HIGH-DIMENSIONAL LIMITS FOR REFLECTED BROWNIAN MOTION
IN THE ORTHANT

RAMI ATAR

ABSTRACT. We study interacting Brownian particles on the half-line whose interaction occurs
through boundary local times at the origin. The particle system is given by

D L), ieln], >0,

JF#i

where the initial conditions are exchangeable, the driving Brownian motions W;* are i.i.d.,
and L7 denotes the boundary local time of X" at zero. For each fixed coefficient array {p7;},
the system can be viewed as a semimartingale reflected Brownian motion in the orthant. We
first consider the homogeneous case p;; = a. In this case, global well-posedness holds under
the completely-S condition a > —1. We prove propagation of chaos under this condition;
the subregime a € (—1,0], in the homogeneous setting, was previously covered as part of the
results of |3|. The limiting process is the nonlinear reflected Brownian motion

X(t) = Xo + W(t) + L(t) + aE[L(t)], t>0.

We also treat heterogeneous random coefficients pJ;, assumed to have mean a, support in a
compact subset of (—1,1), and to be independent across j for each 7. In both the quenched
and annealed settings, the particle system converges to the same McKean—Vlasov limit as in
the homogeneous case. The model is motivated by large Jackson networks in heavy traffic.

n n n n 1
Xi'(t) = Xo.i + Wi'(t) + Li' () + —1

1. INTRODUCTION

Consider an n-dimensional semimartingale reflected Brownian motion (SRBM) in the or-
thant [0,00)", n > 2, described by the stochastic differential equation (SDE)

(1) Xi'(t) = Xg, + W(t) + Li(t) + ﬁ ZaL;‘(t), i€[n], t>0.

J#i
Here, a € R is a parameter, W" = (W}*);c[n) is an n-dimensional Brownian motion (BM) the
components of which are i.i.d. BM with drift and diffusion coefficients b € R and ¢ > 0, and
L" = (L?)ie[n] is the boundary process: a componentwise nondecreasing process satisfying

f[o o) Xi(s)dLi(s) = 0 a.s. A solution to the SDE exists globally in time if and only if a > —1,
in which case it is unique in law; see Section |2| for precise definitions and further details. Let

n 1
= Oxne):

1€[n]
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Assume exchangeability of {X&i}ie[n] for each n, and convergence g — po in probability to a
deterministic limit. It is then natural to regard as a system of Brownian particles on the
half-line, interacting through their local time at the origin. The associated McKean—Vlasov
process, which we call the nonlinear RBM, is the unique solution to

X(t)=Xo+W(t)+ L(t) + a(t)

(NLR)
At) =EL(t),

with X ~ g, W a BM with drift and diffusion coefficients b and o, and L a boundary term;

see Section 2] for details. Our first result proves propagation of chaos: for each fixed k € N, the

tuple {Xin}ie[k] converges in distribution to a tuple of k£ independent copies of the nonlinear

RBM, and the empirical distribution u” converges in probability to pu., where p; is the law of

X (t). The subregime a € (—1,0] was previously covered as part of the results of [3].

We next consider a heterogeneous version with random reflection coefficients, where the
SRBM is given by

1 .
(2) XI'(t) = Xo; + Wi (e) + Li'(t) + —— Y ELH), i€l t>0.
J#i
Here, the coefficients p% are assumed to be supported in a compact subset of (—1,1), have
mean a, and for every n > 2 and i € [n], the n — 1 random variables pj;, j € [n] — {i} are
mutually independent. Our second result shows that both the quenched and annealed limits

are governed by the same nonlinear RBM (NLRJ). In particular, at the McKean—Vlasov scale,
the random environment enters only through the mean coefficient a.

Motivation. A concrete source of motivation comes from open Jackson queueing networks
and their generalizations. Consider a network with n single-server stations. After completing
service at station 7, a job is routed to station j with probability p;;, or leaves the system with
probability 1 — 3 p;;. A classical heavy-traffic theorem of Reiman [13] shows that, for fixed
n, the diffusion-scaled queue-length process converges to a semimartingale reflected Brownian
motion in R} with reflection matrix (R;;) = (d;; — pji). This places the particle systems
studied here in the same family of high-dimensional reflected diffusions. With the mean-field
normalization in , the Jackson-network routing probabilities and the reflection coefficients
are related via pfl; = —pf%/(n — 1) for i # j.

In the special case where —1 < —1+¢, < p?j < 0 and p?j of the above form, the McKean—
Vlasov limit obtained in this paper describes the asymptotics of a Jackson network in which
the heavy-traffic diffusion limit is taken first, with n fixed, and then n is sent to infinity. This
motivates the further question of whether the same limit is obtained when the heavy-traffic
and many-station limits are taken jointly, or in the reverse order. At the queueing-network
level such interchange problems can be delicate, particularly for generalized networks whose
queue-length processes are not Markovian.

In addition to the queueing network motivation, the model fits within the literature on
mean-field limits and propagation of chaos for particle systems with local-time interactions;
several related works are discussed below.
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Related work. Since the pioneering work of McKean [11], McKean—Vlasov limits and prop-
agation of chaos have become central topics in probability theory. For classical accounts, we
refer to 8] and [19].

McKean—Vlasov limits for reflected diffusions were studied in |18], where the particle system

is given by
dX;'(t) = b(X]'(t), py')dt + dW;(t) + dL} (1), i € [n],

with each X' constrained to lie in a closed subset of R?, and L7} denoting the boundary term
enforcing normal reflection. Numerous extensions of this framework have since been developed;
for recent contributions, see e.g. |[10,21]. In these works, the interaction acts through the effect
of the empirical law on the drift and diffusion coefficients, but not through the local-time or
boundary terms themselves.

