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Abstract. We study interacting Brownian particles on the half-line whose interaction occurs
through boundary local times at the origin. The particle system is given by

Xn
i (t) = Xn

0,i +Wn
i (t) + Ln

i (t) +
1

n− 1

∑
j ̸=i

ρnijL
n
j (t), i ∈ [n], t ≥ 0,

where the initial conditions are exchangeable, the driving Brownian motions Wn
i are i.i.d.,

and Ln
i denotes the boundary local time of Xn

i at zero. For each fixed coefficient array {ρnij},
the system can be viewed as a semimartingale reflected Brownian motion in the orthant. We
first consider the homogeneous case ρnij = a. In this case, global well-posedness holds under
the completely-S condition a > −1. We prove propagation of chaos under this condition;
the subregime a ∈ (−1, 0], in the homogeneous setting, was previously covered as part of the
results of [3]. The limiting process is the nonlinear reflected Brownian motion

X(t) = X0 +W (t) + L(t) + aE[L(t)], t ≥ 0.

We also treat heterogeneous random coefficients ρnij , assumed to have mean a, support in a
compact subset of (−1, 1), and to be independent across j for each i. In both the quenched
and annealed settings, the particle system converges to the same McKean–Vlasov limit as in
the homogeneous case. The model is motivated by large Jackson networks in heavy traffic.

1. Introduction

Consider an n-dimensional semimartingale reflected Brownian motion (SRBM) in the or-
thant [0,∞)n, n ≥ 2, described by the stochastic differential equation (SDE)

(1) Xn
i (t) = Xn

0,i +Wn
i (t) + Ln

i (t) +
1

n− 1

∑
j ̸=i

aLn
j (t), i ∈ [n], t ≥ 0.

Here, a ∈ R is a parameter, Wn = (Wn
i )i∈[n] is an n-dimensional Brownian motion (BM) the

components of which are i.i.d. BM with drift and diffusion coefficients b ∈ R and σ > 0, and
Ln = (Ln

i )i∈[n] is the boundary process: a componentwise nondecreasing process satisfying∫
[0,∞)Xi(s)dLi(s) = 0 a.s. A solution to the SDE exists globally in time if and only if a > −1,

in which case it is unique in law; see Section 2 for precise definitions and further details. Let

µnt =
1

n

∑
i∈[n]

δXn
i (t)

.
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Assume exchangeability of {Xn
0,i}i∈[n] for each n, and convergence µn0 → µ0 in probability to a

deterministic limit. It is then natural to regard (1) as a system of Brownian particles on the
half-line, interacting through their local time at the origin. The associated McKean–Vlasov
process, which we call the nonlinear RBM, is the unique solution to

X(t) = X0 +W (t) + L(t) + a λ(t)

λ(t) = EL(t),
(NLR)

with X0 ∼ µ0, W a BM with drift and diffusion coefficients b and σ, and L a boundary term;
see Section 2 for details. Our first result proves propagation of chaos: for each fixed k ∈ N, the
tuple {Xn

i }i∈[k] converges in distribution to a tuple of k independent copies of the nonlinear
RBM, and the empirical distribution µn· converges in probability to µ·, where µt is the law of
X(t). The subregime a ∈ (−1, 0] was previously covered as part of the results of [3].

We next consider a heterogeneous version with random reflection coefficients, where the
SRBM is given by

(2) Xn
i (t) = Xn

0,i +Wn
i (t) + Ln

i (t) +
1

n− 1

∑
j ̸=i

ρnijL
n
j (t), i ∈ [n], t ≥ 0.

Here, the coefficients ρnij are assumed to be supported in a compact subset of (−1, 1), have

mean a, and for every n ≥ 2 and i ∈ [n], the n − 1 random variables ρnij , j ∈ [n] − {i} are
mutually independent. Our second result shows that both the quenched and annealed limits
are governed by the same nonlinear RBM (NLR). In particular, at the McKean–Vlasov scale,
the random environment enters only through the mean coefficient a.

Motivation. A concrete source of motivation comes from open Jackson queueing networks
and their generalizations. Consider a network with n single-server stations. After completing
service at station i, a job is routed to station j with probability pij , or leaves the system with
probability 1 −

∑
j pij . A classical heavy-traffic theorem of Reiman [13] shows that, for fixed

n, the diffusion-scaled queue-length process converges to a semimartingale reflected Brownian
motion in Rn

+ with reflection matrix (Rij) = (δij − pji). This places the particle systems
studied here in the same family of high-dimensional reflected diffusions. With the mean-field
normalization in (2), the Jackson-network routing probabilities and the reflection coefficients
are related via pnji = −ρnij/(n− 1) for i ̸= j.

In the special case where −1 < −1 + ερ ≤ ρnij ≤ 0 and pnij of the above form, the McKean–
Vlasov limit obtained in this paper describes the asymptotics of a Jackson network in which
the heavy-traffic diffusion limit is taken first, with n fixed, and then n is sent to infinity. This
motivates the further question of whether the same limit is obtained when the heavy-traffic
and many-station limits are taken jointly, or in the reverse order. At the queueing-network
level such interchange problems can be delicate, particularly for generalized networks whose
queue-length processes are not Markovian.

In addition to the queueing network motivation, the model fits within the literature on
mean-field limits and propagation of chaos for particle systems with local-time interactions;
several related works are discussed below.
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Related work. Since the pioneering work of McKean [11], McKean–Vlasov limits and prop-
agation of chaos have become central topics in probability theory. For classical accounts, we
refer to [8] and [19].

McKean–Vlasov limits for reflected diffusions were studied in [18], where the particle system
is given by

dXn
i (t) = b(Xn

i (t), µ
n
t )dt+ dWi(t) + dLn

i (t), i ∈ [n],

with each Xn
i constrained to lie in a closed subset of Rd, and Ln

i denoting the boundary term
enforcing normal reflection. Numerous extensions of this framework have since been developed;
for recent contributions, see e.g. [10,21]. In these works, the interaction acts through the effect
of the empirical law on the drift and diffusion coefficients, but not through the local-time or
boundary terms themselves.

To our knowledge, McKean–Vlasov limits of particle systems interacting through local time
first appeared in [19, Chapter II], where particles on the real line satisfy

dXn
i (t) = dWi(t) +

c

n

∑
j ̸=i

dL0(Xn
i −Xn

j )(t), i ∈ [n],

with L0 denoting the symmetric local time at 0. Related models have also been studied in the
context of particle systems subject to constraints on the empirical law. In [7], a class of such
systems is considered, including the following representative example: particles reflected in the
unit interval satisfy

dXn
i (t) = dWi(t) + dKn(t) + dLn

i (t), i ∈ [n],

together with the constraint n−1
∑

iX
n
i (t) = q ∈ (0, 1). Here, Ln

i are boundary terms for
reflection in [0, 1], and Kn is a control term enforcing the constraint. In particular, one has
dKn = n−1

∑
i dWi+n

−1
∑

i dL
n
i , so that, similarly to (1), the interaction term is given by the

empirical average of boundary terms. We refer to [7] for further references on particle systems
with macroscopic constraints leading to interactions through local time. See also [4], which
studies a particle system with reflection in which the interaction occurs through a term of the
form n−1

∑
i L

n
i (t)dt; there, the average boundary local time enters the dynamics through the

drift.

