λ(x, t)dt as measures, hence βNx (t1, t2) > δ/2 for all large N . Hence∫ t2

t1

(|uN (·, s)|∞ − uN (x, s))βNx (ds) > δ2/4,

contradicting (22). The result follows. □

3. Estimates on modulus of continuity

The goal of this section is to provide an estimate, that is uniform in ε, on the modulus of
continuity of U (ε) := ε−du(ε), where u(ε) is the first component of the solution of (12). This
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will enable us to show that limits of ξN,ε (as N → ∞ followed by ε → 0) have continuous
densities.

For f : A→ R, A ⊂ Rd, let

ω(f, η) = sup{|f(x)− f(y)| : x, y ∈ A, |x− y| ≤ η}.

For f : Sε × [0,∞) → R,

∂
(ε)
i f(x, t) = f(x+ εki, t)− f(x, t).

For the most part, we will suppress the dependence on ε and write ∂i for ∂
(ε)
i . Note that L∗

ε is
not the generator of a Markov process. However, if we let

(23) L̄εf(x) =
∑
i≤2d

ρε,i(x)∂if(x), x ∈ Sε,

then it is a generator, and it is related to L∗
ε via

L∗
εf(x) = L̄εf(x) + (ρ̄ε(x)− r̄ε(x))f(x).

Denote hε(x) = r̄ε(x)− ρ̄ε(x).

Lemma 3.1. There exists a constant C2 such that

|hε|∞ ≤ C2, sup
x,y∈Sε,x ̸=y

|hε(x)− hε(y)|
|x− y|

≤ C2, ε ∈ (0, 1).

Proof. Suppressing ε,

h(x) = r̄(x)− ρ̄(x) =
∑
i≤2d

(ri(x)− ri∗(x+ εki)) =
∑
i≤2d

(ri(x)− ri(x− εki))

= ε−1
∑
i≤2d

(qi(x)− qi(x− εki)),

and the bound on |h| follows by the first part of (4). Similarly,

h(x)− h(y) = ε−1
∑
i≤2d

[(qi(x)− qi(x− εki))− (qi(y)− qi(y − εki))],

and the second assertion of the lemma follows from the second part of (4). □

Let (X̄t, Ȳt) be a coupling of Markov processes on Sε each governed by the generator L̄ε,
constructed as follows. Let Π̄i, 1 ≤ i ≤ 2d be mutually independent PRMs on R2

+, with the
Lebesgue measure on R2

+ as the intensity measure. We use the same collection Π̄i to drive
both processes X and Y , namely

X̄t = x̄+
∑
i≤2d

εki

∫
[0,t]×R+

1[0,ρi(X̄s−)](θ)Π̄i(ds, dθ),

Ȳt = ȳ +
∑
i≤2d

εki

∫
[0,t]×R+

1[0,ρi(Ȳs−)](θ)Π̄i(ds, dθ).

(24)
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For ε > 0 and with u
(ε)
0 as in Assumption 1.2, let (u(ε),Λ(ε)) be the solution of (12)

corresponding to u
(ε)
0 , and let U (ε) := ε−du(ε). By Assumption 1.2, U (ε) are uniformly bounded,

and

(25) lim
η→0

lim sup
ε→0

ω(U
(ε)
0 , η) = 0.

The goal of this section is to show that the modulus of continuity of U (ε)(·, t) can be controlled
uniformly in ε, as follows.

Proposition 3.2. For every T ,

(26) lim
η→0

lim sup
ε→0

sup
t∈(0,T ]

ω(U (ε)(·, t), η) = 0.

The main step toward proving Proposition 3.2 is the following estimate. Recall the constants
C1, C2 from Assumption 1.1 and Lemma 3.1.

Lemma 3.3. (a) One has |U (ε)(·, t)|∞ ≤ |U (ε)
0 |∞ e(1+C2)t.

(b) Let x̄, ȳ ∈ S(ε) and let (X̄t, Ȳt) be the coupling (24). Let τ be a stopping time w.r.t. the
filtration generated by (X̄t, Ȳt). Then for every T > 0 and 0 ≤ t ≤ T ,

(U (ε)(x̄, t)− U (ε)(ȳ, t))2 ≤ cT

[
E(U (ε)

0 (X̄t∧τ )− U
(ε)
0 (Ȳt∧τ ))

2 + E
∫ t

0
|X̄s∧τ − Ȳs∧τ |2ds

]
,

where cT depends only on C1, C2 and T .

Proof. (a) Suppress ε from the notation of u,Λ, ρ, etc. Fix T > 0. For t ∈ [0, T ], let
v(x, t) = u(x, T − t). Then

(27) v̇(x, t) = −L∗
εv(x, t)− v(x, t) +Λ(x, T − t).

We have

v(X̄t, t) = v(x̄, 0) +

∫ t

0
v̇(X̄s, s)ds+

∑
i≤2d

∫
[0,t]×R+

Π̄i(ds, dθ)∂iv(X̄s−, s)1[0,ρi(X̄s−)](θ)

= v(x̄, 0) +

∫ t

0
v̇(X̄s, s)ds+

∑
i≤2d

∫ t

0
ρi(X̄s)∂iv(X̄s, s)ds+mt,

where m is a martingale. Now,

v̇ +
∑
i

ρi∂iv = v̇ + L̄v = −v +Λ− hv ≥ −(1 + C2)v.