To our knowledge, McKean—Vlasov limits of particle systems interacting through local time
first appeared in [19, Chapter II], where particles on the real line satisfy

AXT(t) = dW;(t) + g SALN(XP - XP)(t), i€ [n),
J#i
with L? denoting the symmetric local time at 0. Related models have also been studied in the
context of particle systems subject to constraints on the empirical law. In 7], a class of such
systems is considered, including the following representative example: particles reflected in the
unit interval satisfy

dXT(t) = dWi(t) + dK™(t) + dLM(t), i€ [n],

together with the constraint n=!>", X*(t) = ¢ € (0,1). Here, L? are boundary terms for
reflection in [0, 1], and K™ is a control term enforcing the constraint. In particular, one has
dK™ =n=t>. dW;+n~1 3", dL?, so that, similarly to , the interaction term is given by the
empirical average of boundary terms. We refer to |7 for further references on particle systems
with macroscopic constraints leading to interactions through local time. See also [4], which
studies a particle system with reflection in which the interaction occurs through a term of the
form n=1 Y, L1 (t)dt; there, the average boundary local time enters the dynamics through the
drift.

Most closely related to the present paper is [3]. For fixed n, the work studies with
deterministic, non-positive coefficients pi;» including regimes in which global solutions need
not exist. In such regimes, solutions exist only up to a breakdown time, which is characterized
there. In addition, in the homogeneous case p?j = a, a <0, [3] studies the McKean—Vlasov
limit. The subcase a € (—1, 0] overlaps with the results of the present paper, while for a < —1
the limiting dynamics break down in finite time (and a more complicated behavior occurs when
a=—1).

Finally, there is related work on mean-field limits for queueing models. These limits typically
correspond to sending the number of servers, stations, or nodes to infinity at the level of the
queueing system itself. Examples include strategic servers in a mean-field game setting [5|
and a randomized load-balancing algorithm studied in [1]. Generalized Jackson networks have
been studied under mean-field asymptotics in [15], as part of a line of research on the Poisson
hypothesis: as the number of servers increases, the inflow to each node becomes asymptotically
Poisson. See also the earlier works [2,/16,/17] and the references therein. This direction is
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distinct from the heavy-traffic motivation described above: it studies many-node limits of the
original queueing networks without diffusion scaling of the queue-length or delay processes,
and therefore does not lead to heavy-traffic reflected Brownian approximations.

Notation. Denote R, = [0,00). For € R, let ¥ = max(+z,0). For n € N, write 1,, for the
column vector in dimension n all entries of which are 1, and I,, for the n x n identity matrix.
Equip R” with the Euclidean norm | - |.

For a Polish space (E,d), let C(R4, E) be the space of continuous paths R, — E equipped
with the topology of convergence uniformly on compacts. Let P(E) denote the set of prob-
ability measures on E, equipped with the topology of weak convergence. For p € P(E), let
Psym(E™; 1) be the set of symmetric (i.e., permutation-invariant) probability measures on E"
with marginal . Denote by = convergence in distribution.

Let C (R4, Ry) denote the set of functions in C'(Ry,R;) that are nondecreasing and start
at 0. Let C™ = C(R;,R") and C™ the Borel o-algebra on C™. Let S denote the
n-dimensional orthant R”? and S™ the Borel o-algebra on S™. Let Cg,(R+,R") = {f €
C(Ry,R™) : £(0) € Sy}. For f: R, — R, 0< 4§ <t let

1f[le = sup{[f(s)| - s € [0, 2]}
wt(f7 5) = Sup{]f(s) - f(u)‘ HERUES [Ovt]a |S - u’ < 5}
Finally, for v € R", n > 2,
1 1
(v) === Z Vi, (V)i = — 0 Zvj.
i€[n] J#i
With this notation, , for example, can be written as
3) Xi'(t) = Xo; + W (t) + Li(t) + a{L"(1)):.

2. SETTING AND RESULTS

For b € R and ¢ > 0, an n-dimensional BM with drift b1,, and diffusion matrix oI,
starting at 0, will be called an (n,b,c)-BM, and a (1,b,0)-BM will be called a (b,c)-BM. We
will consider here only SRBM driven by (n,b,0)-BM. Following |14}20.]22], such an SRBM is
defined as follows.

Definition 2.1 (SRBM). Givenn € N, b € R, 0 > 0, an n x n matriz R and a probability
measure v on (S, 8M), an SRBM associated with the data (n,b,o, R,v) is an {F;}-adapted,
n-dimensional process X defined on some filtered probability space (£2,F,{Fi},P) such that
P-a.s.,

t— X (t) lies in C(Ry, S™) and X = Xo+ W + RL,
and under P,

o Xy has distribution v,
e W is an (n,b,0)-BM and, for each i € [n], {W;(t) — bt,t > 0} is an {F;}-martingale,
e L is an n-dimensional {F;}-adapted process such that P-a.s.,

(4) t— Li(t) lies in C+ (R4, R4) and /OOO X7 (t)dL}(t) =0, i € [n].



We will refer to R and the reflection matriz, and to L as the boundary process.

The existence and uniqueness in law of SRBM in the orthant was studied in [14}20], where
a necessary and sufficient condition was given in terms of the following key property of the
reflection matrix:

An n x n matriz R is said to be completely-S if for every nonempty J C [n] there exists a
vector (z;)ies € R such that

> Ryz; >0 forallic.J
jed

The following was shown in [20, Corollary 1.4] and [22, Theorem 3.1].

Theorem 2.2 ( [20,22]). Let n € N, b € R, 0 > 0, R an n X n matriz, and v a probability
measure on (S, 8. Then there exists an SRBM associated with (n,b,o, R,v) if and only
if R is a completely-S matriz, in which case uniqueness in law holds for the pair (X, L), where
X is an SRBM and L the corresponding boundary process.