Most closely related to the present paper is [3]. For fixed n, the work studies (2) with
deterministic, non-positive coefficients ρnij , including regimes in which global solutions need
not exist. In such regimes, solutions exist only up to a breakdown time, which is characterized
there. In addition, in the homogeneous case ρnij = a, a ≤ 0, [3] studies the McKean–Vlasov

limit. The subcase a ∈ (−1, 0] overlaps with the results of the present paper, while for a < −1
the limiting dynamics break down in finite time (and a more complicated behavior occurs when
a = −1).

Finally, there is related work on mean-field limits for queueing models. These limits typically
correspond to sending the number of servers, stations, or nodes to infinity at the level of the
queueing system itself. Examples include strategic servers in a mean-field game setting [5]
and a randomized load-balancing algorithm studied in [1]. Generalized Jackson networks have
been studied under mean-field asymptotics in [15], as part of a line of research on the Poisson
hypothesis: as the number of servers increases, the inflow to each node becomes asymptotically
Poisson. See also the earlier works [2, 16, 17] and the references therein. This direction is
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distinct from the heavy-traffic motivation described above: it studies many-node limits of the
original queueing networks without diffusion scaling of the queue-length or delay processes,
and therefore does not lead to heavy-traffic reflected Brownian approximations.

Notation. Denote R+ = [0,∞). For x ∈ R, let x± = max(±x, 0). For n ∈ N, write 1n for the
column vector in dimension n all entries of which are 1, and In for the n× n identity matrix.
Equip Rn with the Euclidean norm | · |.

For a Polish space (E, d), let C(R+, E) be the space of continuous paths R+ → E equipped
with the topology of convergence uniformly on compacts. Let P(E) denote the set of prob-
ability measures on E, equipped with the topology of weak convergence. For µ ∈ P(E), let
Psym(E

n;µ) be the set of symmetric (i.e., permutation-invariant) probability measures on En

with marginal µ. Denote by ⇒ convergence in distribution.

Let C+(R+,R+) denote the set of functions in C(R+,R+) that are nondecreasing and start

at 0. Let C(n) = C(R+,Rn) and C(n) the Borel σ-algebra on C(n). Let S(n) denote the

n-dimensional orthant Rn
+ and S(n) the Borel σ-algebra on S(n). Let CSn(R+,Rn) = {f ∈

C(R+,Rn) : f(0) ∈ Sn}. For f : R+ → Rn, 0 ≤ δ ≤ t, let

∥f∥t = sup{|f(s)| : s ∈ [0, t]}
wt(f, δ) = sup{|f(s)− f(u)| : s, u ∈ [0, t], |s− u| ≤ δ}.

Finally, for v ∈ Rn, n ≥ 2,

⟨v⟩ := 1

n

∑
i∈[n]

vi, ⟨v⟩i :=
1

n− 1

∑
j ̸=i

vj .

With this notation, (1), for example, can be written as

(3) Xn
i (t) = Xn

0,i +Wn
i (t) + Ln

i (t) + a⟨Ln(t)⟩i.

2. Setting and results

For b ∈ R and σ > 0, an n-dimensional BM with drift b1n and diffusion matrix σIn,
starting at 0, will be called an (n, b, σ)-BM, and a (1, b, σ)-BM will be called a (b, σ)-BM. We
will consider here only SRBM driven by (n, b, σ)-BM. Following [14, 20, 22], such an SRBM is
defined as follows.

Definition 2.1 (SRBM). Given n ∈ N, b ∈ R, σ > 0, an n × n matrix R and a probability

measure ν on (S(n),S(n)), an SRBM associated with the data (n, b, σ,R, ν) is an {Ft}-adapted,
n-dimensional process X defined on some filtered probability space (Ω,F , {Ft},P) such that
P-a.s.,

t 7→ X(t) lies in C(R+, S
(n)) and X = X0 +W +RL,

and under P,

• X0 has distribution ν,
• W is an (n, b, σ)-BM and, for each i ∈ [n], {Wi(t)− bt, t ≥ 0} is an {Ft}-martingale,
• L is an n-dimensional {Ft}-adapted process such that P-a.s.,

(4) t 7→ Li(t) lies in C+(R+,R+) and

∫ ∞

0
Xn

i (t)dL
n
i (t) = 0, i ∈ [n].
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We will refer to R and the reflection matrix, and to L as the boundary process.

The existence and uniqueness in law of SRBM in the orthant was studied in [14,20], where
a necessary and sufficient condition was given in terms of the following key property of the
reflection matrix:

An n × n matrix R is said to be completely-S if for every nonempty J ⊂ [n] there exists a
vector (xi)i∈J ∈ RJ

+ such that ∑
j∈J

Rijxj > 0 for all i ∈ J.

The following was shown in [20, Corollary 1.4] and [22, Theorem 3.1].

Theorem 2.2 ( [20, 22]). Let n ∈ N, b ∈ R, σ > 0, R an n × n matrix, and ν a probability

measure on (S(n),S(n)). Then there exists an SRBM associated with (n, b, σ,R, ν) if and only
if R is a completely-S matrix, in which case uniqueness in law holds for the pair (X,L), where
X is an SRBM and L the corresponding boundary process.

2.1. Deterministic reflection. We shall focus on (3), in which R is the n× n matrix

(5) R
(n)
ij =

{
1 i = j
a

n−1 i ̸= j.

Lemma 2.3. Fix n ≥ 2. Then R(n) defined by (5) is completely-S if and only if a > −1.

Proof. Suppose a > −1. Let J ⊂ [n]. Then for the vector x ∈ RJ
+ all the entries of which are

1, one has for all i ∈ J ,

xi +
∑

j∈J,j ̸=i

R
(n)
ij xj > 1−

∑
j∈J,j ̸=i

1

n− 1
= 1− |J | − 1

n− 1
≥ 0.

Next, suppose a ≤ −1. If for some x ∈ Rn
+ one has xi +

∑
j ̸=iR

(n)
ij xj > 0 for all i then

xi − (n− 1)−1
∑

j ̸=i xj > 0. Summing over i gives a contradiction. □

We now fix a > −1, b ∈ R, σ > 0, and a probability measure µ0 on (R+,S(1)), and for

each n, a probability measure ν(n) ∈ Psym(S
(n);µ0). For each n we let (Xn, Ln,Wn, Xn

0 ) be
an SRBM and the corresponding boundary process, BM and initial condition for the data
(n, b, σ,R(n), ν(n)). We assume that n−1

∑
i∈[n] δXn

0,i
→ µ0 in probability. Moreover, we as-

sume without loss of generality that these random elements are defined on a common filtered
probability space (Ω,F , {Ft},P), for which expectation is denoted by E. This completes our
definition of a solution to (3).