This gives Ev(X̄T , T ) ≥ v(x̄, 0)− (1+C2)
∫ T
0 Ev(X̄s, s)ds. Thus, with at = |u(·, t)|∞, we have

aT ≤ a0+(1+C2)
∫ T
0 asds. This holds for every T , and therefore aT ≤ a0e

(1+C2)T . The result
follows.

(b) For f : Sε × Sε × [0,∞) → R, denote
∂1,if(x, y, t) = f(x+ εki, y, t)− f(x, y, t),

∂2,if(x, y, t) = f(x, y + εki, t)− f(x, y, t),

∂12,if(x, y, t) = f(x+ εki, y + εki, t)− f(x, y, t).
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By convention, the interval (a, b] is the empty set if a ≥ b. Then for a, b ≥ 0, the interval
[0, a ∨ b] can be partitioned into [0, a ∧ b], (a, b] and (b, a], where at least one of these intervals
is empty. Noting that points (s, θ) of Π̄i with θ ≤ ρi(X̄s−)∧ ρi(Ȳs−) give rise to a jump of size
εki in both X̄ and Ȳ , we can write, for f(·, ·, ·) : Sε×Sε× [0,∞) that is C1 in the last variable,

f(X̄t, Ȳt, t) = f(x̄, ȳ, 0) +

∫ t

0
ḟ(X̄s, Ȳs, s)ds+

∑
s∈(0,t]

(f(X̄s, Ȳs, s)− f(X̄s−, Ȳs−, s))

= f(x̄, ȳ, 0) +

∫ t

0
ḟ(X̄s, Ȳs, s)ds

+
∑
i≤2d

∫
[0,t]×R+

Π̄i(ds, dθ)
{
∂12,if(X̄s−, Ȳs−, s)1[0,ρi(X̄s−)∧ρi(Ȳs−)](θ)

+ ∂1,if(X̄s−, Ȳs−, s)1(ρi(Ȳs−),ρi(X̄s−)](θ) + ∂2,if(X̄s−, Ȳs−, s)1(ρi(X̄s−),ρi(Ȳs−)](θ)
}
.

Thus

(28) f(X̄t, Ȳt, t) = f(x̄, ȳ, 0) +

∫ t

0
F (X̄s, Ȳs, s)ds+mt,

where m is a martingale and

F (x, y, t) = ḟ(x, y, t) +
∑
i≤2d

{
∂12,if(x, y, t)(ρi(x) ∧ ρi(y))

+ ∂1,if(x, y, t)(ρi(x)− ρi(y))
+ + ∂2,if(x, y, t)(ρi(y)− ρi(x))

+
}
.

We now fix T0 > 0 and consider 0 < T ≤ T0. Define v in terms of T as in part (a) of the
proof. We will use equation (28) with

f(x, y, t) = (v(x, t)− v(y, t))2, 0 ≤ t ≤ T.

Using a2 − b2 ≥ 2b(a− b), and suppressing t from the notation,

∂12,if(x, y) ≥ 2(v(x)− v(y))(v(x+ εki)− v(y + εki)− v(x) + v(y))

= 2(v(x)− v(y))(∂iv(x)− ∂iv(y))

∂1,if(x, y) ≥ 2(v(x)− v(y))(v(x+ εki)− v(y)− v(x) + v(y))

= 2(v(x)− v(y))∂iv(x)

∂2,if(x, y) ≥ 2(v(x)− v(y))(v(x)− v(y + εki)− v(x) + v(y))

= −2(v(x)− v(y))∂iv(y).
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Thus (suppressing t),

F (x, y) ≥ 2(v(x)− v(y))
{
v̇(x)− v̇(y) +

∑
i≤2d

[
(∂iv(x)− ∂iv(y))(ρi(x) ∧ ρi(y))

+ ∂iv(x)(ρi(x)− ρi(y))
+ − ∂iv(y)(ρi(y)− ρi(x))

+
]}

= 2(v(x)− v(y))
{
v̇(x)− v̇(y) +

∑
i≤2d

(∂iv(x)ρi(x)− ∂iv(y)ρi(y))
}

= 2(v(x)− v(y))
{
v̇(x)− v̇(y) + L̄εv(x)− L̄εv(y)

}
,

where (23) is used on the last line. Now, by (27),

(v̇ + L̄εv)(x, t) = Λ(x, T − t) + (hv − v)(x, t).

Thus

F (x, y, t) ≥ 2(v(x, t)− v(y, t))(Λ(x, T − t)−Λ(y, T − t) + (hv − v)(x, t)− (hv − v)(y, t)).

If Λ(x, T −t)−Λ(y, T −t) > 0 then Λ(x, T −t) > 0, implying that u(x, T −t)−u(y, T −t) ≥ 0,
by (12), that is, v(x, t)−v(y, t) ≥ 0. Similarity, negativity of the former implies nonpositivity
of the latter. Hence

F (x, y, t) ≥ 2(v(x)− v(y))((hv − v)(x)− (hv − v)(y))

= −2(v(x)− v(y))2 + 2(v(x)− v(y))[h(x)(v(x)− v(y)) + (h(x)− h(y))v(y)]

≥ −2(1 + |h(x)|)(v(x)− v(y))2 − 2|v(x)− v(y)||h(x)− h(y)|v(y)
≥ −2(1 + C2)(v(x)− v(y))2 − 2C2|v(x)− v(y)||x− y|v(y).