2.1. Deterministic reflection. We shall focus on , in which R is the n x n matrix
1 i=j
5 R™ _
( ) 1) ﬁ ’l;éj
Lemma 2.3. Fizn > 2. Then R"™ defined by is completely-S if and only if a > —1.

Proof. Suppose a > —1. Let J C [n]. Then for the vector z € RJ all the entries of which are
1, one has for all 7 € J,

n 1 J -1
zit > RVzi>1- Y n:1—‘ =l

jETi#i jege 1 n-l
Next, suppose a < —1. If for some x € R’ one has z; + Z#i Rg-l)mj > 0 for all ¢ then
ri—(n—1)""t > i+ Tj > 0. Summing over ¢ gives a contradiction. O

We now fix a > —1, b € R, ¢ > 0, and a probability measure pg on (R+,S(1)), and for
each n, a probability measure v € Psym(S(”);uo). For each n we let (X", L™, W", X{) be
an SRBM and the corresponding boundary process, BM and initial condition for the data
(n,b,0, R (). We assume that n~! Zie[n] dxp, — po in probability. Moreover, we as-
sume without loss of generality that these random elements are defined on a common filtered
probability space (§2, F,{F;},P), for which expectation is denoted by E. This completes our
definition of a solution to .

A solution to (NLR)) is also assumed to be defined on (§2, F,P), and it is implicit that L is
a boundary term, i.e., that ¢t — L(t) lies in C; (R, R, ) and f[o o) X (t)dL(t) = 0, and that A
is finite and continuous.

Let
(6) b = Z O(X (), L7 (1)) AM(t) = - Z Li ().

1€[n] i€[n]
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Our first main result is as follows.

Theorem 2.4. Let a € (—1,00).

i. There exists a pathwise unique strong solution (X, L, \) to .

ii. Let k € N. Then (X]', L);icir) = (Xi, Li)iep in C®R)  where the latter tuple is given
by k independent copies of (X,L). Moreover, (1™, A") — (1, \) in C(Ry, P(R2)) x CW), in
probability, where py = P o (X(t),L(t))~', t > 0, and X\ is as in part (i), otherwise expressed
as A(t) = fRi ype(de, dy), t > 0.

2.2. Random reflection. For this setting, the environment is represented by a probability
space (E, A, Q) on which are defined, for each n > 2, a tuple {p?] 11,7 € [n],i #j}, of n(n—1)
real-valued random variables. They are used for defining the random reflection matrix

. 1 1=
(n) _ J
Rz’;‘L RN
o LF T
Assumption 2.5. i. For some €, > 0 and every § € 2, n > 2, i,j € [n], i # j, one has
PO <12,
it. The mean a := fp%(f)@(dﬁ) does not depend on n, i, j.

ii. For every n and i € [n], the n — 1 random variables pj;, j € [n], j # i, are mutually
independent under Q).

Under Assumption SRBM is well defined, for it is easy to see, along the lines of the
proof of Lemma that the completely-S condition holds for all £&. However, we will rely on
a stronger result, which guarantees existence of strong solutions.

Let R(™ denote the set of n x n matrices of the form R = I + A, with I = I,, the identity
matrix and A a matrix such that |A|, the matrix whose entries are absolute values of those of
A, has spectral radius < 1.

Theorem 2.6 ( [9,22]). For n € N, there exists a map I'™ : Cg (Ry,R") x RM — ¢
such that whenever (é,fl, Q) is a probability space supporting Xo ~ ™, W an (n,b,o)-BM
independent of Xg, and {/lt} is the filtration generated by Xo+W (1), t € Ry, then, upon setting
(X,L) =T"(Xy+ W;R), the tuple (Xo, W, X, L) satisfies all requirements in Deﬁm’tion
but with the filtered probability space being (é, fl, {.,th}, Q) Moreover, T™ s jointly measurable
in both arguments.

Proof. When all entries of A are nonpositive, the first assertion of the theorem is found in [9).
For signed A, it was noticed in [22, Section 7] that the proof from [9] continues to hold. As
for joint measurability, this follows from the fact that r (precisely, its second component)
was constructed in [9] as the unique fixed point of a contraction 7 = «(-; R) on C([0,T],R"),
which itself is jointly measurable on C([0,T],R") x R(™. O

Let
(éjA) = ( H S(n) x C(Sn)7 H S(n) ® C(Sn)>7

n>2 n>2
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and denote the canonical process by (X{)L,W”,X",f)”)nzg. For every £ € Z, let Q¢ be a

probability measure on (=, /l) under which, for each n, X{)‘ ~ v e Psym (S ™) 1), W™ is an
(n,b,0)-BM independent of X{}, and Q¢-a.s.,

(X7, L") = T0(Xg + W™ R (€)),
and n~! > icfn] 0 xp, Ko in probability. Above, T (.; R((£)) is well-defined for every &,

owing to Assumption [2. (1 which implies that, for every { € B, R )(€) € R™. In view of the
first assertion of Theorem [2.6, the tuple (X§, W™, X™, L™, p"(¢)) satisfies Q¢-a.s., for every
§. The measure ()¢ thus defined is called the quenched measure.

Next, let (X,A) = (E x 2A® fl) Note that & — Qg(fl) is A-measurable for every A € A,
owing to the joint measurability of I'™ stated in Theorem Hence one can define the
annealed measure QQ as the probability measure on (X, A) satisfying

(") Q)= [ Qudue. ez dez

On this space, we let H(f,f) = H(f) for H = X{f, Wn, X™ and L™, whereas p”(f,f) = p"(&).