A solution to (NLR) is also assumed to be defined on (Ω,F ,P), and it is implicit that L is
a boundary term, i.e., that t 7→ L(t) lies in C+(R+,R+) and

∫
[0,∞)X(t)dL(t) = 0, and that λ

is finite and continuous.

Let

(6) µnt =
1

n

∑
i∈[n]

δ(Xn
i (t),L

n
i (t))

, λn(t) =
1

n

∑
i∈[n]

Ln
i (t).
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Our first main result is as follows.

Theorem 2.4. Let a ∈ (−1,∞).

i. There exists a pathwise unique strong solution (X,L, λ) to (NLR).

ii. Let k ∈ N. Then (Xn
i , L

n
i )i∈[k] ⇒ (Xi, Li)i∈[k] in C(2k), where the latter tuple is given

by k independent copies of (X,L). Moreover, (µn, λn) → (µ, λ) in C(R+,P(R2
+)) × C(1), in

probability, where µt = P ◦ (X(t), L(t))−1, t ≥ 0, and λ is as in part (i), otherwise expressed
as λ(t) =

∫
R2
+
yµt(dx, dy), t ≥ 0.

2.2. Random reflection. For this setting, the environment is represented by a probability
space (Ξ,A, Q) on which are defined, for each n ≥ 2, a tuple {ρnij : i, j ∈ [n], i ̸= j}, of n(n− 1)
real-valued random variables. They are used for defining the random reflection matrix

R̂
(n)
ij =

{
1 i = j
ρnij
n−1 i ̸= j.

Assumption 2.5. i. For some ερ > 0 and every ξ ∈ Ξ, n ≥ 2, i, j ∈ [n], i ̸= j, one has
|ρnij(ξ)| ≤ 1− ερ.

ii. The mean a :=
∫
ρnij(ξ)Q(dξ) does not depend on n, i, j.

iii. For every n and i ∈ [n], the n − 1 random variables ρnij, j ∈ [n], j ̸= i, are mutually
independent under Q.

Under Assumption 2.5, SRBM is well defined, for it is easy to see, along the lines of the
proof of Lemma 2.3, that the completely-S condition holds for all ξ. However, we will rely on
a stronger result, which guarantees existence of strong solutions.

Let R(n) denote the set of n× n matrices of the form R = I + A, with I = In the identity
matrix and A a matrix such that |A|, the matrix whose entries are absolute values of those of
A, has spectral radius < 1.

Theorem 2.6 ( [9, 22]). For n ∈ N, there exists a map Γ(n) : CSn(R+,Rn) × R(n) → C(2n)

such that whenever (Ξ̂, Â, Q̂) is a probability space supporting X0 ∼ ν(n), W an (n, b, σ)-BM

independent of X0, and {Ât} is the filtration generated by X0+W (t), t ∈ R+, then, upon setting

(X,L) = Γ(n)(X0 +W ;R), the tuple (X0,W,X,L) satisfies all requirements in Definition 2.1,

but with the filtered probability space being (Ξ̂, Â, {Ât}, Q̂). Moreover, Γ(n) is jointly measurable
in both arguments.

Proof. When all entries of A are nonpositive, the first assertion of the theorem is found in [9].
For signed A, it was noticed in [22, Section 7] that the proof from [9] continues to hold. As

for joint measurability, this follows from the fact that Γ(n) (precisely, its second component)
was constructed in [9] as the unique fixed point of a contraction π = π(· ;R) on C([0, T ],Rn),

which itself is jointly measurable on C([0, T ],Rn)×R(n). □

Let

(Ξ̂, Â) :=
( ∏

n≥2

S(n) × C(3n),
∏
n≥2

S(n) ⊗ C(3n)
)
,
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and denote the canonical process by (X̂n
0 , Ŵ

n, X̂n, L̂n)n≥2. For every ξ ∈ Ξ, let Qξ be a

probability measure on (Ξ̂, Â) under which, for each n, X̂n
0 ∼ ν(n) ∈ Psym(S

(n);µ0), Ŵ
n is an

(n, b, σ)-BM independent of X̂n
0 , and Qξ-a.s.,

(X̂n, L̂n) = Γ(n)(X̂n
0 + Ŵn; R̂(n)(ξ)),

and n−1
∑

i∈[n] δX̂n
0,i

→ µ0 in probability. Above, Γ(n)( · ; R̂(n)(ξ)) is well-defined for every ξ,

owing to Assumption 2.5(i) which implies that, for every ξ ∈ Ξ, R̂(n)(ξ) ∈ R(n). In view of the

first assertion of Theorem 2.6, the tuple (X̂n
0 , Ŵ

n, X̂n, L̂n, ρn(ξ)) satisfies (2) Qξ-a.s., for every
ξ. The measure Qξ thus defined is called the quenched measure.

Next, let (X,A) = (Ξ× Ξ̂,A⊗ Â). Note that ξ 7→ Qξ(Â) is A-measurable for every Â ∈ Â,

owing to the joint measurability of Γ(n) stated in Theorem 2.6. Hence one can define the
annealed measure Q as the probability measure on (X,A) satisfying

(7) Q(A× Â) =

∫
A
Qξ(Â)Q(dξ), A ∈ Ξ, Â ∈ Ξ̂.

On this space, we let H(ξ, ξ̂) = H(ξ̂) for H = X̂n
0 , Ŵ

n, X̂n and L̂n, whereas ρn(ξ, ξ̂) = ρn(ξ).

Let µ̂n and λ̂n be defined analogously to (6), with (X̂n, L̂n) replacing (Xn, Ln). Our second
main result is the following.

Theorem 2.7. Let Assumption 2.5 hold. Let k ∈ N. Let (Xi, Li), µ and λ be as in The-

orem 2.4. Then under Q, as well as for Q-a.e. ξ ∈ Ξ, under Qξ, one has (X̂n
i , L̂

n
i )i∈[k] ⇒

(Xi, Li)i∈[k] in C
(2k) and (µ̂n, λ̂n) → (µ, λ) in C(R+,P(R2))× C(1) in probability.

Remark. Whereas working with the strong solution makes the construction of the quenched
and annealed measures straightforward, this is not the motivation for imposing the assumption
|ρnij | ≤ 1− ερ. Rather, this condition is required for the proof of Theorem 2.7, which relies on
coupling with the dynamics under deterministic reflection. It is in this step that the bound is
used in an essential way (see, in particular, the proof of Proposition 4.1).

Open problem. Extend Theorem 2.7 by replacing Assumption 2.5(i), i.e. |ρnij | ≤ 1− ερ, with
the weaker condition −1 < c1 ≤ ρnij ≤ c2 <∞.