With V = V (ε) := ε−dv(ε),

ε−2dF (x, y, t) ≥ −2(1 + C2)(V (x)− V (y))2 − 2C2|V (x)− V (y)||x− y|V (y)

≥ −c1(T )(V (x)− V (y))2 − c2(T )(x− y)2,

where c1(T ) = 2(1+C2)+C2C1e
(1+C2)T , c2(T ) = C2C1e

(1+C2)T . Let c = c(T0) = c1(T0)∨c2(T0)
and recall that 0 ≤ t ≤ T ≤ T0. Then using the above inequality in (28), substituting T ∧ τ
for t, we obtain

E[(V (X̄T∧τ , T ∧ τ)− V (ȲT∧τ , T ∧ τ))2]− (V (x̄, 0)− V (ȳ, 0))2

≥ −cE
∫ T∧τ

0

[
(V (X̄t, t)− V (Ȳt, t))

2 + |X̄t − Ȳt|2
]
dt

≥ −cE
∫ T

0

[
(V (X̄t∧τ , t ∧ τ)− V (Ȳt∧τ , t ∧ τ))2 + |X̄t∧τ − Ȳt∧τ |2

]
dt.

Denoting

µt = E[(V (X̄t∧τ , t ∧ τ)− V (Ȳt∧τ , t ∧ τ))2], γt = E
∫ t

0
|X̄s∧τ − Ȳs∧τ |2ds, 0 ≤ t ≤ T,

the above reads

µT − µ0 ≥ −c
∫ T

0
µtdt− cγT .



BRW AND FREE OBSTACLE 17

Letting µ̃t = µT−t,

µ̃T ≤ µ̃0 + c

∫ T

0
µ̃tdt+ cγT .

Since this inequality holds for every 0 < T ≤ T0, Gronwall’s lemma gives, for 0 < T ≤ T0,

(U(x̄, T )− U(ȳ, T ))2 = µ̃T ≤ (µ̃0 + cγT )e
cT = [E(U0(X̄T∧τ )− U0(ȲT∧τ ))

2 + cγT ]e
cT .

Recalling that c depends only on T0, the result follows. □

Lemma 3.4. (a) Let (X̄, Ȳ ) be a solution to the system

dX̄t = −b(X̄t)dt+
√
2dWt, dȲt = −b(Ȳt)dt+

√
2dWt, (X̄0, Ȳ0) = (x, y),

driven by the same d-dimensional standard Brownian motion W . Then |X̄t − Ȳt| ≤ eCt|x− y|
for all t, where C is the Lipschitz constant of b(·).
(b) For each ε > 0, let (X̄(ε), Ȳ (ε)) be the coupling from (24) starting at (x(ε), y(ε)). Assume

(x(ε), y(ε)) → (x, y) as ε → 0. Then (X̄(ε), Ȳ (ε)) ⇒ (X̄, Ȳ ) in D(R+,R2d). Consequently, for
every t, δ > 0,

lim
ε

P
(

sup
s∈[0,t]

|X̄(ε)
s − Ȳ (ε)

s | > |x− y|eCt + δ
)
= 0.

Proof. (a) Immediate from X̄t− Ȳt = x−y−
∫ t
0 (b(X̄s)− b(Ȳs))ds and the Lipschitz continuity

of b.

(b) The generator of X̄ is

L̄εf(x) =
∑
i≤2d

ρε,i(x)∂if(x) =
∑
i≤2d

rε,i∗(x+ εki)∂if(x) =
∑
i≤2d

(ε−2 + ε−1qε,i∗(x+ εki))∂if(x).

Therefore the asserted weak convergence will follow once the hypotheses of [19, Theorem
IX.4.21 p. 558] are verified. In particular, defining

b̃ε(x) =
∑
i≤2d

qε,i∗(x+ εki)ki =
∑
i≤2d

qε,i(x− εki)(−ki),

one only needs to verify that b̃ε → −b locally uniformly. But

b̃ε(x) + bε(x) =
∑
i≤2d

[−qε,i(x− εki) + qε,i(x)]ki,

hence by (4), |b̃ε + bε|∞ ≤ 2dCε. Thus the uniform convergence bε → b stated in (3) implies

that of b̃→ −b, and weak convergence follows.

The last assertion of (b) is immediate from (a) and the weak convergence. □

Proof of Proposition 3.2. Fix T and denote

κ(η) = lim sup
ε→0

sup
t∈(0,T ]

ω(U (ε)(·, t), η), η > 0.

We will show that κ(0+) = 0 by bounding it from above. To this end, given η, assume w.l.o.g.

that κ(η) > 0. Fix sequences tn ∈ (0, T ], εn → 0 and (xn, yn) ∈ S(εn) such that |xn − yn| ≤ η
and

|U (εn)(xn, tn)− U (εn)(yn, tn)| → κ(η).
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Let (X̄n, Ȳn) denote the coupling (24) starting at (xn, yn) and with ε = εn. In Lemma 3.3,
let τ = τn = inf{t : |X̄n(t)− Ȳn(t)| ≥ 1}. Denoting by c an upper bound on |U0,n|∞ for all n,
we have for all large n,

κ(η)2

2
< (U (εn)(xn, tn)− U (εn)(yn, tn))

2 ≤ cTE[(U
(εn)
0 (X̄n(tn ∧ τn))− U

(εn)
0 (Ȳn(tn ∧ τn))2] + cTγn,

where

γn = E
∫ T

0
|X̄n(s ∧ τn)− Ȳn(s ∧ τn)|2ds.