Let 4" and A" be defined analogously to (6), with (X™, L") replacing (X", L™). Our second
main result is the following.

Theorem 2.7. Let Assumption hold. Let k € N. Let (X;,L;), i and X\ be as in The-
oiemi. Then under Q, as Awell as for Q-a.e. § € E, under Q¢, one has (XF7L?)ie[k] =
(X4, Li)iep) in CCR) and (a™, A\") — (1, A) in C(Ry, P(R?)) x C) in probability.

Remark. Whereas working with the strong solution makes the construction of the quenched
and annealed measures straightforward, this is not the motivation for imposing the assumption
|pi;] <1 —¢,. Rather, this condition is required for the proof of Theorem which relies on
coupling with the dynamics under deterministic reflection. It is in this step that the bound is
used in an essential way (see, in particular, the proof of Proposition .

Open problem. Extend Theorem by replacing Assumption (i), ie. |pZ\ <1-¢,, with
the weaker condition —1 < ¢ < pf-;- < ¢ < 00.

3. THE CASE OF DETERMINISTIC REFLECTION COEFFICIENTS

Here we present the proof of Theorem [2.4] which proceeds in four steps established by
Propositions[3.1{3.4]below. The approach is based on the penalty method by which the reflected
dynamics are approximated by diffusion in all of R™ with a penalty term. This makes it possible
to take advantage of a classical result for weakly interacting diffusions with a Lipschitz drift, by
which the mean field limit exists and is given by the McKean—Vlasov diffusion with penalized
dynamics (Proposition . Before applying this tool we argue the existence of a unique
solution to (Proposition . We then show that as the penalty parameter diminishes,
both the n-dimensional system and the one-dimensional McKean—Vlasov diffusion converge to
their reflected counterparts (Propositions and respectively).

We now state Propositions 3.4l Their proofs appear in Sections 3.4] respectively.
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Proposition 3.1. There exists a pathwise unique strong solution to (NLRY).

To construct an approximating system via the penalty method, let Y = Y*™ be defined as
the unique strong solution to the following SDE in R"”

Yi'(t) = Xo + W) + A7 (1) + a4 (1))s

An(t) = /0 pe (Y7 (5))ds

where, for ¢ > 0, we take p. : R — [0,£71] to be the Lipschitz function

(8)

-1

€ r < —¢
pe(z) =4 20 —e<2<0
0 xz > 0.

Note that we have defined Y so that it is driven by the same BM as X™ in , which clearly
can be done thanks to the existence of a strong solution to . The McKean—Vlasov diffusion
in this case is given by Y = Y*,

Y(t) = Xo+ W(t) + A(t) + a EA(L)

At) = /0 b. (V(s))ds.

The following result is classical; Section points to the literature where the proof is found.

(9)

Proposition 3.2. Fize > O;T@re exists a pathwise unique strong sfolutfion to @ Moreover,
fork e N, (Y, W) ic) = (Yi, Wi)igi in Ck) asn — oo, where (Y, W;) are k independent

7

copies of (Y, W).

The penalty method, which goes back to [12], consists of showing that, for each n, the
vanishing ¢ limit of a penalized diffusion, such as Y, is given by a reflected diffusion, such as
X"™. However, here we will need a uniform-in-n convergence.

Proposition 3.3. There exists ng = no(a) such that, as e — 0, (Y*, A}) — (X}, L}) in C®)
in probability, uniformly in n > ng.

A similar result is stated now about X and Y, of (NLR)) and @D These processes are driven
by the same (X, W), which again can be done thanks to the existence of strong solutions.

Proposition 3.4. As e — 0, (?‘5,2":) — (X, L) in C? in probability.

Proof of Theorem Statement (i) is already established in Proposition For statement
(ii), fix k and denote

Xiy = (XL W icws Xy = (X Li, Wa)icus

(2

Yf];? = (Y;'&na A?nv Wzn)ze[k}7 ?([Sk:] - (?267Zf7W2)16[k’]a
where (?j,ﬁ;,Wﬁie[k] (respectively, (X, Li, Wy);cqi) are k independent copies of Y5, A5, W)

(respectively (X, L, W)). We emphasize that the systems are driven by the same (Xg;, W;).
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We now show that X’[lk] = K[k] in C3%) Tt suffices to show that, given T, Ew(XﬁC]) — Ey (K[k])

for all ¢ € Cy(C([0,T),R?*),R). For such 1), write
B (X)) —Ed (X < [ES(Xfj) B (Y1) [+ BV (Y ) —E (V) | +1ES (Y gg) —E (X))

Due to exchangeability, Proposition implies the convergence in probability, as ¢ — 0, of
Y‘[Ek? — Xﬁg]. Likewise, Proposition implies the convergence in probability, as € — 0, of
?[Ek] — X[k]. Hence, given n > 0, one can find € such that the first and third terms on the
right of the above display are less than 1/3 each, for all n > ng(a). For that ¢, by Proposition
the second term is less than 7/3 for all large n. We obtain that |E¢(X7[}C]) —Ep(Xpy)| <
or all large n, and the claim is proved.
Next we show that ™ — u. Having established propagation of chaos, this statement follows

from the general theory. In particular, fix T and let m be the law induced by (X, L) on
C([0,T),R?). Let ZI = {(X(t), L*t)),t € [0,T]}. Then

1
m't = . Z dzn —m
1€[n]

in P(C([0,T],R?)) in probability; see [19, Definition 2.1 and Proposition 2.2]. Metrizing
P(C([0,T],R?)) and P(R?) by the Levy-Prohorov metric dpp and dpp, respectively, it fol-
lows from the definition of this metric that, for ¢ € [0,7],

dip(pf, ) = dip(m™ o z(t) " ,moz(t)™!) < dip(m”,m),

with 2 = {z(¢)} the canonical process on C([0, T], R?). Taking supremum over ¢ € [0, 7] proves
pu* — pin C(Ry,P(R?)) in probability.