3. The case of deterministic reflection coefficients

Here we present the proof of Theorem 2.4, which proceeds in four steps established by
Propositions 3.1-3.4 below. The approach is based on the penalty method by which the reflected
dynamics are approximated by diffusion in all of Rn with a penalty term. This makes it possible
to take advantage of a classical result for weakly interacting diffusions with a Lipschitz drift, by
which the mean field limit exists and is given by the McKean–Vlasov diffusion with penalized
dynamics (Proposition 3.2). Before applying this tool we argue the existence of a unique
solution to (NLR) (Proposition 3.1). We then show that as the penalty parameter diminishes,
both the n-dimensional system and the one-dimensional McKean–Vlasov diffusion converge to
their reflected counterparts (Propositions 3.3 and 3.4, respectively).

We now state Propositions 3.1-3.4. Their proofs appear in Sections 3.1-3.4, respectively.
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Proposition 3.1. There exists a pathwise unique strong solution to (NLR).

To construct an approximating system via the penalty method, let Y n = Y ε,n be defined as
the unique strong solution to the following SDE in Rn

Y n
i (t) = Xn

0,i +Wn
i (t) + Λn

i (t) + a⟨Λn(t)⟩i

Λn
i (t) =

∫ t

0
pε(Y

n
i (s))ds

(8)

where, for ε > 0, we take pε : R → [0, ε−1] to be the Lipschitz function

pε(x) =


ε−1 x ≤ −ε
−ε−2x −ε < x < 0

0 x ≥ 0.

Note that we have defined Y n so that it is driven by the same BM as Xn in (3), which clearly
can be done thanks to the existence of a strong solution to (8). The McKean–Vlasov diffusion

in this case is given by Y = Y
ε
,

Y (t) = X0 +W (t) + Λ(t) + aEΛ(t)

Λ(t) =

∫ t

0
pε(Y (s))ds.

(9)

The following result is classical; Section 3.2 points to the literature where the proof is found.

Proposition 3.2. Fix ε > 0. There exists a pathwise unique strong solution to (9). Moreover,

for k ∈ N, (Y n
i ,W

n
i )i∈[k] ⇒ (Y i,W i)i∈[k] in C

(2k) as n→ ∞, where (Y i,W i) are k independent

copies of (Y ,W ).

The penalty method, which goes back to [12], consists of showing that, for each n, the
vanishing ε limit of a penalized diffusion, such as Y n, is given by a reflected diffusion, such as
Xn. However, here we will need a uniform-in-n convergence.

Proposition 3.3. There exists n0 = n0(a) such that, as ε → 0, (Y n
1 , Λ

n
1 ) → (Xn

1 , L
n
1 ) in C(2)

in probability, uniformly in n ≥ n0.

A similar result is stated now about X and Y , of (NLR) and (9). These processes are driven
by the same (X0,W ), which again can be done thanks to the existence of strong solutions.

Proposition 3.4. As ε→ 0, (Y
ε
, Λ

ε
) → (X,L) in C(2) in probability.

Proof of Theorem 2.4. Statement (i) is already established in Proposition 3.1. For statement
(ii), fix k and denote

Xn
[k] = (Xn

i , L
n
i ,W

n
i )i∈[k], X[k] = (Xi, Li,W i)i∈[k],

Yε,n
[k] = (Y ε,n

i , Λε,n
i ,Wn

i )i∈[k], Y
ε
[k] = (Y

ε
i , Λ

ε
i ,W i)i∈[k],

where (Y
ε
i , Λ

ε
i ,W i)i∈[k] (respectively, (Xi, Li,W i)i∈[k]) are k independent copies of (Y

ε
, Λ

ε
,W )

(respectively (X,L,W )). We emphasize that the systems are driven by the same (X0,i,W i).
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We now show that Xn
[k] ⇒ X[k] in C

(3k). It suffices to show that, given T , Eψ(Xn
[k]) → Eψ(X[k])

for all ψ ∈ Cb(C([0, T ],R3k),R). For such ψ, write

|Eψ(Xn
[k])−Eψ(X[k])| ≤ |Eψ(Xn

[k])−Eψ(Yε,n
[k] )|+|Eψ(Yε,n

[k] )−Eψ(Yε
[k])|+|Eψ(Yε

[k])−Eψ(X[k])|.

Due to exchangeability, Proposition 3.3 implies the convergence in probability, as ε → 0, of
Yε,n

[k] → Xn
[k]. Likewise, Proposition 3.4 implies the convergence in probability, as ε → 0, of

Y
ε
[k] → X[k]. Hence, given η > 0, one can find ε such that the first and third terms on the

right of the above display are less than η/3 each, for all n ≥ n0(a). For that ε, by Proposition
3.2, the second term is less than η/3 for all large n. We obtain that |Eψ(Xn

[k])−Eψ(X[k])| < η

for all large n, and the claim is proved.

Next we show that µn → µ. Having established propagation of chaos, this statement follows
from the general theory. In particular, fix T and let m be the law induced by (X,L) on
C([0, T ],R2). Let Zn

i = {(Xn
i (t), L

n
i (t)), t ∈ [0, T ]}. Then

mn :=
1

n

∑
i∈[n]

δZn
i
→ m

in P(C([0, T ],R2)) in probability; see [19, Definition 2.1 and Proposition 2.2]. Metrizing
P(C([0, T ],R2)) and P(R2) by the Levy–Prohorov metric dLP and dLP, respectively, it fol-
lows from the definition of this metric that, for t ∈ [0, T ],

dLP(µ
n
t , µt) = dLP(m

n ◦ x(t)−1,m ◦ x(t)−1) ≤ dLP(m
n,m),

with x = {x(t)} the canonical process on C([0, T ],R2). Taking supremum over t ∈ [0, T ] proves
µn → µ in C(R+,P(R2)) in probability.

Finally we prove the assertion regarding convergence of λn. If λ is the last component of
the solution of (NLR) then by definition λ(t) = EL(t). Also by definition, the law of L(t) is
the second marginal of µt, t ∈ R+. Hence λ(t) =

∫
R2
+
yµt(dx, dy).

To show that λn → λ, note that (Xn
1 , X

n
0,1,W

n
1 , L

n
1 ) ⇒ (X,X0,W ,L), as we have shown.

Since these two tuples constitute all but the last term in (3) and respectively (NLR), it follows

that the same statement must hold for the respective last terms as well: ⟨Ln⟩1 → λ in C(1) in
probability. Since Ln

1 are tight, it follows that ⟨Ln⟩ → λ as well. □

About notation. In what follows, for the most part, the dependence of processes on n will
be suppressed from the notation in the proofs of lemmas and propositions (for example, we
will write W for Wn).

3.1. Proof of Proposition 3.1 (existence and uniqueness for (NLR)). Here we prove
existence and uniqueness for the nonlinear RBM. The existence statement is proved based on
tightness of the processes (Xn

1 , L
n
1 ), a property used again later in the convergence proof. It

is worth mentioning that, in the case where the initial conditions Xn
0,i are i.i.d., the results of

this subsection alone give the convergence (Xn
1 , L

n
1 ) ⇒ (X,L).