By Assumption 1.2, denoting by ω0 the modulus of continuity of u0,

ω(U
(ε)
0 , η) ≤ ω0(η) + δ(ε),

where δ(0+) = 0. Hence

κ(η)2 ≤ 2cTE{[ω0(|X̄n(tn ∧ τn)− Ȳn(tn ∧ τn)|) + δ(εn)]
2}+ 2cTγn.

By Lemma 3.4, with c1 = 2eCT ,

lim
n

P( sup
s∈[0,T ]

|X̄n(s)− Ȳn(s)| > c1η) = 0.

Hence
lim sup

n
E{[ω0(|X̄n(tn ∧ τn)− Ȳn(tn ∧ τn)|) + δ(εn)]

2} ≤ ω0(c1η)
2.

As for a bound on γn, note that the processes X̄n and Ȳn have jumps of size εn. Hence
|X̄n(· ∧ τn)− Ȳn(· ∧ τn)| ≤ 1 + 2εn <

√
2 for all large n. Thus the random variables

Zn =

∫ T

0
|X̄n(s ∧ τn)− Ȳn(s ∧ τn)|2ds

are bounded by 2T for all large n, whereas (Zn − T (c1η)
2)+ → 0 in probability. This shows

that
lim sup

n
γn ≤ T (c1η)

2.

Combining these estimates, we get κ(η)2 ≤ 2cTω0(c1η)
2 + 2cTT (c1η)

2. This bound implies
that κ(0+) = 0, and the result follows. □

4. From ODE to PDE

Consider a solution (u(ε),Λ(ε)) of (12) and construct from it the (deterministic) objects

ξ
(ε)
t (dx) =

∑
y∈Sε

u(ε)(y, t)δy(dx),

β(ε)(dx, dt) =
∑
y∈Sε

Λ(ε)(y, t)δy(dx)dt.

In this section we prove the following.

Proposition 4.1. The family (ξ(ε), β(ε))ε>0 is relatively compact in C(R+,M1(Rd))×M(1)(Rd×
R+). Moreover, for any limit point (ξ, β) as ε → 0, ξ is given by ξt(dx) = u(x, t)dx,
u ∈ U(Rd × R+), and (u, β) is a solution to (6) (in the sense of Definition 1.4).
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Proof. Step 1: Relative compactness.

Let ū(ε) be the solution to a version of (12) without the removal term, namely

ū(x, t) = u0(x) +

∫ t

0
(L∗

εū+ ū)(x, s)ds, (x, t) ∈ Sε × R+.

Then u(ε)(x, t) ≤ ū(ε)(x, t) for all x, t. Moreover, ū(ε)(x, t) = etû(ε)(x, t), where û(ε) is the
solution to

(29) û(x, t) = u0(x) +

∫ t

0
L∗
εû(x, s)ds, (x, t) ∈ Sε × R+.

Now let X(ε) be a Markov process on Sε with initial distribution u0(x)dx and generator Lε.
Then (29) is the forward Kolmogorov equation for this process, and therefore

ū(ε)(Bc
r, t) ≤ etû(ε)(Bc

r, t) = et P(X(ε)
t ∈ Bc

r).

A proof along the lines of that of Lemma 3.4(b) shows that X(ε) ⇒ X in D(R+,Rd) as ε→ 0,
where X is a solution to

dXt = b(Xt)dt+
√
2dWt, X0 ∼ u0(x)dx.

It follows that for every T > 0, δ > 0 there exists r > 0 such that

(30) lim sup
ε→0

sup
t∈[0,T ]

u(ε)(Bc
r, t) ≤ δ.

Next, let φ ∈ C∞
c (Rd). With ⟨·, ·⟩ = ⟨·, ·⟩Sε , we can write for the solution (u(ε),Λ(ε)) of (12),

for a.e. t,

d

dt
⟨φ,u(ε)⟩(t) = ⟨φ,L∗

εu
(ε) + u(ε) −Λ(ε)⟩(t)

= ⟨Lεφ+ φ,u(ε)⟩(t)− ⟨φ,Λ(ε)⟩(t)(31)

where (11) is used. For x ∈ Sε,

Lεφ(x) =
∑
i≤2d

rε,i(x)(φ(x+ εki)− φ(x))

=
∑
i≤2d

(ε−2 + ε−1qε,i(x))(φ(x+ εki)− φ(x)) = Aε(x) +Bε(x),

where, denoting partial derivatives by φi, φij ,

Aε(x) := ε−2
∑
i≤d

(φ(x+ εki) + φ(x− εki)− 2φ(x))

= ε−2
∑
i≤d

(
φi(x)ε+

1

2
φii(yi)ε

2 − φi(x)ε+
1

2
φii(ŷi)ε

2
)
,

Bε(x) := ε−1
∑
i≤d

(qε,i(x)(φ(x+ εki)− φ(x)) + qε,i∗(x)(φ(x− εki)− φ(x)))