Finally we prove the assertion regarding convergence of A". If A is the last component of
the solution of (NLR) then by definition A(t) = EL(t). Also by definition, the law of L(t) is
the second marginal of s, t € Ry. Hence \(t) = [z ype(de, dy).

+

To show that A™ — A, note that (Xf,X&l,Wf,L?) = (X, X0, W, L), as we have shown.
Since these two tuples constitute all but the last term in and respectively , it follows
that the same statement must hold for the respective last terms as well: (L™); — X in C!) in
probability. Since L} are tight, it follows that (L") — X as well. O
About notation. In what follows, for the most part, the dependence of processes on n will

be suppressed from the notation in the proofs of lemmas and propositions (for example, we
will write W for W").

3.1. Proof of Proposition (existence and uniqueness for ) Here we prove
existence and uniqueness for the nonlinear RBM. The existence statement is proved based on
tightness of the processes (X7, L}), a property used again later in the convergence proof. It
is worth mentioning that, in the case where the initial conditions Xy, are i.i.d., the results of

this subsection alone give the convergence (X7, L) = (X, L).

An elementary lemma about the Skorohod problem is as follows.
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Lemma 3.5. Letw € Cr, (R, R), z € C(R4,Ry) and £ € CL(Ry,Ry) be such that x = w+/
and f[o 00) xdl = 0. Then

Lt) = sg[t)(w(s)_), t>0.

Proof. See [6, Section 8§]. O
Lemma 3.6. Fora > —1, {X{',n > 2} and {L},n > 2} are tight in C(Ry,Ry). Moreover,
sup,, E[L?(t)?] < oo, for every t.

Proof. Using Lemma in ,

(10) Li(t) = sup[(Xo,i + Wi(s) + a(L(s)):) -

s<t
Consider first ¢ > 0. Then
(11) Li(t) < sup Wi(s)™ < [Wills.
s<t

Moreover, for t; < to, L;(t2) — Li(t1) < |W;(t2) — W;(t1)| hence
(12) wr(Li, §) < wr(W;, d).

These two estimates show that, for fixed i, L;, as a sequence indexed by n, are tight in
C(R4+,R;). In view of this, to show now that, for fixed i, X; are tight, it suffices to show that
(L); are. But

E(L(t)); = EL1(t) < E[[W1]|¢

Ewr((L);,d) < BEwp(Ly,d) < Ewp(Wh,9).
Thus, given ¢,
P(wr((L),0) > €) < e 'Ewr(Wi,0) < e (dlog(T/6))/?,
for some constant ¢ independent of n. This gives tightness of (L);, and in turn, of Xj.
Next consider —1 < a < 0. Again by ,
Li(t) < [Wille + lal(L(t))s

and averaging over i gives

(13) (L)) < call[W]]e),
where ¢, = (1 —|a])™!, and so EL;(t) = E(L)(t) < ¢,E||W1]|;. Similarly, by
(14) wT(Li, 5) < wT(Wi, 5) + \a|wT(<L)i, (5)

and, because wr((L);,d) < (wr(L,d));, we have

Ewr(L1,0) < Ewr(W1,6) + [a[Ewr(Ly,0)
and once again the tightness of L; follows. The tightness of (L); and consequently of X; now
follows as in the previous case.

The second moment estimate follows from in the case a > 0. In the case —1 < a < 0,

we have using ,
(L(t))i < 2(L(t)) < 2ca([[W ).
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Using this in ,
(15) Li(t) < [[Wille + [al(L(£))i < [Wille + 2|alca(|[W||¢),
and the claim follows. For later use let us record the fact that, similarly to the argument
leading to , one gets from
(16) wi(Li, 0) < we(W;, ) + 2|al|eq (we (W, 0)).

O
Proof of Proposition First we show existence. To this end, consider a special case
of our setting, in which Xy ; are i.i.d. across ¢ for each n (and distributed pp). This gives
independence of L; for each n. Write as
(17) Xi(t) = Xog + Wilt) + Li(t) + aBILi(8)] + a(L(t) — E[L(D)])-

Consider the sequence (X1, L1, W1), n > 2, proved in Lemmato be tight, and let (X, L, W)
be a subsequential weak limit. Using independence and the second moment bound of Lemma

8.6,
Var(L(t)); = (n — 1) 'Var(Ly(t)) < ¢(n — 1)1,

showing that the last term in goes to zero in probability for each t. Let \(t) = EL(t).
Then by uniform integrability of L;, E[L;] — A for each ¢. By tightness of (X;, Xo; + Wi, L;),
t +— E[L;(t)] must converge to a continuous function. Hence E[L;] — X in CM). As a result,
X(t) = Xo+ W(t) + L(t) + a\(t).

The boundary property [ XdL = 0 follows from [ X]'dL} = 0. This shows that (X, L, W,\)
is a weak solution of (NLR]). To produce a strong solution, given a (b,o)-BM W and an initial
condition Xo, use the function A just constructed to define L(t) = sup,<;[(Xo+W (s)+aA(s))~]
and X = Xo+ W + L+ a). Tt is clear that (X, L, W) is equal in law to (X, L, W), and thus
the former is a strong solution.