An elementary lemma about the Skorohod problem is as follows.
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Lemma 3.5. Let w ∈ CR+(R+,R), x ∈ C(R+,R+) and ℓ ∈ C+(R+,R+) be such that x = w+ℓ
and

∫
[0,∞) xdℓ = 0. Then

ℓ(t) = sup
s≤t

(w(s)−), t ≥ 0.

Proof. See [6, Section 8]. □

Lemma 3.6. For a > −1, {Xn
1 , n ≥ 2} and {Ln

1 , n ≥ 2} are tight in C(R+,R+). Moreover,
supn E[Ln

1 (t)
2] <∞, for every t.

Proof. Using Lemma 3.5 in (3),

(10) Li(t) = sup
s≤t

[(X0,i +Wi(s) + a⟨L(s)⟩i)−].

Consider first a ≥ 0. Then

(11) Li(t) ≤ sup
s≤t

Wi(s)
− ≤ ∥Wi∥t.

Moreover, for t1 < t2, Li(t2)− Li(t1) ≤ |Wi(t2)−Wi(t1)| hence
(12) wT (Li, δ) ≤ wT (Wi, δ).

These two estimates show that, for fixed i, Li, as a sequence indexed by n, are tight in
C(R+,R+). In view of this, to show now that, for fixed i, Xi are tight, it suffices to show that
⟨L⟩i are. But

E⟨L(t)⟩i = EL1(t) ≤ E∥W1∥t
EwT (⟨L⟩i, δ) ≤ EwT (L1, δ) ≤ EwT (W1, δ).

Thus, given ε,

P(wT (⟨L⟩i, δ) > ε) ≤ ε−1EwT (W1, δ) ≤ cε−1(δ log(T/δ))1/2,

for some constant c independent of n. This gives tightness of ⟨L⟩i, and in turn, of X1.

Next consider −1 < a < 0. Again by (10),

Li(t) ≤ ∥Wi∥t + |a|⟨L(t)⟩i
and averaging over i gives

(13) ⟨L(t)⟩ ≤ ca⟨∥W∥t⟩,
where ca = (1− |a|)−1, and so EL1(t) = E⟨L⟩(t) ≤ caE∥W1∥t. Similarly, by (10)

(14) wT (Li, δ) ≤ wT (Wi, δ) + |a|wT (⟨L⟩i, δ)
and, because wT (⟨L⟩i, δ) ≤ ⟨wT (L, δ)⟩i, we have

EwT (L1, δ) ≤ EwT (W1, δ) + |a|EwT (L1, δ)

and once again the tightness of L1 follows. The tightness of ⟨L⟩i and consequently of Xi now
follows as in the previous case.

The second moment estimate follows from (11) in the case a ≥ 0. In the case −1 < a < 0,
we have using (13),

⟨L(t)⟩i ≤ 2⟨L(t)⟩ ≤ 2ca⟨∥W∥t⟩.



11

Using this in (10),

(15) Li(t) ≤ ∥Wi∥t + |a|⟨L(t)⟩i ≤ ∥Wi∥t + 2|a|ca⟨∥W∥t⟩,
and the claim follows. For later use let us record the fact that, similarly to the argument
leading to (15), one gets from (14)

(16) wt(Li, δ) ≤ wt(Wi, δ) + 2|a|ca⟨wt(W, δ)⟩.
□

Proof of Proposition 3.1. First we show existence. To this end, consider a special case
of our setting, in which X0,i are i.i.d. across i for each n (and distributed µ0). This gives
independence of Li for each n. Write (3) as

(17) Xi(t) = X0,i +Wi(t) + Li(t) + aE[Li(t)] + a⟨L(t)− E[L(t)]⟩i.

Consider the sequence (X1, L1,W1), n ≥ 2, proved in Lemma 3.6 to be tight, and let (X,L,W )
be a subsequential weak limit. Using independence and the second moment bound of Lemma
3.6,

Var⟨L(t)⟩i = (n− 1)−1Var(L1(t)) ≤ c(n− 1)−1,

showing that the last term in (17) goes to zero in probability for each t. Let λ(t) = EL(t).
Then by uniform integrability of Li, E[Li] → λ for each t. By tightness of (Xi, X0,i +Wi, Li),

t 7→ E[Li(t)] must converge to a continuous function. Hence E[Li] → λ in C(1). As a result,

X(t) = X0 +W (t) + L(t) + aλ(t).

The boundary property
∫
XdL = 0 follows from

∫
Xn

1 dL
n
1 = 0. This shows that (X,L,W, λ)

is a weak solution of (NLR). To produce a strong solution, given a (b, σ)-BM W̃ and an initial

condition X̃0, use the function λ just constructed to define L̃(t) = sups≤t[(X̃0+W̃ (s)+aλ(s))−]

and X̃ = X̃0 + W̃ + L̃+ aλ. It is clear that (X̃, L̃, W̃ ) is equal in law to (X,L,W ), and thus
the former is a strong solution.

For pathwise uniqueness, let X0 and W be given, and let (X,L, λ) and (X̃, L̃, λ̃) be two

corresponding solutions. Denote V = X − X̃. Then

(18) v(t) := EV (t) = E[L(t) + aλ(t)− L̃(t)− aλ̃(t)] = (1 + a)(λ(t)− λ̃(t)).

Thus

V (t)2 = 2

∫ t

0
V (s)(dL(s) + adλ(s)− dL̃(s)− adλ̃(s)),

and because X = 0 dL-a.e. while X̃ = 0 dL̃-a.e., we have

V (t)2 ≤ 2a

∫ t

0
V (s)(dλ(s)− dλ̃(s)) =

2a

1 + a

∫ t

0
V (s)dv(s),

where we used (18). This shows that E[V (t)2] <∞. Moreover,

E[V (t)2] ≤ 2a

1 + a

∫ t

0
v(s)dv(s) =

a

1 + a
v(t)2.

For a ≤ 0 this shows that E[V (t)2] = 0 for all t. For a > 0, E[V (t)2] ≤ a
1+aE[V (t)2] and again

E[V (t)2] = 0 for all t. This shows X = X̃ a.s.
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Next, because L(t) has finite expectation, in follows from (NLR) that so does X(t) − X0.

Moving X0 to the left side of (NLR) and taking expectation on both sides shows that λ = λ̃.