= ε−1
∑
i≤d

(qε,i(x)φi(zi)ε− qε,i∗(x)φi(ẑi)ε).
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Above, yi and zi (respectively, ŷi and ẑi) are points on the segment connecting x and x+ εki
(respectively, x−εki). Because φ is smooth and compactly supported, there exists c depending
only on φ such that |φi(yi)−φi(x)|+ |φii(yi)−φii(x)| ≤ cε. A similar statement holds for the
remaining intermediate points. Hence

Aε(x) = ∆φ(x) +O(ε)

Bε(x) =
∑
i≤d

(qε,i(x)− qε,i∗(x))φi(x) +O(ε) = bε(x) · ∇φ(x) +O(ε),

where the constants in the expressions O(ε) depend only on φ, and we have used (2). In view
of Assumption 1.1, this shows

lim
ε→0

sup
x∈Sε

|Lεφ(x)− Lφ(x)| = 0.

Going back to (31), and using |u(ε)(·, t)|1 = 1, we have

(32) ⟨φ,u(ε)⟩(t)− ⟨φ,u(ε)
0 ⟩ =

∫ t

0
⟨Lφ+ φ,u(ε)⟩(s)ds−

∫ t

0
⟨φ,Λ(ε)⟩(s)ds+ νε(t),

where νε(t) → 0 as ε→ 0 uniformly in t.

We use the above to show relative compactness of the measures β(ε). Fix T . Given δ > 0, use
(30) to find r such that, for all sufficiently small ε, supt∈[0,T ] u

(ε)(Bc
r, t) < δ. Let φ ∈ C∞

c (Rd)

be equal to 1 in Br and supported in B2r. Then by (32), and using the fact that Lφ+ φ = 1
in Br,

β(ε)(Br × [0, T ]) ≥ −|φ|∞u(ε)(Bc
r, T ) +

∫ T

0
u(ε)(Br, s)ds− |Lφ+ φ|∞

∫ T

0
u(ε)(Bc

r, s)ds+ νε(T )

≥ −cδ + T + νε(T ),

for c that depends only on φ and T . Since β(ε)(Rd × [0, T ]) = T , we have shown that for every
T > 0, δ > 0 there exists r such that

lim sup
ε→0

β(ε)(Bc
r × [0, T ]) < δ.

This shows that the family of measures β(ε), ε > 0 is relatively compact in M(1)(Rd × R+).

Next, to show that ξ(ε) are relatively compact in C(R+,M1(Rd)), it is required to show that
for every T > 0 and δ > 0 there is r such that

(33) lim sup
ε→0

sup
t∈[0,T ]

ξ
(ε)
t (Bc

r) < δ,

and for every T > 0 and δ > 0 there is η > 0 such that

(34) lim sup
ε→0

wT (ξ
(ε)
· , η) < δ.

Here, the modulus of continuity w is defined w.r.t. a metric on M1(Rd) that is compatible
with weak convergence. We take it to be the Levy–Prohorov metric

ρ(µ, ν) = inf{δ > 0 : µ(F ) ≤ ν(F δ) + δ for all closed sets F ⊂ Rd},
where F δ is the δ-neighborhood of F in (Rd, | · |).
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Note that (33) is precisely (30). It remains to prove (34). To this end, let F ⊂ Rd be a
closed set and let s, t ∈ [0, T ] be such that 0 < t − s ≤ η for some η > 0. By (13), for any
δ > 0,

u(ε)(F δ, t) =
∑
x∈Sε

u(ε)(x, s)st−s(x, F
δ)−

∫ t

s

∑
x∈Sε

Λ(ε)(x, τ)st−τ (x, F
δ)dτ

≥
∑

x∈Sε∩F
u(ε)(x, s)p

(ε)
t−s(x, F

δ)− et−s(t− s)

≥ u(ε)(F, s)−
∑

x∈Sε∩F
u(ε)(x, s)

∑
y∈Bc

δ(x)

p
(ε)
t−s(x, y)− 2η

≥ u(ε)(F, s)− sup
x

p
(ε)
t−s(x,Bc

δ)− 2η.

Now, by uniform ellipticity and boundedness of b, given δ > 0, δ′ > 0, one can find η > 0 such
that pt(x,Bc

δ) < δ′ for all (x, t) ∈ Rd × (0, η]. Therefore the same holds for p(ε) provided ε is
small. Thus, given δ, δ′ > 0 we can find η such that the second term is bounded by δ′. If we
now choose δ′ = δ/2 and η < δ/4, we get

u(ε)(F δ, t) ≥ u(ε)(F, s)− δ.

Since this holds for all F , we get ρ(ξs, ξt) ≤ δ provided η is small. This proves (34).

Step 2: Let (ξ(εn), β(εn)), εn → 0 be a convergent sequence and denote its limit by (ξ, β).
We will prove now that

(35) there exists u ∈ U(Rd × R+) such that ξt(dx) = u(x, t)dx.