For pathwise uniqueness, let X and WNbe given, and let (X,L,\) and (X,L,)) be two
corresponding solutions. Denote V = X — X. Then

(18) v(t) == BV (t) = E[L(t) + aX(t) — L(t) — aX(t)] = (1 + a)(A(t) — A(t)).
Thus
t j— —_— ~ ~
V()2 =2 /0 V(s)(dL(s) + adX(s) — dL(s) — adA(s)),

and because X = 0 dL-a.e. while X = 0 dL-a. e., we have

V(t)2§2a/0 V(s)(dA(s) — dX( 1+a/ V(s)dv(s

where we used (18)). This shows that E[V ()] < oco. Moreover,
2a ¢ a
2 < 2
BV < 1 [ v(s)duls) = ool
For a < 0 this shows that E[V (¢)?] = 0 for all t. For a > 0, E[V (¢)?] < ﬁE[V(t)Q] and again
E[V (t)?] = 0 for all t. This shows X = X a.s.
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Next, because L(t) has finite expectation, in follows from (NLR) that so does Y(t): 0-
Moving X to the left side of (NLR)) and taking expectation on both sides shows that A\ = \.
This in turn implies L = L a.s., completing the proof. ([l

3.2. Proof of Proposition (propagation of chaos for the penalized system). For
strong existence and pathwise uniqueness see |19, Theorem 1.1]. Next, for the n — oo result,
note that can be written as

V() = X0+ W) + /0 b (Y7 (5))ds + a /0 (0-(Y"(5))}ds + i ()

where the error term is bounded by ce~'tn~!, and so the large n asymptotics is the same as
that without the error term. Also note that (Y, W™) can be viewed as a system of n particles
in R? with a bounded, continuous drift coefficient. For this dynamics we can apply classical
results in the field. Some authors require moment assumptions on the initial condition; the
case without moment assumptions is covered in [8]. In particular, the convergence in law of
the k-tuple appears in [8, Theorem 4.1] and its corollary, where [8, Section 5.2] relaxes the
moment conditions on Xg; at the price of assuming bounded coefficients, which holds in our
case. This completes the proof of Proposition O

3.3. Proof of Proposition (penalized system as ¢ — 0).
Lemma 3.7. There exists ng = ng(a) such that for every e € (0,1), n > ng and t > 0,
E[(XT (1) — Y7'(£)°] < 6(1 + a){B[([Y{" [|)*JE[L] (£)*]} /2.

Proof. Write the two systems as

Xi(t) = Xoi + Wi(t) + anLi(t) + aBn(L(t))
19) Yilt) = Ko+ Wilt) + an [ po(ViCo))ds +as [ (0¥ (),
0 0

— a — n
where o, = 1 — %5, 8, = 5. Then

n

(Xi(t) — Yi(t))? =2 /0 (Xi — Yi)[omdLi — ompe(Yi)ds + aBpd(L) — afp(pe(Y))ds]

< 20, /O Y dL, + 248, /0 (X — Y2)[d{L) — (p(Y))ds].
Averaging,
(X () Y (1))?) < 200{ /O Y=dL) + 2a8, /0 (X = Y)[A(L) — (p=(Y))ds].

Note that by ,
(X(1)) = (Xo + W(t)) + (an + afn) (L(2))

(Y (1)) = (Xo+ W (b)) + (an + afn) /O (p=(Y))ds
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which gives

d(X —Y)
d{L) — Y))dt = —.
(L) = {pe(¥ )it =
Because the quadratic variation of (X —Y') vanishes, fg(X —Y)d(X —-Y) = HX - Y)?(),

hence

(X(1) - Y ()2 < 2an</0 Y—dL> + (%(X(t) Y ()2

Note that 2a,, — 2 and 1 — anafgﬁn — h%a € (0,00). Let ny = ng(a) be such that for all

n>ng, 20, < 3 and 1 — oc:fgﬁn > 2(11+a). Then for n > nyg,

(X(H) =Y (£)? < 6(1 + a)< /OtY‘dL>.

By exchangeability,

E[(X1(t) = Y1(t)*] < 6(1 +a) E/Ot Yy dLy < 6(1+ a){E[([Y; o)*[E[L1(8)°]} 2.

Lemma 3.8. For every t, lim._,osup,, E[sup,cjo 4 (Y{*(s)7)?] = 0.
Proof. Fix t. Denoting A = A(e,n) = supp 4 Y7"(s)~, write

o0 oo
(20) E[A?] = / P(A? > n)dn < no + / P(A > n'/?)dn.
0 70
For 7 such that %nl/z > ¢, on the event A > n'/2, there exist 0 < ¢ < 7 < t such that
Yi(o) = —inY/2, Yi(7) = —n*/? and Y1 < —¢ on [0, 7]. Using this in (8], we have on the same
event
1
—5n'? =Yi(r) = Yi(o)

T

W (r) = Wi(0) + (7 — o) + a/ (9o (Y (5)))ids

> W1(7') - Wl(U) + CaEfl(T — O’),
Co:=1+4+(an0)e(0,1].
Let £ > 0. Then, on the event A > 1'/2, the condition 7 — o > x implies 0 > W, () — Wy (o) +
Coe™ 'k + n'/2, hence 2||[Willy > Cue~'r + n'/2; whereas the condition 7 — ¢ < & implies

wy(W1, k) > n'/2. With ¢ a positive constant (depending on t) whose value may change from
one appearance to another, one has
(21) P([W ]l > 2) < ce™®,  Pw(W,8) >2) <cd e ™0 23>0
Combining, we have

]P)(A > ,’71/2) < Ce—c(aflr-;-',-nlm)2 _‘_C%—le—cnn*1 < Ce—ca*2n2—cn _’_C/{—le—cmﬁ’

Using this in gives

1

E[A?] < no + ce = 4 cem MR
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Choosing x = /2 and 1y = €'/4, the expression on the right, which does not depend on n,
goes to 0 as € — 0. ]