This in turn implies L = L̃ a.s., completing the proof. □

3.2. Proof of Proposition 3.2 (propagation of chaos for the penalized system). For
strong existence and pathwise uniqueness see [19, Theorem 1.1]. Next, for the n → ∞ result,
note that (8) can be written as

Y n
i (t) = Xn

0,i +Wn
i (t) +

∫ t

0
pε(Y

n
i (s))ds+ a

∫ t

0
⟨pε(Y n(s))⟩ds+ ei,n(t)

where the error term is bounded by cε−1tn−1, and so the large n asymptotics is the same as
that without the error term. Also note that (Y n,Wn) can be viewed as a system of n particles
in R2 with a bounded, continuous drift coefficient. For this dynamics we can apply classical
results in the field. Some authors require moment assumptions on the initial condition; the
case without moment assumptions is covered in [8]. In particular, the convergence in law of
the k-tuple appears in [8, Theorem 4.1] and its corollary, where [8, Section 5.2] relaxes the
moment conditions on X0,i at the price of assuming bounded coefficients, which holds in our
case. This completes the proof of Proposition 3.2. □

3.3. Proof of Proposition 3.3 (penalized system as ε→ 0).

Lemma 3.7. There exists n0 = n0(a) such that for every ε ∈ (0, 1), n ≥ n0 and t ≥ 0,

E[(Xn
1 (t)− Y n

1 (t))2] ≤ 6(1 + a){E[(∥Y n,−
1 ∥t)2]E[Ln

1 (t)
2]}1/2.

Proof. Write the two systems as

Xi(t) = X0,i +Wi(t) + αnLi(t) + aβn⟨L(t)⟩

Yi(t) = X0,i +Wi(t) + αn

∫ t

0
pε(Yi(s))ds+ aβn

∫ t

0
⟨pε(Y (s))⟩ds,

(19)

where αn = 1− a
n−1 , βn = n

n−1 . Then

(Xi(t)− Yi(t))
2 = 2

∫ t

0
(Xi − Yi)[αndLi − αnpε(Yi)ds+ aβnd⟨L⟩ − aβn⟨pε(Y )⟩ds]

≤ 2αn

∫ t

0
Y −
i dLi + 2aβn

∫ t

0
(Xi − Yi)[d⟨L⟩ − ⟨pε(Y )⟩ds].

Averaging,

⟨(X(t)− Y (t))2⟩ ≤ 2αn

〈∫ t

0
Y −dL

〉
+ 2aβn

∫ t

0
⟨X − Y ⟩[d⟨L⟩ − ⟨pε(Y )⟩ds].

Note that by (19),

⟨X(t)⟩ = ⟨X0 +W (t)⟩+ (αn + aβn)⟨L(t)⟩

⟨Y (t)⟩ = ⟨X0 +W (t)⟩+ (αn + aβn)

∫ t

0
⟨pε(Y )⟩ds
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which gives

d⟨L⟩ − ⟨pε(Y )⟩dt = d⟨X − Y ⟩
αn + aβn

.

Because the quadratic variation of ⟨X − Y ⟩ vanishes,
∫ t
0 ⟨X − Y ⟩d⟨X − Y ⟩ = 1

2⟨X − Y ⟩2(t),
hence

⟨X(t)− Y (t)⟩2 ≤ 2αn

〈∫ t

0
Y −dL

〉
+

aβn
αn + aβn

⟨X(t)− Y (t)⟩2.

Note that 2αn → 2 and 1 − aβn

αn+aβn
→ 1

1+a ∈ (0,∞). Let n0 = n0(a) be such that for all

n ≥ n0, 2αn < 3 and 1− aβn

αn+aβn
> 1

2(1+a) . Then for n ≥ n0,

⟨X(t)− Y (t)⟩2 ≤ 6(1 + a)
〈∫ t

0
Y −dL

〉
.

By exchangeability,

E[(X1(t)− Y1(t))
2] ≤ 6(1 + a)E

∫ t

0
Y −
1 dL1 ≤ 6(1 + a){E[(∥Y −

1 ∥t)2]E[L1(t)
2]}1/2.

□

Lemma 3.8. For every t, limε→0 supn E[sups∈[0,t](Y n
1 (s)−)2] = 0.

Proof. Fix t. Denoting A = A(ε, n) = sup[0,t] Y
n
1 (s)−, write

(20) E[A2] =

∫ ∞

0
P(A2 > η)dη ≤ η0 +

∫ ∞

η0

P(A > η1/2)dη.

For η such that 1
2η

1/2 > ε, on the event A > η1/2, there exist 0 ≤ σ < τ ≤ t such that

Y1(σ) = −1
2η

1/2, Y1(τ) = −η1/2 and Y1 ≤ −ε on [σ, τ ]. Using this in (8), we have on the same
event

−1

2
η1/2 = Y1(τ)− Y1(σ)

=W1(τ)−W1(σ) + ε−1(τ − σ) + a

∫ τ

σ
⟨pε(Y (s))⟩ids

≥W1(τ)−W1(σ) + Caε
−1(τ − σ),

Ca := 1 + (a ∧ 0) ∈ (0, 1].

Let κ > 0. Then, on the event A > η1/2, the condition τ −σ > κ implies 0 ≥W1(τ)−W1(σ)+

Caε
−1κ + η1/2, hence 2∥W1∥t ≥ Caε

−1κ + η1/2; whereas the condition τ − σ ≤ κ implies

wt(W1, κ) ≥ η1/2. With c a positive constant (depending on t) whose value may change from
one appearance to another, one has

(21) P(∥W∥t > x) ≤ ce−cx2
, P(wt(W, δ) > x) ≤ cδ−1e−cx2δ−1

, x > 0.

Combining, we have

P(A > η1/2) ≤ ce−c(ε−1κ+η1/2)2 + cκ−1e−cηκ−1 ≤ ce−cε−2κ2−cη + cκ−1e−cηκ−1
.

Using this in (20) gives

E[A2] ≤ η0 + ce−cε−2κ2
+ ce−cη0κ−1

.
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Choosing κ = ε1/2 and η0 = ε1/4, the expression on the right, which does not depend on n,
goes to 0 as ε→ 0. □

Lemma 3.9. For every t > 0 and θ > 0 there exist δ > 0 and ε0 > 0 such that

sup
0<ε<ε0

sup
n

P(wt(Y
n
1 , δ) ∨ wt(Λ

n
1 , δ) > θ) < θ.

Proof. To estimate wt(Λ1, δ), let 0 ≤ σ ≤ τ ≤ t be such that τ − σ ≤ δ and Λ1(τ)− Λ1(σ) =
wt(Λ1, δ). Since Λ1 increases only when Y1 ≤ 0, we may assume without loss of generality that,
at both σ and τ , Y1 ≤ 0. Thus by (8),

wt(Λ1, δ) = Y1(τ)− Y1(σ)−W1(τ) +W1(σ)− a⟨Λ(τ)− Λ(σ)⟩1
≤ ∥Y −

1 ∥t + wt(W1, δ) + a−wt(⟨Λ⟩1, δ)
≤ ∥Y −

1 ∥t + wt(W1, δ) + a−⟨wt(Λ, δ)⟩1.

With c = 1− a− ∈ (0, 1], this gives

cE[wt(Λ1, δ)] ≤ E[∥Y −
1 ∥t] + Ewt(W1, δ),

and the estimate on wt(Λ1, δ) follows by Chebychev’s inequality and Lemma 3.8.