Fix T > 0. It follows from the uniform estimate on the modulus of continuity stated in
Proposition 3.2 that there exists, for every n, an extension of U (εn) from Sεn × [0, T ] to all of
Rd × [0, T ], and there exists ω̂ : R+ → R+, ω̂(0+) = 0, such that

|U (εn)(x, t)− U (εn)(y, t)| ≤ ω̂(|x− y|), x, y ∈ Rd, t ∈ [0, T ], n ∈ N.

In view of Lemma 3.3(a), we also have that U (εn) are uniformly bounded on Rd × [0, T ].
Let QT = [0, T ] ∩ Q, where Q denotes the set of rational numbers. Thus we can extract a

subsequence nk → ∞ as k → ∞, and a function u : Rd × QT → R+ such that U (εnk
) → u

uniformly in Rd×QT , as k → ∞, where the limit u has ω̂ as its modulus of continuity in x for
every t ∈ QT . (Note that, because we have not proved continuity of t 7→ U (ε)(x, t) uniformly
in ε, we cannot at this stage select u to be continuous in t ∈ [0, T ]). Let φ ∈ C∞

c (Rd) be
supported in Br, some r > 0. For y ∈ Sε, denote the ε-cube by Qε(y) =

∏
i≤d[yi, yi + ε).

Abbreviating εnk
to ε, for fixed t ∈ QT ,

⟨φ, ξ(ε)t ⟩ =
∑
y∈Sε

φ(y)U (ε)(y, t)εd =
∑
y∈Sε

φ(y)U (ε)(y, t)

∫
Qε(y)

dz

=
∑
y∈Sε

∫
Qε(y)

{φ(z)U (ε)(z, t) + [φ(y)U (ε)(y, t)− φ(z)U (ε)(z, t)]}dz.
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The expression in square brackets above is bounded by |φ|∞ω̂(d1/2ε)+ |U (ε)|∞ωφ(d
1/2ε) when-

ever z ∈ Qε(y). Moreover, this expression vanishes for z outside B2r provided ε is small.
Hence

⟨φ, ξ(εnk
)

t ⟩ =
∫
Rd

φ(z)U (εnk
)(z, t)dz + ν̄k

for some ν̄k → 0 as k → ∞. By the uniform convergence U (εnk
) → u, this shows that

⟨φ, ξ(εnk
)

t ⟩ →
∫
φ(z)u(z, t)dz. However, we know that the full sequence ξ

(εn)
t converges to ξt in

M(Rd) as n→ ∞. This implies that ξt(dx) = u(x, t)dx. This conclusion holds for all t ∈ QT .
It remains to argue that u has an extension to C(Rd × [0, T ],R+) such that ξt = u(x, t)dx for
all t. This follows easily from continuity of t 7→ ξt in M1(Rd) and the continuity in x uniformly
in Rd ×QT .

Step 3: (u, β) solves (6).

Taking limits in (32) and using ξt = u(x, t)dx shows

⟨φ, u⟩(t)− ⟨φ, u0⟩ =
∫ t

0
⟨Lφ+ φ, u⟩(s)ds−

∫ t

0
⟨φ, βs⟩ds.

It remains to show that β ∈ Bu. By (12), for all n,∑
x∈Sεn

∫ T

0
(|U (εn)(·, t)|∞ − U (εn)(x, t))Λ(εn)(x, t)dt = 0,

thus ∫
Rd×[0,T ]

(|U (εn)(·, t)|∞ − U (εn)(x, t))β(εn)(dx, dt) = 0.

Given δ > 0 let n0 be such that for all n > n0, |U (εn) − u| < δT−1 on Sεn × [0, T ]. Then for
n > n0, ∫

Rd×[0,T ]
(|u(·, t)|∞ − u(x, t))β(εn)(dx, dt) < δ.

Because β(εn) → β, we get∫
Rd×[0,T ]

(|u(·, t)|∞ − u(x, t))β(dx, dt) ≤ δ.

Sending δ → 0 we conclude that β ∈ Bu. □

5. PDE uniqueness

In this section we prove the following result.

Proposition 5.1. There is at most one solution (u, β) to (6) in U(Rd×R+)×M(1)(Rd×R+).

With this result, we have all that is needed in order to prove Theorem 1.5.

Proof of Theorem 1.5. Part (a) follows from Proposition 4.1 (existence) and Proposition 5.1
(uniqueness).
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As for part (b), according to Lemma 2.2 and Proposition 2.6, for every ε > 0 there exists a

unique solution (u(ε),Λ(ε)) to (12). By Proposition 2.6, for fixed ε, (ξε,N , βε,N ) → (ξ(ε), β(ε))
in probability as N → ∞, where

ξ
(ε)
t (dx) =

∑
y∈Sε

u(ε)(x, t)δy(dx), β(ε)(dx, dt) =
∑
y∈Sε

Λ(y, t)δy(dx)dt.

Moreover, combining Propositions 4.1 and 5.1 and denoting by (ξ, β) the unique solution to (6),

shows that (ξ(ε), β(ε)) → (ξ, β) in C(R+,M1(Rd)) ×M(1)(Rd × R+) as ε → 0. The existence
of εN → 0 for which (ξεN ,N , βεN ,N ) → (ξ, β) in probability as N → ∞ therefore follows by
diagonalization. □

Towards the proof of Proposition 5.1 we shall need the following. Let ūu0 and ûu0 denote
the unique solution (in the class of smooth functions that are bounded in Rd × [0, T ] for every
T ) to

∂tū = L∗ū+ ū, ū(·, 0) = u0

and, respectively,

∂tû = L∗û, û(·, 0) = u0.