Lemma 3.9. For everyt > 0 and 6 > 0 there exist 6 > 0 and €9 > 0 such that

sup sup P(we(Y7",0) V w(AY,0) > 0) < 6.
O<e<eg n

Proof. To estimate w;(A1,6), let 0 < o <7 <t be such that 7 — o < § and Ay(7) — A1(0) =
wy(Aq,0). Since A; increases only when Y7 < 0, we may assume without loss of generality that,

at both o and 7, Y7 < 0. Thus by ,
wi(A1,0) = Y1(1) — Yi(0) = Wi(r) + Wi(o) — a(A(T) — A(o))1

< Yy (e + we(W1,6) + a”we((A)1,0)

< Y Mle + we(Wh,6) + a7 (wi(4, )1
With ¢ =1—a~ € (0, 1], this gives

cElwy (A1, 6)] < E[JIY][[¢] + Ew, (W1, 6),
and the estimate on w(A1,0) follows by Chebychev’s inequality and Lemma
As for the estimate on wy(Y7,0), using and again the inequality w;((A)1,0) < (w(4,0))1,
we get
Ew:(Y1,0) < Ew(W1,0) + (1 + |a])Ewi(Ay,9),

and the estimate follows from the one on wy(A1,d). O
Proof of Proposition If we combine Lemma Lemma [3.§ and the moment bound
from Lemma [3.6] we get that

(22) lim sup E[(XT(t) — Y{*(¢))?] = 0.

e—0 n>no

This gives Y|" — X7 pointwise in probability, as ¢ — 0, uniformly in n > ng. To strengthen
this to convergence in C'1) | it suffices to show that given ¢t > 0 and 6 > 0 there exist § > 0 and
€0 > 0 such that supy. .., sup,, P(w:(Y{" — XT', ) > 6) < 0. This follows from the tightness of
X7 proved in Lemma [3.6] and the estimate from Lemma

Next, toward showing A} — L, note by averaging in and (),
(X-Y)=(1+a)L—-A4),
hence, with ¢ = (1 +a)~},
(L) — (D) < (| X =Y).
Recall the (v, ,) representation from (19). Then, with ¢, = |a|8, < 2|al,
al Ly = M| < [X1 = Vil + enl{(L) — (A)] < | X1 — Yi| + 2¢lal (| X — Y1),
and because ay, > 1/2 for large n,
E|L1(t) = A ()] < 2(1 + cla)E[X1(2) — Y1 (2)]-
In view of ,
lim sup E|L}(t) — A7 ()| =0,

e—0 n>ng
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and the pointwise convergence in probability of A7 — L} as ¢ — 0, uniformly in n > ny,
follows. With the help of Lemma one deduces convergence in C(!) in exactly the same
way as in the argument above for Y;" — X7'. O
3.4. Proof of Proposition (nonlinear diffusion as ¢ — 0). We have

t

(X(t) - V()2 = 2 / (X = V)[dL — p.(V)ds + adEL — ap.(V)ds]
0
t t - o
< 2/ Y dL+ Qa/ (X —Y)(dEL — Ep.(Y)ds).
0 0

Now,

Hence

1+a
=2E i Y dL+ 1+aA(t)
thus
(23) A(t) <2(1+ )R / 'Y dL < BT ) AEE() 2
0

To show that for every ¢, A(t) — 0 as ¢ — 0, observe by Lemma |3.5| that
L(t) = Sg}?[(yo +W(s) +a(s)7] < Sg};[(W(S) +aX(s) 7] < Wl + lalA().

Hence E[L(t)?] < oo. Moreover, E[(||Y ||:)?] = 0 as € — 0, which is proved along the lines of
the proof of Lemma we skip the details. By , A(t) — 0 as € — 0, for every t.

For every t and 8 > 0 there exist 6 > 0 and g9 > 0 such that
(24) sup P(wi(Y,8) Vwi(A,8) > 0) <6.
0<e<eo

Again, the proof of this fact is very similar to that of Lemma and we skip the details. Given
the pointwise convergence A(t) — 0, establishes that Y — X in C®) in probability, as
e —=0.

Next, by and (9), with c = (1 +a)! € (0,00),
EA(t) - EL(1)| = ¢ [E(V (1) — X(1))] < cBIY (1) - X (1),

hence
[A(t) = L] < [Y(t) = X (t)| + |a] [EA(t) — EL(t)],
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and we obtain E|A(t) — L(t)| < (1 + cla|)E|Y (t) — X(t)] — 0 as € — 0 in view of the fact
A(t) — 0. This shows A — L pointwise in probability. Convergence in probability in c®

again follows from . O

4. THE CASE OF RANDOM REFLECTION COEFFICIENTS

Our approach to dealing with random reflection is to couple the SRBM with random reflec-
tion to the one with deterministic reflection, and use the established result about the latter.

For ¢ = @ and Q, let E? denote expectation w.r.t. ¢ on the respective space. Recall that
the tuple (X, W™, X" L™, p") constructed on (X, A) satisfies , that is,

%0 %0 Tn rn 1 nirn .
(25) Xi'(t) = Xo,; + Wi (t) + L' (t) + —— ZPz’ij (t), i € [n].

J#
Recall also that E9 [pj;] = a for all n, i, j, and let R = R(™a) be as in (B). Define on (X, A)
the SRBM with deterministic reflection, (X", L") = T'")(X§ + W"; R(»9). Then

(26) X=X+ WP + L () + alL" ()i, i€ [n],

and (X, L) is equal in law to the tuple previously defined on ({2, F) with the same notation.
We continue to use this notation, with a slight abuse. Denote

AX]'= X! — X', AL =L} - L}

The main step toward proving Theorem @ is to show that our assumptions on pj; lead to a
very strong form of proximity between the two systems, as follows.