As for the estimate on wt(Y1, δ), using (8) and again the inequality wt(⟨Λ⟩1, δ) ≤ ⟨wt(Λ, δ)⟩1,
we get

Ewt(Y1, δ) ≤ Ewt(W1, δ) + (1 + |a|)Ewt(Λ1, δ),

and the estimate follows from the one on wt(Λ1, δ). □

Proof of Proposition 3.3. If we combine Lemma 3.7, Lemma 3.8 and the moment bound
from Lemma 3.6, we get that

(22) lim
ε→0

sup
n≥n0

E[(Xn
1 (t)− Y n

1 (t))2] = 0.

This gives Y n
1 → Xn

1 pointwise in probability, as ε → 0, uniformly in n ≥ n0. To strengthen

this to convergence in C(1), it suffices to show that given t > 0 and θ > 0 there exist δ > 0 and
ε0 > 0 such that sup0<ε<ε0 supn P(wt(Y

n
1 −Xn

1 , δ) > θ) < θ. This follows from the tightness of
Xn

1 proved in Lemma 3.6 and the estimate from Lemma 3.9.

Next, toward showing Λn
1 → Ln

1 , note by averaging in (3) and (8),

⟨X − Y ⟩ = (1 + a)⟨L− Λ⟩,
hence, with c = (1 + a)−1,

|⟨L⟩ − ⟨Λ⟩| ≤ c⟨|X − Y |⟩.
Recall the (αn, βn) representation from (19). Then, with cn = |a|βn ≤ 2|a|,

αn|L1 − Λ1| ≤ |X1 − Y1|+ cn|⟨L⟩ − ⟨Λ⟩| ≤ |X1 − Y1|+ 2c|a|⟨|X − Y |⟩,
and because αn > 1/2 for large n,

E|L1(t)− Λ1(t)| ≤ 2(1 + c|a|)E|X1(t)− Y1(t)|.
In view of (22),

lim
ε→0

sup
n≥n0

E|Ln
1 (t)− Λn

1 (t)| = 0,
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and the pointwise convergence in probability of Λn
1 → Ln

1 as ε → 0, uniformly in n ≥ n0,

follows. With the help of Lemma 3.9, one deduces convergence in C(1) in exactly the same
way as in the argument above for Y n

1 → Xn
1 . □

3.4. Proof of Proposition 3.4 (nonlinear diffusion as ε→ 0). We have

(X(t)− Y (t))2 = 2

∫ t

0
(X − Y )[dL− pε(Y )ds+ a dEL− a pε(Y )ds]

≤ 2

∫ t

0
Y

−
dL+ 2a

∫ t

0
(X − Y )(dEL− Epε(Y )ds).

Now,

E(X(t)− Y (t)) = (1 + a)
[
EL(t)−

∫ t

0
Epε(Y )ds

]
.

Hence

(X(t)− Y (t))2 ≤ 2

∫ t

0
Y

−
dL+

2a

1 + a

∫ t

0
(X − Y )dE(X − Y ).

Denoting ∆(t) = E[(X(t)− Y (t))2],

∆(t) ≤ 2E
∫ t

0
Y

−
dL+

2a

1 + a

∫ t

0
E(X − Y )dE(X − Y )

= 2E
∫ t

0
Y

−
dL+

a

1 + a
∆(t)

thus

(23) ∆(t) ≤ 2(1 + a)E
∫ t

0
Y

−
dL ≤ c{E[(∥Y −∥t)2]E[L(t)2]}1/2.

To show that for every t, ∆(t) → 0 as ε→ 0, observe by Lemma 3.5 that

L(t) = sup
s≤t

[(X0 +W (s) + aλ(s))−] ≤ sup
s≤t

[(W (s) + aλ(s))−] ≤ ∥W∥t + |a|λ(t).

Hence E[L(t)2] < ∞. Moreover, E[(∥Y −∥t)2] → 0 as ε → 0, which is proved along the lines of
the proof of Lemma 3.8; we skip the details. By (23), ∆(t) → 0 as ε→ 0, for every t.

For every t and θ > 0 there exist δ > 0 and ε0 > 0 such that

(24) sup
0<ε<ε0

P(wt(Y , δ) ∨ wt(Λ, δ) > θ) < θ.

Again, the proof of this fact is very similar to that of Lemma 3.9 and we skip the details. Given
the pointwise convergence ∆(t) → 0, (24) establishes that Y → X in C(1) in probability, as
ε→ 0.

Next, by (NLR) and (9), with c = (1 + a)−1 ∈ (0,∞),

|EΛ(t)− EL(t)| = c |E(Y (t)−X(t))| ≤ cE|Y (t)−X(t)|,

hence

|Λ(t)− L(t)| ≤ |Y (t)−X(t)|+ |a| |EΛ(t)− EL(t)|,
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and we obtain E|Λ(t) − L(t)| ≤ (1 + c|a|)E|Y (t) − X(t)| → 0 as ε → 0 in view of the fact

∆(t) → 0. This shows Λ → L pointwise in probability. Convergence in probability in C(1)

again follows from (24). □

4. The case of random reflection coefficients

Our approach to dealing with random reflection is to couple the SRBM with random reflec-
tion to the one with deterministic reflection, and use the established result about the latter.

For q = Q and Q, let Eq denote expectation w.r.t. q on the respective space. Recall that
the tuple (X̂n

0 , Ŵ
n, X̂n, L̂n, ρn) constructed on (X,A) satisfies (2), that is,

(25) X̂n
i (t) = X̂n

0,i + Ŵn
i (t) + L̂n

i (t) +
1

n− 1

∑
j ̸=i

ρnijL̂
n
j (t), i ∈ [n].

Recall also that EQ[ρnij ] = a for all n, i, j, and let R(n) = R(n,a) be as in (5). Define on (X,A)
the SRBM with deterministic reflection, (Xn, Ln) = Γ(n)(X̂n

0 + Ŵn;R(n,a)). Then

(26) Xn
i = X̂n

0,i + Ŵn
i (t) + Ln

i (t) + a⟨Ln(t)⟩i, i ∈ [n],

and (Xn
i , L

n
i ) is equal in law to the tuple previously defined on (Ω,F) with the same notation.

We continue to use this notation, with a slight abuse. Denote

∆Xn
i = X̂n

i −Xn
i , ∆Ln

i = L̂n
i − Ln

i .

The main step toward proving Theorem 2.7 is to show that our assumptions on ρnij lead to a
very strong form of proximity between the two systems, as follows.

Proposition 4.1. For every t > 0 and x > 0,

(27) Q(max
i∈[n]

(∥∆Xn
i ∥t ∨ ∥∆Ln

i ∥t) > x i.o.) = 0.

Before proving this result we strength the estimates from Lemma 3.6. In what follows, c will
denote a positive constant that may depend on t, whose value may change from one appearance
to another.

Lemma 4.2. Fix t. Then there are constants c > 0 such that for every n, i ∈ [n], δ > 0 and
r > 0,

Q(Li(t) > r) ≤ ce−cr2 , Q(wt(Li, δ) > r) ≤ cδ−1e−cr2δ−1
.