Clearly, ūu0(x, t) = etûu0(x, t).

Lemma 5.2. Every solution (u, β) of (6) satisfies u(x, t) ≤ ūu0(x, t). As a result, for every
T > 0, limr→∞ supt∈[0,T ] supx∈Bc

r
u(x, t) = 0.

Proof. First we note that Definition 1.4 implies that for any φ ∈ C∞
c (Rd, [0, T ]) and any

0 ≤ τ < t ≤ T

⟨φ(·, t), u(·, t)⟩ = ⟨φ(·, 0), u(·, 0)⟩+
∫ t

0
⟨Lφ+ φ+ ∂sφ, u⟩(s)ds−

∫ t

0
⟨φ, βs⟩ds, t > 0.

Moreover, since u ∈ Cb(Rd × (0,∞),R+), φ this equality extends to all φ ∈ C∞
0 (Rd × [0, T ])

(i.e to functions decaying uniformly to 0 at ∞ in Rd).

Next, note that ū solves the equation

⟨φ(·, t), ū(·, t)⟩ = ⟨φ(·, 0), ū(·, 0)⟩+
∫ t

0
⟨Lφ+ φ+ ∂sφ, ū⟩(s)ds,

for any t > 0 and test function φ ∈ C∞
0 (Rd× [0, T ]). By Definition 1.4 and the above comment,

we obtain for w = u− ū (recalling w(·, 0) = 0),

⟨φ(·, t), w(·, t)⟩ =
∫ t

0
⟨Lφ+ φ+ ∂sφ,w⟩(s)ds−

∫ t

0
⟨φ, βs⟩(s)ds, β ∈ Bu.

Let φ ∈ C∞
0 (Rd × [0, T ]) be a solution of the backward equation φs + Lφ + φ = 0 satisfying

the terminal condition φ(·, t) = ψ ∈ C∞
c (Rd) in the interval [0, t], and assume ψ ≥ 0. Then

φ ≥ 0 in all of Rd × [0, t] by the maximum principle. Thus

⟨ψ,w(·, t)⟩ = −
∫ t

0
⟨φ, βs⟩(s)ds ≤ 0.

This implies w ≤ 0, which proves the first assertion of the lemma.
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As for the tail estimate, if pt(x, y) denotes the fundamental solution to ∂tû = L∗û, then
ûu0 is given by ûu0(y) =

∫
u0(x)pt(x, y)dx. Now, as u0 is uniformly continuous, it converges

uniformly to zero as |x| → ∞. Moreover, p satisfies Gaussian estimates uniformly in Rd×[0, T ].
This and the bound u ≤ ūu0 = etûu0 easily imply the claimed tail estimate. □

Proof of Proposition 5.1. Let (u, β) and (v, γ) be two solutions in the indicated class. Note

that if u = v then, by Definition 1.4, for all 0 ≤ s < t,
∫ t
s ⟨φ, βθ⟩dθ =

∫ t
s ⟨φ, γθ⟩dθ for all test

functions φ. This implies that for every rectangle R = [a1, b1] × · · · × [ad, bd] × [s, t], one has
β(R) = γ(R). Hence β = γ. It thus suffices to prove that u = v.

Let ηδ(x) = δ−dη(x/δ) where η is the standard mollifier in Rd (symmetric, nonnegative,
supported in B1,

∫
η = 1). For ψ : Rd → R denote ψδ = ηδ ∗ ψ. For ψ : Rd → Rd, denote by

ψδ the componentwise convolution (ηδ ∗ ψi)i∈[d] : Rd → Rd. Let φ ∈ C∞
c (Rd), and use φδ as a

test function in Definition 1.4. Note that (suppressing t),

⟨φδ, u⟩ = ⟨φ, uδ⟩, ⟨∆φδ, u⟩ = ⟨∆φ, uδ⟩ = ⟨φ,∆uδ⟩.

Let βδt (x, t) = (ηδ ∗ βt)(x) (a function). By the antisymmetry of ∂iηδ for every i,∫
bi∂i(φ ∗ η)u dx =

∫
biu(φ ∗ ∂iη) dx

=

∫ ∫
bi(x)u(x)φ(y)∂iη(x− y)dydx

= −
∫ ∫

bi(x)u(x)φ(y)∂iη(y − x)dxdy

= −
∫
φ((biu) ∗ ∂iη) dx

= −
∫
φ∂i(biu)

δ dx.

Hence

⟨b · ∇φδ, u⟩ = −⟨φ,∇ · (bu)δ⟩.
Using these facts in Definition 1.4,

⟨φ, uδ⟩(t) = ⟨φ, uδ0⟩+
∫ t

0
⟨φ,∆uδ −∇ · (bu)δ + uδ⟩(s)ds−

∫ t

0
⟨φ, βδs⟩ds.

Since uδ and its derivatives are continuous, it follows that

uδ(·, t) = uδ0 +

∫ t

0
(∆uδ −∇ · (bu)δ + uδ)(·, s)ds−

∫ t

0
βδsds.

Let w = u− v and θδ = (bwδ)− (bw)δ. Then

wδ(·, t) =
∫ t

0
(L∗wδ + wδ +∇ · θδ)(·, s)ds+

∫ t

0
(γδs − βδs)ds.