Proposition 4.1. For everyt >0 and z > 0,
(27) @(Hel?}}{(HAX?Ht VALY |¢) > x i.0.) = 0.
cn

Before proving this result we strength the estimates from Lemma[3.6] In what follows, ¢ will
denote a positive constant that may depend on ¢, whose value may change from one appearance
to another.

Lemma 4.2. Fizt. Then there are constants ¢ > 0 such that for every n, i € [n], 6 > 0 and

r >0,
2

QLi(t) > ) Sce™ ™, Qluwy(Li,8) > 1) < e le T
Proof. For a > 0, by and , Li(t) < [W;lls and we(L;,6) < we(W;,d) and so by the
estimates the claim follows.
For a € (—1,0), with ¢, = (1 — |a|)™!, we have by that L;(t) < [|[Wille + 2|alea(||W||¢)-
Since ||Wj||; are iid., we have by a Chernoff bound, Q({||W|;) —m > 7) < e~ r > 0,
where m = EQ[||IW]|;]. Hence

2

QUWlle) > r) <ecem™, 7 >0,
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and the first estimate follows. Next, by (16), we(L;, §) < wi (Wi, 8) + 2|alcq(wi (W, 6)). In view
of (21), it remains to show that Q((w¢(W,d)) > z) < cd~Le=¢=*5"" Chernoff bound gives, with
m = m(t,8) = E¢w, (W1, )]

Q((we(W,0)) — m(t,8) > ) <e ™" >0
By the tail bound in (21)), (¢, ) < c(dlog(t/5))*/2. Combining, we get for all 7 > 0,
Q((we(W,9)) >r) < 5 et

Proof of Proposition By Lemma

£it0) = sup { [Koa + Wits) + —= S puaks(s)] },
JFi

and
Li(t) = sup{ (X0 + Wi(s) +a(L(s)] ).
Denote )
Bi(t) = —= S oL~ L), Gl = = S oy — )Ly (1),
#i #i
Then

[ALille < [|Bille + [|Cille < (1 =) {[[ALI[t)i + [ Cill:-

Hence (||ALll) < e, (C]l¢). For n so large such that (1 —e,)n/(n — 1) < 1, this gives

1ALl < 5 ICHe) + (I Cille-
Thus

max |AL; || < cmax |Cill¢-
Moreover, noting that AX; = AL; + B; + C;, |AX;| < |AL;| + (|ALJ); + |C;|, and therefore

max | AX;[ly < cmax [|C;.

(2 (2

Hence to complete the proof it suffices to show that, for every x > 0, Q(max; ||C;|ls > ) is
summable over n > 2.

To this end, note that, under Q, {p;;} and {L;} are independent. By Assumption for
fixed n and i, p;j, j € [n] are mutually independent, have mean a, and satisfy |p;; — a| < 2.
Fix t and denote F' = F(n,t) = 0{L;(s) : s < t,j € [n]}. By Azuma’s inequality, for s < ¢ and
x>0,

(n —1)222 (n —1)222
QICi(s)| > 2| F) < 2exp{ - L7 <vexp{ - A L
' 23 52 Li(s)? 2 54 Li(t)?

Hence, for y > 0,
Q(|Ci(s)| > = and max{L;(t),j € [n]} <y) < 20"/ (397),
Using now Lemma
Q(|Cy(s)| > z) < Q(max{L;(t),j € [n]} > y) + 2 /BV) < cpe=¥* 4 2707/ (3Y%),
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On the event ||C;||; > = one must have either |C;(kd)| > /2 for some k € N such that kd < ¢,
or wy(Cy,8) > x/2. Applying the above display to all such k, and using Lemma [4.2]
Q|Cills > z) < endtem V" 4 o5 lem ey

Choosing y = y(n) = n'/* and § = n~!, the above expression takes the form

1 _a2s5—1
+eb 1e cx®d ]

2 —cnt/? —cnl/2g2

_ 2
cn’e + cne enes,

+ cne
Multiplying by n gives an upper bound on Q(max; ||C;||s > x). The result follows. O

Proof of Theorem Under Q, the convergence of (X L )le[k] is an immediate conse-
quence of Theorem [2 and Proposition which show that (XZ L) iep) = (X4, Li)iepy in
C@k)  and (AXT, ALY )ier) — 0 in C2k), (@—a.s. The same argument gives the convergence
A" = Xin ¢ in probability. As for the convergence " — pu, note that Proposition im-
plies sup;ejo, ) Wi (fg's ') — 0, Q-a.s., with W, the 1-Wasserstein distance. Since Zp < W,
the convergence u™ — p stated is Theorem gives 4" — p in C(Ry,P(R?)) in probability.
Next consider the statement regarding the quenched measure. Note first that (X", L"),
defined in the beginning of this section as processes on (X, A), can be defined on (2, A), and
since their construction involves only XO, W™ and R(™_ their law under Q¢ is as that under
P. Hence again
(28) for £ € E, under Q¢, (Xi", Li)icix) = (X, L; Jie[k] in CR).

The statement (AX]', AL});cr) — 0 Q-a.s. can also be translated to a statement about Q.
That is, if Be A® A is a set of full Q-measure, then in view of , its sections

Be={{cZ:(,)eB}, (€&
satisfy

1=0(B) = [ Qe(BIQUE)
showing that, for Q-a.e. &, Bg is of full Q¢-measure. As a result, for Q-a.e. { € Z, one has
(AX], AL} )ze[k] — 0 in C© Qg a.s. Combined with ( ., this gives the convergence of
(X7, ﬁ?)ie[k] under Q¢ as Stated in the theorem.

Finally, the claim regarding the convergence of (11", 5\”) under Q)¢, based on that under Q,
is proved along the same lines. O
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