Proof. For a ≥ 0, by (11) and (12), Li(t) ≤ ∥Wi∥t and wt(Li, δ) ≤ wt(Wi, δ) and so by the
estimates (21) the claim follows.

For a ∈ (−1, 0), with ca = (1− |a|)−1, we have by (15) that Li(t) ≤ ∥Wi∥t + 2|a|ca⟨∥W∥t⟩.
Since ∥Wi∥t are i.i.d., we have by a Chernoff bound, Q(⟨∥W∥t⟩ − m > r) ≤ e−cnr2 , r > 0,
where m = EQ[∥W1∥t]. Hence

Q(⟨∥W∥t⟩ > r) ≤ ce−cr2 , r > 0,
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and the first estimate follows. Next, by (16), wt(Li, δ) ≤ wt(Wi, δ) + 2|a|ca⟨wt(W, δ)⟩. In view

of (21), it remains to show that Q(⟨wt(W, δ)⟩ > z) ≤ cδ−1e−cz2δ−1
. Chernoff bound gives, with

m̃ = m̃(t, δ) = EQ[wt(W1, δ)]

Q(⟨wt(W, δ)⟩ − m̃(t, δ) > r) ≤ e−cnr2δ−1
, r > 0.

By the tail bound in (21), m̃(t, δ) ≤ c(δ log(t/δ))1/2. Combining, we get for all r > 0,

Q(⟨wt(W, δ)⟩ > r) ≤ cδ−1e−cr2δ−1
.

□

Proof of Proposition 4.1. By Lemma 3.5,

L̂i(t) = sup
s≤t

{[
X̂0,i + Ŵi(s) +

1

n− 1

∑
j ̸=i

ρijL̂j(s)
]−}

,

and
Li(t) = sup

s≤t
{[X̂0,i + Ŵi(s) + a⟨L(s)⟩i]−}.

Denote

Bi(t) =
1

n− 1

∑
j ̸=i

ρij(L̂j(t)− Lj(t)), Ci(t) =
1

n− 1

∑
j ̸=i

(ρij − a)Lj(t).

Then
∥∆Li∥t ≤ ∥Bi∥t + ∥Ci∥t ≤ (1− ερ)⟨∥∆L∥t⟩i + ∥Ci∥t.

Hence ⟨∥∆L∥t⟩ ≤ ε−1
ρ ⟨∥C∥t⟩. For n so large such that (1− ερ)n/(n− 1) < 1, this gives

∥∆Li∥t ≤ ε−1
ρ ⟨∥C∥t⟩+ ∥Ci∥t.

Thus
max

i
∥∆Li∥t ≤ cmax

i
∥Ci∥t.

Moreover, noting that ∆Xi = ∆Li +Bi + Ci, |∆Xi| ≤ |∆Li|+ ⟨|∆L|⟩i + |Ci|, and therefore

max
i

∥∆Xi∥t ≤ cmax
i

∥C∥t.

Hence to complete the proof it suffices to show that, for every x > 0, Q(maxi ∥Ci∥t > x) is
summable over n ≥ 2.

To this end, note that, under Q, {ρij} and {Li} are independent. By Assumption 2.5, for
fixed n and i, ρij , j ∈ [n] are mutually independent, have mean a, and satisfy |ρij − a| ≤ 2.
Fix t and denote F = F (n, t) = σ{Lj(s) : s ≤ t, j ∈ [n]}. By Azuma’s inequality, for s ≤ t and
x > 0,

Q(|Ci(s)| > x |F ) ≤ 2 exp
{
− (n− 1)2x2

2
∑

j ̸=i Lj(s)2

}
≤ 2 exp

{
− (n− 1)2x2

2
∑

j ̸=i Lj(t)2

}
.

Hence, for y > 0,

Q(|Ci(s)| > x and max{Lj(t), j ∈ [n]} ≤ y) ≤ 2e−nx2/(3y2).

Using now Lemma 4.2,

Q(|Ci(s)| > x) ≤ Q(max{Lj(t), j ∈ [n]} > y) + 2e−nx2/(3y2) ≤ cne−cy2 + 2e−nx2/(3y2).
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On the event ∥Ci∥t > x one must have either |Ci(kδ)| > x/2 for some k ∈ N such that kδ ≤ t,
or wt(Ci, δ) > x/2. Applying the above display to all such k, and using Lemma 4.2,

Q(∥Ci∥t > x) ≤ cnδ−1e−cy2 + cδ−1e−cnx2y−2
+ cδ−1e−cx2δ−1

.

Choosing y = y(n) = n1/4 and δ = n−1, the above expression takes the form

cn2e−cn1/2
+ cne−cn1/2x2

+ cne−cnx2
.

Multiplying by n gives an upper bound on Q(maxi ∥Ci∥t > x). The result follows. □

Proof of Theorem 2.7. Under Q, the convergence of (X̂n
i , L̂

n
i )i∈[k] is an immediate conse-

quence of Theorem 2.4 and Proposition 4.1, which show that (Xn
i , L

n
i )i∈[k] ⇒ (Xi, Li)i∈[k] in

C(2k), and (∆Xn
i ,∆L

n
i )i∈[k] → 0 in C(2k), Q-a.s. The same argument gives the convergence

λ̂n → λ in C(1) in probability. As for the convergence µ̂n → µ, note that Proposition 4.1 im-
plies supt∈[0,T ]W1(µ̂

n
t , µ

n
t ) → 0, Q-a.s., with W1 the 1-Wasserstein distance. Since d2LP ≤ W1,

the convergence µn → µ stated is Theorem 2.4, gives µ̂n → µ in C(R+,P(R2)) in probability.

Next consider the statement regarding the quenched measure. Note first that (Xn, Ln),

defined in the beginning of this section as processes on (X,A), can be defined on (Ξ̂, Â), and

since their construction involves only X̂n
0 , Ŵ

n and R(n), their law under Qξ is as that under
P. Hence again

(28) for ξ ∈ Ξ, under Qξ, (X
n
i , L

n
i )i∈[k] ⇒ (Xi, Li)i∈[k] in C

(2k).

The statement (∆Xn
i , ∆L

n
i )i∈[k] → 0 Q-a.s. can also be translated to a statement about Qξ.

That is, if B ∈ A⊗ Â is a set of full Q-measure, then in view of (7), its sections

Bξ = {ξ̂ ∈ Ξ̂ : (ξ, ξ̂) ∈ B}, ξ ∈ Ξ,

satisfy

1 = Q(B) =

∫
Qξ(Bξ)Q(dξ),

showing that, for Q-a.e. ξ, Bξ is of full Qξ-measure. As a result, for Q-a.e. ξ ∈ Ξ, one has

(∆Xn
i , ∆L

n
i )i∈[k] → 0 in C(2k), Qξ-a.s. Combined with (28), this gives the convergence of

(X̂n
i , L̂

n
i )i∈[k] under Qξ as stated in the theorem.

Finally, the claim regarding the convergence of (µ̂n, λ̂n) under Qξ, based on that under Q,
is proved along the same lines. □
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