Thus

(36)
1

2
|wδ|22(t) =

∫ t

0
⟨wδ,L∗wδ + wδ +∇ · θδ + γδs − βδs⟩ds.
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We now fix T and proceed to bound the various terms on the r.h.s. of (36) for t ∈ [0, T ].
First, note that ∇wδ satisfies the tail condition supx∈Bc

r
|∇wδ|(x, t) → 0 as r → ∞, uniformly

in t ∈ [0, T ]. Indeed, ∇wδ = ∇ηδ ∗ w and w satisfies such a tail condition due to Lemma
5.2. As a result, integration by parts gives ⟨wδ, ∆wδ⟩ = −|∇wδ|22. Also, ⟨wδ,∇ · (bwδ)⟩ =
−
∫
∇wδ · bwδ = −1

2

∫
∇(wδ)2 · b = 1

2

∫
(wδ)2∇ · b. This gives

|⟨wδ,∇ · (bwδ)⟩| ≤ c|wδ|22.
Also,

⟨wδ,∇ · θδ⟩ = −
∫

∇wδ · θδ.

For any a > 0, ∣∣∣ ∫ ∇wδ · θδ
∣∣∣ ≤ |∇wδ|2|θδ|2 ≤ a|∇wδ|22 + a−1|θδ|22.

Combining the above estimates,

1

2
|wδ|22(t) ≤ −(1− a)

∫ t

0
|∇wδ|22(s)ds+ c

∫ t

0
|wδ|22(s)ds+

∫ t

0
a−1|θδ|22(s)ds

+

∫ t

0
⟨wδ, γδs − βδs⟩ds.

Because b and w are uniformly continuous in Rd and Rd × [0, T ], resp., we have that |θδ|∞ =
|(bw)δ − bwδ|∞ → 0 as δ → 0. Since u, v ∈ U(Rd × R+) and b is bounded, it follows that
|θδ|2 → 0 as δ → 0. We can therefore find a = aδ → 0 as δ → 0 such that one has κδ :=

a−1
δ

∫ T
0 |θδ|22(s)ds→ 0 as δ → 0. This gives, for t ∈ [0, T ],

1

2
|wδ|22(t) ≤ c

∫ t

0
|wδ|22(s)ds+ κδ +

∫ t

0
⟨wδ, γδs − βδs⟩ds.

Now ∫ t

0
⟨wδ, γδs − βδs⟩ds =

∫ t

0
⟨wδδ, γs − βs⟩ds,

where wδδ is the second convolution wδδ := ηδ ∗ ηδ ∗w. Since, by the definition of U(Rd ×R+),
x 7→ w(x, t) is continuous in x uniformly in (x, t) ∈ Rd × [0, T ], there exists αδ such that
supt∈[0,T ] |w − wδδ|∞(t) < αδ and limδ→0 αδ = 0. It follows that∫ t

0
⟨wδδ, γs − βs⟩ds ≤ tαδ +

∫ t

0
⟨w, γs − βs⟩ds ≤ tαδ .

The last inequality follows by the monotonicity of the set valued operator u → Bu, namely
⟨βs− γs, u(·, s)− v(·, s)⟩ ≥ 0 for a.e. s. Indeed, ⟨βs, u(·, s)⟩ = |u(·, s)|∞, ⟨βs, v(·, s)⟩ ≤ |v(·, s)|∞
for any β ∈ Bu and a.e. s, by definition (5). Thus for all small δ,

1

2
|wδ|22(t) ≤ c

∫ t

0
|wδ|22(s)ds+ κδ + tαδ, t ∈ [0, T ].

Using Gronwall’s lemma, sending δ → 0 ,

lim
δ→0

sup
t∈[0,T ]

|wδ(·, t)|2 = 0.
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By the continuity of w, this shows that w = 0 on Rd × [0, T ], and the proof is complete. □

Appendix A. About Assumption 1.1

Here we show that given b ∈ C1
b (Rd,Rd) with b and ∇b globally Lipschitz, there always

exists qε such that (qε, bε, b) satisfy Assumption 1.1.

For example, set gi = (b · ei)+ ∗ η, 1 ≤ i ≤ d, where η is the standard mollifier in R, and
gi+d = −b · ei + gi. Take qε,i(x) = gi(x) for 1 ≤ i ≤ 2d and x ∈ Sε. Now, gi ≥ 0 for 1 ≤ i ≤ d,
whereas gi are bounded below for d+1 ≤ i ≤ 2d. As a result, mini≤2d infx rε,i(x) > 0 provided
ε is sufficiently small. Finally, gi and their derivatives are Lipschitz for all 1 ≤ i ≤ 2d by the
assumed properties of b, and thus (3) and (4) follow.
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[9] É. Brunet, B. Derrida, A. H. Mueller, and S. Munier. Effect of selection on ancestry: an exactly soluble
case and its phenomenological generalization. Physical Review E, 76(4):041104, 2007.

[10] M. Cabezas, A. Dembo, A. Sarantsev, and V. Sidoravicius. Brownian particles with rank-dependent drifts:
Out-of-equilibrium behavior. Communications on Pure and Applied Mathematics, 72(7):1424–1458, 2019.
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